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Basic Set theory

We think of a set as a collection of things called elements of the set. For example, we may consider the set
of integers, the collection of signed whole numbers such as 1,2,-4, etc. This set which we will believe in is
denoted by Z. Other sets could be the set of people in a family or the set of donuts in a display case at the
store. Sometimes we use parentheses, { } to specify a set. When we do this, we list the things which are in
the set between the parentheses. For example the set of integers between -1 and 2, including these numbers
could be denoted as {−1, 0, 1, 2} . We say x is an element of a set S, and write x ∈ S if x is one of the things
in S. Thus, 1 ∈ {−1, 0, 1, 2, 3} . Here are some axioms about sets. Axioms are statements we will agree to
believe.

1. Two sets are equal if and only if they have the same elements.

2. To every set, A, and to every condition S (x) there corresponds a set, B, whose elements are exactly
those elements x of A for which S (x) holds.

3. For every collection of sets there exists a set that contains all the elements that belong to at least one
set of the given collection.

4. The Cartesian product of a nonempty family of nonempty sets is nonempty.

5. If A is a set there exists a set, P (A) such that P (A) is the set of all subsets of A.

These axioms are referred to as the axiom of extension, axiom of specification, axiom of unions, axiom
of choice, and axiom of powers respectively.

It seems fairly clear we should want to believe in the axiom of extension. It is merely saying, for example,
that {1, 2, 3} = {2, 3, 1} since these two sets have the same elements in them. Similarly, it would seem we
would want to specify a new set from a given set using some “condition” which can be used as a test to
determine whether the element in question is in the set. For example, we could consider the set of all integers
which are multiples of 2. This set could be specified as follows.

{x ∈ Z : x = 2y for some y ∈ Z} .

In this notation, the colon is read as “such that” and in this case the condition is being a multiple of
2. Of course, there could be questions about what constitutes a “condition”. Just because something is
grammatically correct does not mean it makes any sense. For example consider the following nonsense.

S = {x ∈ set of dogs : it is colder in the mountains than in the winter} .

We will leave these sorts of considerations however and assume our conditions make sense. The axiom of
unions states that if we have any collection of sets, there is a set consisting of all the elements in each of the
sets in the collection. Of course this is also open to further consideration. What is a collection? Maybe it
would be better to say “set of sets” or, given a set whose elements are sets there exists a set whose elements

9



10 BASIC SET THEORY

consist of exactly those things which are elements of at least one of these sets. If S is such a set whose
elements are sets, we write the union of all these sets in the following way.

∪{A : A ∈ S}

or sometimes as

∪S.

Something is in the Cartesian product of a set or “family” of sets if it consists of a single thing taken
from each set in the family. Thus (1, 2, 3) ∈ {1, 4, .2}×{1, 2, 7}×{4, 3, 7, 9} because it consists of exactly one
element from each of the sets which are separated by ×. Also, this is the notation for the Cartesian product
of finitely many sets. If S is a set whose elements are sets, we could write∏

A∈S
A

for the Cartesian product. We can think of the Cartesian product as the set of choice functions, a choice
function being a function which selects exactly one element of each set of S. You may think the axiom of
choice, stating that the Cartesian product of a nonempty family of nonempty sets is nonempty, is innocuous
but there was a time when many mathematicians were ready to throw it out because it implies things which
are very hard to believe.

We say A is a subset of B and write A ⊆ B if every element of A is also an element of B. This can also
be written as B ⊇ A. We say A is a proper subset of B and write A ⊂ B or B ⊃ A if A is a subset of B but
A is not equal to B,A 6= B. The intersection of two sets is a set denoted as A ∩ B and it means the set of
elements of A which are also elements of B. The axiom of specification shows this is a set. The empty set is
the set which has no elements in it, denoted as ∅. The union of two sets is denoted as A ∪ B and it means
the set of all elements which are in either of the sets. We know this is a set by the axiom of unions.

The complement of a set, (the set of things which are not in the given set ) must be taken with respect to
a given set called the universal set which is a set which contains the one whose complement is being taken.
Thus, if we want to take the complement of a set A, we can say its complement, denoted as AC ( or more
precisely as X \A) is a set by using the axiom of specification to write

AC ≡ {x ∈ X : x /∈ A}

The symbol /∈ is read as “is not an element of”. Note the axiom of specification takes place relative to a
given set which we believe exists. Without this universal set we cannot use the axiom of specification to
speak of the complement.

Words such as “all” or “there exists” are called quantifiers and they must be understood relative to
some given set. Thus we can speak of the set of all integers larger than 3. Or we can say there exists
an integer larger than 7. Such statements have to do with a given set, in this case the integers. Failure
to have a reference set when quantifiers are used turns out to be illogical even though such usage may be
grammatically correct. Quantifiers are used often enough that there are symbols for them. The symbol ∀ is
read as “for all” or “for every” and the symbol ∃ is read as “there exists”. Thus ∀∀∃∃ could mean for every
upside down A there exists a backwards E.

1.1 Exercises

1. There is no set of all sets. This was not always known and was pointed out by Bertrand Russell. Here
is what he observed. Suppose there were. Then we could use the axiom of specification to consider
the set of all sets which are not elements of themselves. Denoting this set by S, determine whether S
is an element of itself. Either it is or it isn’t. Show there is a contradiction either way. This is known
as Russell’s paradox.
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2. The above problem shows there is no universal set. Comment on the statement “Nothing contains
everything.” What does this show about the precision of standard English?

3. Do you believe each person who has ever lived on this earth has the right to do whatever he or she
wants? (Note the use of the universal quantifier with no set in sight.) If you believe this, do you really
believe what you say you believe? What of those people who want to deprive others their right to do
what they want? Do people often use quantifiers this way?

4. DeMorgan’s laws are very useful in mathematics. Let S be a set of sets each of which is contained in
some universal set, U . Show

∪
{
AC : A ∈ S

}
= (∩{A : A ∈ S})C

and

∩
{
AC : A ∈ S

}
= (∪{A : A ∈ S})C .

5. Let S be a set of sets show

B ∪ ∪{A : A ∈ S} = ∪{B ∪A : A ∈ S} .

6. Let S be a set of sets show

B ∩ ∪{A : A ∈ S} = ∪{B ∩A : A ∈ S} .

1.2 The Schroder Bernstein theorem

It is very important to be able to compare the size of sets in a rational way. The most useful theorem in this
context is the Schroder Bernstein theorem which is the main result to be presented in this section. To aid
in this endeavor and because it is important for its own sake, we give the following definition.

Definition 1.1 Let X and Y be sets.

X × Y ≡ {(x, y) : x ∈ X and y ∈ Y }

A relation is defined to be a subset of X ×Y . A function, f is a relation which has the property that if (x, y)
and (x, y1) are both elements of the f , then y = y1. The domain of f is defined as

D (f) ≡ {x : (x, y) ∈ f} .

and we write f : D (f)→ Y.

It is probably safe to say that most people do not think of functions as a type of relation which is a
subset of the Cartesian product of two sets. A function is a mapping, sort of a machine which takes inputs,
x and makes them into a unique output, f (x) . Of course, that is what the above definition says with more
precision. An ordered pair, (x, y) which is an element of the function has an input, x and a unique output,
y which we denote as f (x) while the name of the function is f.

The following theorem which is interesting for its own sake will be used to prove the Schroder Bernstein
theorem.

Theorem 1.2 Let f : X → Y and g : Y → X be two mappings. Then there exist sets A,B,C,D, such that

A ∪B = X, C ∪D = Y, A ∩B = ∅, C ∩D = ∅,

f (A) = C, g (D) = B.
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The following picture illustrates the conclusion of this theorem.

B = g(D)

A -

� D

C = f(A)

YX

f

g

Proof: We will say A0 ⊆ X satisfies P if whenever y ∈ Y \ f (A0) , g (y) /∈ A0. Note ∅ satisfies P.

A ≡ {A0 ⊆ X : A0 satisfies P}.

Let A = ∪A. If y ∈ Y \ f (A) , then for each A0 ∈ A, y ∈ Y \ f (A0) and so g (y) /∈ A0. Since g (y) /∈ A0 for
all A0 ∈ A, it follows g (y) /∈ A. Hence A satisfies P and is the largest subset of X which does so. Define

C ≡ f (A) , D ≡ Y \ C, B ≡ X \A.

Thus all conditions of the theorem are satisfied except for g (D) = B and we verify this condition now.
Suppose x ∈ B = X \ A. Then A ∪ {x} does not satisfy P because this set is larger than A.Therefore

there exists

y ∈ Y \ f (A ∪ {x}) ⊆ Y \ f (A) ≡ D

such that g (y) ∈ A ∪ {x}. But g (y) /∈ A because y ∈ Y \ f (A) and A satisfies P. Hence g (y) = x and this
proves the theorem.

Theorem 1.3 (Schroder Bernstein) If f : X → Y and g : Y → X are one to one, then there exists
h : X → Y which is one to one and onto.

Proof: Let A,B,C,D be the sets of Theorem1.2 and define

h (x) ≡
{

f (x) if x ∈ A
g−1 (x) if x ∈ B

It is clear h is one to one and onto.
Recall that the Cartesian product may be considered as the collection of choice functions. We give a

more precise description next.

Definition 1.4 Let I be a set and let Xi be a set for each i ∈ I. We say that f is a choice function and
write

f ∈
∏
i∈I

Xi

if f (i) ∈ Xi for each i ∈ I.

The axiom of choice says that if Xi 6= ∅ for each i ∈ I, for I a set, then∏
i∈I

Xi 6= ∅.

The symbol above denotes the collection of all choice functions. Using the axiom of choice, we can obtain
the following interesting corollary to the Schroder Bernstein theorem.
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Corollary 1.5 If f : X → Y is onto and g : Y → X is onto, then there exists h : X → Y which is one to
one and onto.

Proof: For each y ∈ Y, let

f−1
0 (y) ∈ f−1 (y) ≡ {x ∈ X : f (x) = y}

and similarly let g−1
0 (x) ∈ g−1 (x) . We used the axiom of choice to pick a single element, f−1

0 (y) in f−1 (y)
and similarly for g−1 (x) . Then f−1

0 and g−1
0 are one to one so by the Schroder Bernstein theorem, there

exists h : X → Y which is one to one and onto.

Definition 1.6 We say a set S, is finite if there exists a natural number n and a map θ which maps {1, ···, n}
one to one and onto S. We say S is infinite if it is not finite. A set S, is called countable if there exists a
map θ mapping N one to one and onto S.(When θ maps a set A to a set B, we will write θ : A→ B in the
future.) Here N ≡ {1, 2, · · ·}, the natural numbers. If there exists a map θ : N→S which is onto, we say that
S is at most countable.

In the literature, the property of being at most countable is often referred to as being countable. When
this is done, there is usually no harm incurred from this sloppiness because the question of interest is normally
whether one can list all elements of the set, designating a first, second, third etc. in such a way as to exhaust
the entire set. The possibility that a single element of the set may occur more than once in the list is often
not important.

Theorem 1.7 If X and Y are both at most countable, then X × Y is also at most countable.

Proof: We know there exists a mapping η : N→X which is onto. If we define η (i) ≡ xi we may consider
X as the sequence {xi}∞i=1, written in the traditional way. Similarly, we may consider Y as the sequence
{yj}∞j=1. It follows we can represent all elements of X × Y by the following infinite rectangular array.

(x1, y1) (x1, y2) (x1, y3) · · ·
(x2, y1) (x2, y2) (x2, y3) · · ·
(x3, y1) (x3, y2) (x3, y3) · · ·

...
...

...

.

We follow a path through this array as follows.

(x1, y1) → (x1, y2) (x1, y3) →
↙ ↗

(x2, y1) (x2, y2)
↓ ↗

(x3, y1)

Thus the first element of X × Y is (x1, y1) , the second element of X × Y is (x1, y2) , the third element of
X × Y is (x2, y1) etc. In this way we see that we can assign a number from N to each element of X × Y. In
other words there exists a mapping from N onto X × Y. This proves the theorem.

Corollary 1.8 If either X or Y is countable, then X × Y is also countable.

Proof: By Theorem 1.7, there exists a mapping θ : N→X × Y which is onto. Suppose without loss of
generality that X is countable. Then there exists α : N→X which is one to one and onto. Let β : X×Y → N

be defined by β ((x, y)) ≡ α−1 (x) . Then by Corollary 1.5, there is a one to one and onto mapping from
X × Y to N. This proves the corollary.
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Theorem 1.9 If X and Y are at most countable, then X ∪ Y is at most countable.

Proof: Let X = {xi}∞i=1, Y = {yj}∞j=1 and consider the following array consisting of X ∪ Y and path
through it.

x1 → x2 x3 →
↙ ↗

y1 → y2

Thus the first element of X ∪ Y is x1, the second is x2 the third is y1 the fourth is y2 etc. This proves the
theorem.

Corollary 1.10 If either X or Y are countable, then X ∪ Y is countable.

Proof: There is a map from N onto X × Y. Suppose without loss of generality that X is countable and
α : N→X is one to one and onto. Then define β (y) ≡ 1, for all y ∈ Y,and β (x) ≡ α−1 (x) . Thus, β maps
X × Y onto N and applying Corollary 1.5 yields the conclusion and proves the corollary.

1.3 Exercises

1. Show the rational numbers, Q, are countable.

2. We say a number is an algebraic number if it is the solution of an equation of the form

anx
n + · · ·+ a1x+ a0 = 0

where all the aj are integers and all exponents are also integers. Thus
√

2 is an algebraic number
because it is a solution of the equation x2 − 2 = 0. Using the fundamental theorem of algebra which
implies that such equations or order n have at most n solutions, show the set of all algebraic numbers
is countable.

3. Let A be a set and let P (A) be its power set, the set of all subsets of A. Show there does not exist
any function f, which maps A onto P (A) . Thus the power set is always strictly larger than the set
from which it came. Hint: Suppose f is onto. Consider S ≡ {x ∈ A : x /∈ f (x)}. If f is onto, then
f (y) = S for some y ∈ A. Is y ∈ f (y)? Note this argument holds for sets of any size.

4. The empty set is said to be a subset of every set. Why? Consider the statement: If pigs had wings,
then they could fly. Is this statement true or false?

5. If S = {1, · · ·, n} , show P (S) has exactly 2n elements in it. Hint: You might try a few cases first.

6. Show the set of all subsets of N, the natural numbers, which have 3 elements, is countable. Is the set
of all subsets of N which have finitely many elements countable? How about the set of all subsets of
N?



Linear Algebra

2.1 Vector Spaces

A vector space is an Abelian group of “vectors” satisfying the axioms of an Abelian group,

v + w = w + v,

the commutative law of addition,

(v + w) + z = v+ (w + z) ,

the associative law for addition,

v + 0 = v,

the existence of an additive identity,

v+ (−v) = 0,

the existence of an additive inverse, along with a field of “scalars”, F which are allowed to multiply the
vectors according to the following rules. (The Greek letters denote scalars.)

α (v + w) = αv+αw, (2.1)

(α+ β) v =αv+βv, (2.2)

α (βv) = αβ (v) , (2.3)

1v = v. (2.4)

The field of scalars will always be assumed to be either R or C and the vector space will be called real or
complex depending on whether the field is R or C. A vector space is also called a linear space.

For example, Rn with the usual conventions is an example of a real vector space and Cn is an example
of a complex vector space.

Definition 2.1 If {v1, · · ·,vn} ⊆ V, a vector space, then

span (v1, · · ·,vn) ≡ {
n∑
i=1

αivi : αi ∈ F}.

A subset, W ⊆ V is said to be a subspace if it is also a vector space with the same field of scalars. Thus
W ⊆ V is a subspace if αu + βv ∈W whenever α, β ∈ F and u,v ∈W. The span of a set of vectors as just
described is an example of a subspace.

15



16 LINEAR ALGEBRA

Definition 2.2 If {v1, · · ·,vn} ⊆ V, we say the set of vectors is linearly independent if
n∑
i=1

αivi = 0

implies

α1 = · · · = αn = 0

and we say {v1, · · ·,vn} is a basis for V if

span (v1, · · ·,vn) = V

and {v1, · · ·,vn} is linearly independent. We say the set of vectors is linearly dependent if it is not linearly
independent.

Theorem 2.3 If

span (u1, · · ·,um) = span (v1, · · ·,vn)

and {u1, · · ·,um} are linearly independent, then m ≤ n.

Proof: Let V ≡ span (v1, · · ·,vn) . Then

u1 =
n∑
i=1

civi

and one of the scalars ci is non zero. This must occur because of the assumption that {u1, · · ·,um} is
linearly independent. (We cannot have any of these vectors the zero vector and still have the set be linearly
independent.) Without loss of generality, we assume c1 6= 0. Then solving for v1 we find

v1 ∈ span (u1,v2, · · ·,vn)

and so

V = span (u1,v2, · · ·,vn) .

Thus, there exist scalars c1, · · ·, cn such that

u2 = c1u1 +
n∑
k=2

ckvk.

By the assumption that {u1, · · ·,um} is linearly independent, we know that at least one of the ck for k ≥ 2
is non zero. Without loss of generality, we suppose this scalar is c2. Then as before,

v2 ∈ span (u1,u2,v3, · · ·,vn)

and so V = span (u1,u2,v3, · · ·,vn) . Now suppose m > n. Then we can continue this process of replacement
till we obtain

V = span (u1, · · ·,un) = span (u1, · · ·,um) .

Thus, for some choice of scalars, c1 · · · cn,

um =
n∑
i=1

ciui

which contradicts the assumption of linear independence of the vectors {u1, · · ·,un}. Therefore, m ≤ n and
this proves the Theorem.
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Corollary 2.4 If {u1, · · ·,um} and {v1, · · ·,vn} are two bases for V, then m = n.

Proof: By Theorem 2.3, m ≤ n and n ≤ m.

Definition 2.5 We say a vector space V is of dimension n if it has a basis consisting of n vectors. This
is well defined thanks to Corollary 2.4. We assume here that n < ∞ and say such a vector space is finite
dimensional.

Theorem 2.6 If V = span (u1, · · ·,un) then some subset of {u1, · · ·,un} is a basis for V. Also, if {u1, · ·
·,uk} ⊆ V is linearly independent and the vector space is finite dimensional, then the set, {u1, · · ·,uk}, can
be enlarged to obtain a basis of V.

Proof: Let

S = {E ⊆ {u1, · · ·,un} such that span (E) = V }.

For E ∈ S, let |E| denote the number of elements of E. Let

m ≡ min{|E| such that E ∈ S}.

Thus there exist vectors

{v1, · · ·,vm} ⊆ {u1, · · ·,un}

such that

span (v1, · · ·,vm) = V

and m is as small as possible for this to happen. If this set is linearly independent, it follows it is a basis
for V and the theorem is proved. On the other hand, if the set is not linearly independent, then there exist
scalars,

c1, · · ·, cm

such that

0 =
m∑
i=1

civi

and not all the ci are equal to zero. Suppose ck 6= 0. Then we can solve for the vector, vk in terms of the
other vectors. Consequently,

V = span (v1, · · ·,vk−1,vk+1, · · ·,vm)

contradicting the definition of m. This proves the first part of the theorem.
To obtain the second part, begin with {u1, · · ·,uk}. If

span (u1, · · ·,uk) = V,

we are done. If not, there exists a vector,

uk+1 /∈ span (u1, · · ·,uk) .

Then {u1, · · ·,uk,uk+1} is also linearly independent. Continue adding vectors in this way until the resulting
list spans the space V. Then this list is a basis and this proves the theorem.
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2.2 Linear Transformations

Definition 2.7 Let V and W be two finite dimensional vector spaces. We say

L ∈ L (V,W )

if for all scalars α and β, and vectors v,w,

L (αv+βw) = αL (v) + βL (w) .

We will sometimes write Lv when it is clear that L (v) is meant.

An example of a linear transformation is familiar matrix multiplication. Let A = (aij) be an m × n
matrix. Then we may define a linear transformation L : Fn → F

m by

(Lv)i ≡
n∑
j=1

aijvj .

Here

v ≡

 v1

...
vn

 .

Also, if V is an n dimensional vector space and {v1, · · ·,vn} is a basis for V, there exists a linear map

q : Fn → V

defined as

q (a) ≡
n∑
i=1

aivi

where

a =
n∑
i=1

aiei,

for ei the standard basis vectors for Fn consisting of

ei ≡



0
...
1
...
0


where the one is in the ith slot. It is clear that q defined in this way, is one to one, onto, and linear. For
v ∈V, q−1 (v) is a list of scalars called the components of v with respect to the basis {v1, · · ·,vn}.

Definition 2.8 Given a linear transformation L, mapping V to W, where {v1, · · ·,vn} is a basis of V and
{w1, · · ·,wm} is a basis for W, an m× n matrix A = (aij)is called the matrix of the transformation L with
respect to the given choice of bases for V and W , if whenever v ∈ V, then multiplication of the components
of v by (aij) yields the components of Lv.
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The following diagram is descriptive of the definition. Here qV and qW are the maps defined above with
reference to the bases, {v1, · · ·,vn} and {w1, · · ·,wm} respectively.

L
{v1, · · ·,vn} V → W {w1, · · ·,wm}

qV ↑ ◦ ↑ qW
F
n → F

m

A

(2.5)

Letting b ∈Fn, this requires ∑
i,j

aijbjwi = L
∑
j

bjvj =
∑
j

bjLvj .

Now

Lvj =
∑
i

cijwi (2.6)

for some choice of scalars cij because {w1, · · ·,wm} is a basis for W. Hence∑
i,j

aijbjwi =
∑
j

bj
∑
i

cijwi =
∑
i,j

cijbjwi.

It follows from the linear independence of {w1, · · ·,wm} that∑
j

aijbj =
∑
j

cijbj

for any choice of b ∈Fn and consequently

aij = cij

where cij is defined by (2.6). It may help to write (2.6) in the form(
Lv1 · · · Lvn

)
=
(

w1 · · · wm

)
C =

(
w1 · · · wm

)
A (2.7)

where C = (cij) , A = (aij) .

Example 2.9 Let

V ≡ { polynomials of degree 3 or less},

W ≡ { polynomials of degree 2 or less},

and L ≡ D where D is the differentiation operator. A basis for V is {1,x, x2, x3} and a basis for W is {1, x,
x2}.

What is the matrix of this linear transformation with respect to this basis? Using (2.7),(
0 1 2x 3x2

)
=
(

1 x x2
)
C.

It follows from this that

C =

 0 1 0 0
0 0 2 0
0 0 0 3

 .
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Now consider the important case where V = F
n, W = F

m, and the basis chosen is the standard basis
of vectors ei described above. Let L be a linear transformation from F

n to Fm and let A be the matrix of
the transformation with respect to these bases. In this case the coordinate maps qV and qW are simply the
identity map and we need

πi (Lb) = πi (Ab)

where πi denotes the map which takes a vector in Fm and returns the ith entry in the vector, the ith
component of the vector with respect to the standard basis vectors. Thus, if the components of the vector
in Fn with respect to the standard basis are (b1, · · ·, bn) ,

b =
(
b1 · · · bn

)T =
∑
i

biei,

then

πi (Lb) ≡ (Lb)i =
∑
j

aijbj .

What about the situation where different pairs of bases are chosen for V and W? How are the two matrices
with respect to these choices related? Consider the following diagram which illustrates the situation.

F
n A2−→ F

m

q2 ↓ ◦ p2 ↓
V L−→ W

q1 ↑ ◦ p1 ↑
F
n A1−→ F

m

In this diagram qi and pi are coordinate maps as described above. We see from the diagram that

p−1
1 p2A2q

−1
2 q1 = A1,

where q−1
2 q1 and p−1

1 p2 are one to one, onto, and linear maps.
In the special case where V = W and only one basis is used for V = W, this becomes

q−1
1 q2A2q

−1
2 q1 = A1.

Letting S be the matrix of the linear transformation q−1
2 q1 with respect to the standard basis vectors in Fn,

we get

S−1A2S = A1.

When this occurs, we say that A1 is similar to A2 and we call A→ S−1AS a similarity transformation.

Theorem 2.10 In the vector space of n× n matrices, we say

A ∼ B

if there exists an invertible matrix S such that

A = S−1BS.

Then ∼ is an equivalence relation and A ∼ B if and only if whenever V is an n dimensional vector space,
there exists L ∈ L (V, V ) and bases {v1, · · ·,vn} and {w1, · · ·,wn} such that A is the matrix of L with respect
to {v1, · · ·,vn} and B is the matrix of L with respect to {w1, · · ·,wn}.
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Proof: A ∼ A because S = I works in the definition. If A ∼ B , then B ∼ A, because

A = S−1BS

implies

B = SAS−1.

If A ∼ B and B ∼ C, then

A = S−1BS, B = T−1CT

and so

A = S−1T−1CTS = (TS)−1
CTS

which implies A ∼ C. This verifies the first part of the conclusion.
Now let V be an n dimensional vector space, A ∼ B and pick a basis for V,

{v1, · · ·,vn}.

Define L ∈ L (V, V ) by

Lvi ≡
∑
j

ajivj

where A = (aij) . Then if B = (bij) , and S = (sij) is the matrix which provides the similarity transformation,

A = S−1BS,

between A and B, it follows that

Lvi =
∑
r,s,j

sirbrs
(
s−1
)
sj

vj . (2.8)

Now define

wi ≡
∑
j

(
s−1
)
ij

vj .

Then from (2.8), ∑
i

(
s−1
)
ki
Lvi =

∑
i,j,r,s

(
s−1
)
ki
sirbrs

(
s−1
)
sj

vj

and so

Lwk =
∑
s

bksws.

This proves the theorem because the if part of the conclusion was established earlier.
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2.3 Inner product spaces

Definition 2.11 A vector space X is said to be a normed linear space if there exists a function, denoted by
|·| : X → [0,∞) which satisfies the following axioms.

1. |x| ≥ 0 for all x ∈ X, and |x| = 0 if and only if x = 0.

2. |ax| = |a| |x| for all a ∈ F.

3. |x+ y| ≤ |x|+ |y| .

Note that we are using the same notation for the norm as for the absolute value. This is because the
norm is just a generalization to vector spaces of the concept of absolute value. However, the notation ||x|| is
also often used. Not all norms are created equal. There are many geometric properties which they may or
may not possess. There is also a concept called an inner product which is discussed next. It turns out that
the best norms come from an inner product.

Definition 2.12 A mapping (·, ·) : V ×V → F is called an inner product if it satisfies the following axioms.

1. (x, y) = (y, x).

2. (x, x) ≥ 0 for all x ∈ V and equals zero if and only if x = 0.

3. (ax+ by, z) = a (x, z) + b (y, z) whenever a, b ∈ F.

Note that 2 and 3 imply (x, ay + bz) = a(x, y) + b(x, z).
We will show that if (·, ·) is an inner product, then

(x, x)1/2 ≡ |x|

defines a norm.

Definition 2.13 A normed linear space in which the norm comes from an inner product as just described
is called an inner product space. A Hilbert space is a complete inner product space. Recall this means that
every Cauchy sequence,{xn} , one which satisfies

lim
n,m→∞

|xn − xm| = 0,

converges.

Example 2.14 Let V = C
n with the inner product given by

(x,y) ≡
n∑
k=1

xkyk.

. This is an example of a complex Hilbert space.

Example 2.15 Let V = R
n,

(x,y) = x · y ≡
n∑
j=1

xjyj .

. This is an example of a real Hilbert space.
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Theorem 2.16 (Cauchy Schwartz) In any inner product space

|(x, y)| ≤ |x||y|.

where |x| ≡ (x, x)1/2.

Proof: Let ω ∈ C, |ω| = 1, and ω(x, y) = |(x, y)| = Re(x, yω). Let

F (t) = (x+ tyω, x+ tωy).

If y = 0 there is nothing to prove because

(x, 0) = (x, 0 + 0) = (x, 0) + (x, 0)

and so (x, 0) = 0. Thus, we may assume y 6= 0. Then from the axioms of the inner product,

F (t) = |x|2 + 2tRe(x, ωy) + t2|y|2 ≥ 0.

This yields

|x|2 + 2t|(x, y)|+ t2|y|2 ≥ 0.

Since this inequality holds for all t ∈ R, it follows from the quadratic formula that

4|(x, y)|2 − 4|x|2|y|2 ≤ 0.

This yields the conclusion and proves the theorem.
Earlier it was claimed that the inner product defines a norm. In this next proposition this claim is proved.

Proposition 2.17 For an inner product space, |x| ≡ (x, x)1/2 does specify a norm.

Proof: All the axioms are obvious except the triangle inequality. To verify this,

|x+ y|2 ≡ (x+ y, x+ y) ≡ |x|2 + |y|2 + 2 Re (x, y)

≤ |x|2 + |y|2 + 2 |(x, y)|
≤ |x|2 + |y|2 + 2 |x| |y| = (|x|+ |y|)2

.

The best norms of all are those which come from an inner product because of the following identity which
is known as the parallelogram identity.

Proposition 2.18 If (V, (·, ·)) is an inner product space then for |x| ≡ (x, x)1/2
, the following identity holds.

|x+ y|2 + |x− y|2 = 2 |x|2 + 2 |y|2 .

It turns out that the validity of this identity is equivalent to the existence of an inner product which
determines the norm as described above. These sorts of considerations are topics for more advanced courses
on functional analysis.

Definition 2.19 We say a basis for an inner product space, {u1, · · ·, un} is an orthonormal basis if

(uk, uj) = δkj ≡
{

1 if k = j
0 if k 6= j

.
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Note that if a list of vectors satisfies the above condition for being an orthonormal set, then the list of
vectors is automatically linearly independent. To see this, suppose

n∑
j=1

cjuj = 0

Then taking the inner product of both sides with uk, we obtain

0 =
n∑
j=1

cj (uj , uk) =
n∑
j=1

cjδjk = ck.

Lemma 2.20 Let X be a finite dimensional inner product space of dimension n. Then there exists an
orthonormal basis for X, {u1, · · ·, un} .

Proof: Let {x1, · · ·, xn} be a basis for X. Let u1 ≡ x1/ |x1| . Now suppose for some k < n, u1, · · ·, uk
have been chosen such that (uj , uk) = δjk. Then we define

uk+1 ≡
xk+1 −

∑k
j=1 (xk+1, uj)uj∣∣∣xk+1 −

∑k
j=1 (xk+1, uj)uj

∣∣∣ ,
where the numerator is not equal to zero because the xj form a basis. Then if l ≤ k,

(uk+1, ul) = C

(xk+1, ul)−
k∑
j=1

(xk+1, uj) (uj , ul)


= C

(xk+1, ul)−
k∑
j=1

(xk+1, uj) δlj


= C ((xk+1, ul)− (xk+1, ul)) = 0.

The vectors, {uj}nj=1 , generated in this way are therefore an orthonormal basis.
The process by which these vectors were generated is called the Gramm Schmidt process.

Lemma 2.21 Suppose {uj}nj=1 is an orthonormal basis for an inner product space X. Then for all x ∈ X,

x =
n∑
j=1

(x, uj)uj .

Proof: By assumption that this is an orthonormal basis,
n∑
j=1

(x, uj) (uj , ul) = (x, ul) .

Letting y =
∑n
j=1 (x, uj)uj , it follows (x− y, uj) = 0 for all j. Hence, for any choice of scalars, c1, · · ·, cn,x− y, n∑

j=1

cjuj

 = 0

and so (x− y, z) = 0 for all z ∈ X. Thus this holds in particular for z = x − y. Therefore, x = y and this
proves the theorem.

The next theorem is one of the most important results in the theory of inner product spaces. It is called
the Riesz representation theorem.
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Theorem 2.22 Let f ∈ L (X,F) where X is a finite dimensional inner product space. Then there exists a
unique z ∈ X such that for all x ∈ X,

f (x) = (x, z) .

Proof: First we verify uniqueness. Suppose zj works for j = 1, 2. Then for all x ∈ X,

0 = f (x)− f (x) = (x, z1 − z2)

and so z1 = z2.
It remains to verify existence. By Lemma 2.20, there exists an orthonormal basis, {uj}nj=1 . Define

z ≡
n∑
j=1

f (uj)uj .

Then using Lemma 2.21,

(x, z) =

x, n∑
j=1

f (uj)uj

 =
n∑
j=1

f (uj) (x, uj)

= f

 n∑
j=1

(x, uj)uj

 = f (x) .

This proves the theorem.

Corollary 2.23 Let A ∈ L (X,Y ) where X and Y are two finite dimensional inner product spaces. Then
there exists a unique A∗ ∈ L (Y,X) such that

(Ax, y)Y = (x,A∗y)X

for all x ∈ X and y ∈ Y.

Proof: Let fy ∈ L (X,F) be defined as

fy (x) ≡ (Ax, y)Y .

Then by the Riesz representation theorem, there exists a unique element of X, A∗ (y) such that

(Ax, y)Y = (x,A∗ (y))X .

It only remains to verify that A∗ is linear. Let a and b be scalars. Then for all x ∈ X,

(x,A∗ (ay1 + by2))X ≡ a (Ax, y1) + b (Ax, y2)

a (x,A∗ (y1)) + b (x,A∗ (y2)) = (x, aA∗ (y1) + bA∗ (y2)) .

By uniqueness, A∗ (ay1 + by2) = aA∗ (y1) + bA∗ (y2) which shows A∗ is linear as claimed.
The linear map, A∗ is called the adjoint of A. In the case when A : X → X and A = A∗, we call A a self

adjoint map. The next theorem will prove useful.

Theorem 2.24 Suppose V is a subspace of Fn having dimension p ≤ n. Then there exists a Q ∈ L (Fn,Fn)
such that QV ⊆ Fp and |Qx| = |x| for all x. Also

Q∗Q = QQ∗ = I.
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Proof: By Lemma 2.20 there exists an orthonormal basis for V, {vi}pi=1 . By using the Gramm Schmidt
process we may extend this orthonormal basis to an orthonormal basis of the whole space, Fn,

{v1, · · ·,vp,vp+1, · · ·,vn} .

Now define Q ∈ L (Fn,Fn) by Q (vi) ≡ ei and extend linearly. If
∑n
i=1 xivi is an arbitrary element of Fn,∣∣∣∣∣Q

(
n∑
i=1

xivi

)∣∣∣∣∣
2

=

∣∣∣∣∣
n∑
i=1

xiei

∣∣∣∣∣
2

=
n∑
i=1

|xi|2 =

∣∣∣∣∣
n∑
i=1

xivi

∣∣∣∣∣
2

.

It remains to verify that Q∗Q = QQ∗ = I. To do so, let x,y ∈ Fp. Then

(Q (x + y) , Q (x + y)) = (x + y,x + y) .

Thus

|Qx|2 + |Qy|2 + Re (Qx,Qy) = |x|2 + |y|2 + Re (x,y)

and since Q preserves norms, it follows that for all x,y ∈ Fn,

Re (Qx,Qy) = Re (x,Q∗Qy) = Re (x,y) .

Therefore, since this holds for all x, it follows that Q∗Qy = y showing that Q∗Q = I. Now

Q = Q (Q∗Q) = (QQ∗)Q.

Since Q is one to one, this implies

I = QQ∗

and proves the theorem.
This case of a self adjoint map turns out to be very important in applications. It is also easy to discuss

the eigenvalues and eigenvectors of such a linear map. For A ∈ L (X,X) , we give the following definition of
eigenvalues and eigenvectors.

Definition 2.25 A non zero vector, y is said to be an eigenvector for A ∈ L (X,X) if there exists a scalar,
λ, called an eigenvalue, such that

Ay = λy.

The important thing to remember about eigenvectors is that they are never equal to zero. The following
theorem is about the eigenvectors and eigenvalues of a self adjoint operator. The proof given generalizes to
the situation of a compact self adjoint operator on a Hilbert space and leads to many very useful results. It
is also a very elementary proof because it does not use the fundamental theorem of algebra and it contains
a way, very important in applications, of finding the eigenvalues. We will use the following notation.

Definition 2.26 Let X be an inner product space and let S ⊆ X. Then

S⊥ ≡ {x ∈ X : (x, s) = 0 for all s ∈ S} .

Note that even if S is not a subspace, S⊥ is.

Definition 2.27 Let X be a finite dimensional inner product space and let A ∈ L (X,X). We say A is self
adjoint if A∗ = A.
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Theorem 2.28 Let A ∈ L (X,X) be self adjoint. Then there exists an orthonormal basis of eigenvectors,
{uj}nj=1 .

Proof: Consider (Ax, x) . This quantity is always a real number because

(Ax, x) = (x,Ax) = (x,A∗x) = (Ax, x)

thanks to the assumption that A is self adjoint. Now define

λ1 ≡ inf {(Ax, x) : |x| = 1, x ∈ X1 ≡ X} .

Claim: λ1 is finite and there exists v1 ∈ X with |v1| = 1 such that (Av1, v1) = λ1.
Proof: Let {uj}nj=1 be an orthonormal basis for X and for x ∈ X, let (x1, · · ·, xn) be defined as the

components of the vector x. Thus,

x =
n∑
j=1

xjuj .

Since this is an orthonormal basis, it follows from the axioms of the inner product that

|x|2 =
n∑
j=1

|xj |2 .

Thus

(Ax, x) =

 n∑
k=1

xkAuk,
∑
j=1

xjuj

 =
∑
k,j

xkxj (Auk, uj) ,

a continuous function of (x1, · · ·, xn). Thus this function achieves its minimum on the closed and bounded
subset of Fn given by

{(x1, · · ·, xn) ∈ Fn :
n∑
j=1

|xj |2 = 1}.

Then v1 ≡
∑n
j=1 xjuj where (x1, · · ·, xn) is the point of Fn at which the above function achieves its minimum.

This proves the claim.
Continuing with the proof of the theorem, let X2 ≡ {v1}⊥ and let

λ2 ≡ inf {(Ax, x) : |x| = 1, x ∈ X2}

As before, there exists v2 ∈ X2 such that (Av2, v2) = λ2. Now let X2 ≡ {v1, v2}⊥ and continue in this way.
This leads to an increasing sequence of real numbers, {λk}nk=1 and an orthonormal set of vectors, {v1, · · ·,
vn}. It only remains to show these are eigenvectors and that the λj are eigenvalues.

Consider the first of these vectors. Letting w ∈ X1 ≡ X, the function of the real variable, t, given by

f (t) ≡ (A (v1 + tw) , v1 + tw)
|v1 + tw|2

=
(Av1, v1) + 2tRe (Av1, w) + t2 (Aw,w)

|v1|2 + 2tRe (v1, w) + t2 |w|2
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achieves its minimum when t = 0. Therefore, the derivative of this function evaluated at t = 0 must equal
zero. Using the quotient rule, this implies

2 Re (Av1, w)− 2 Re (v1, w) (Av1, v1)

= 2 (Re (Av1, w)− Re (v1, w)λ1) = 0.

Thus Re (Av1 − λ1v1, w) = 0 for all w ∈ X. This implies Av1 = λ1v1. To see this, let w ∈ X be arbitrary
and let θ be a complex number with |θ| = 1 and

|(Av1 − λ1v1, w)| = θ (Av1 − λ1v1, w) .

Then

|(Av1 − λ1v1, w)| = Re
(
Av1 − λ1v1, θw

)
= 0.

Since this holds for all w, Av1 = λ1v1. Now suppose Avk = λkvk for all k < m. We observe that A : Xm → Xm

because if y ∈ Xm and k < m,

(Ay, vk) = (y,Avk) = (y, λkvk) = 0,

showing that Ay ∈ {v1, · · ·, vm−1}⊥ ≡ Xm. Thus the same argument just given shows that for all w ∈ Xm,

(Avm − λmvm, w) = 0. (2.9)

For arbitrary w ∈ X.

w =

(
w −

m−1∑
k=1

(w, vk) vk

)
+
m−1∑
k=1

(w, vk) vk ≡ w⊥ + wm

and the term in parenthesis is in {v1, · · ·, vm−1}⊥ ≡ Xm while the other term is contained in the span of the
vectors, {v1, · · ·, vm−1}. Thus by (2.9),

(Avm − λmvm, w) = (Avm − λmvm, w⊥ + wm)

= (Avm − λmvm, wm) = 0

because

A : Xm → Xm ≡ {v1, · · ·, vm−1}⊥

and wm ∈ span (v1, · · ·, vm−1) . Therefore, Avm = λmvm for all m. This proves the theorem.
When a matrix has such a basis of eigenvectors, we say it is non defective.
There are more general theorems of this sort involving normal linear transformations. We say a linear

transformation is normal if AA∗ = A∗A. It happens that normal matrices are non defective. The proof
involves the fundamental theorem of algebra and is outlined in the exercises.

As an application of this theorem, we give the following fundamental result, important in geometric
measure theory and continuum mechanics. It is sometimes called the right polar decomposition.

Theorem 2.29 Let F ∈ L (Rn,Rm) where m ≥ n. Then there exists R ∈ L (Rn,Rm) and U ∈ L (Rn,Rn)
such that

F = RU, U = U∗,

all eigen values of U are non negative,

U2 = F ∗F,R∗R = I,

and |Rx| = |x| .



2.3. INNER PRODUCT SPACES 29

Proof: (F ∗F )∗ = F ∗F and so by linear algebra there is an orthonormal basis of eigenvectors, {v1, · · ·,vn}
such that

F ∗Fvi = λivi.

It is also clear that λi ≥ 0 because

λi (vi,vi) = (F ∗Fvi,vi) = (Fvi, Fvi) ≥ 0.

Now if u,v ∈ Rn, we define the tensor product u⊗ v ∈ L (Rn,Rn) by

u⊗ v (w) ≡ (w,v) u.

Then F ∗F =
∑n
i=1 λivi ⊗ vi because both linear transformations agree on the basis {v1, · · ·,vn}. Let

U ≡
n∑
i=1

λ
1/2
i vi ⊗ vi.

Then U2 = F ∗F, U = U∗, and the eigenvalues of U,
{
λ

1/2
i

}n
i=1

are all nonnegative.

Now R is defined on U (Rn) by

RUx ≡Fx.

This is well defined because if Ux1 = Ux2, then U2 (x1 − x2) = 0 and so

0 = (F ∗F (x1 − x2) ,x1 − x2) = |F (x1 − x2)|2.

Now |RUx|2 = |Ux|2 because

|RUx|2 = |Fx|2 = (Fx,Fx) = (F ∗Fx,x)

=
(
U2x,x

)
= (Ux,Ux) = |Ux|2.

Let {x1, · · ·,xr} be an orthonormal basis for

U (Rn)⊥ ≡ {x ∈ Rn : (x, z) = 0 for all z ∈U (Rn)}

and let {y1, · · ·,yp} be an orthonormal basis for F (Rn)⊥. Then p ≥ r because if {F (zi)}si=1 is an orthonormal
basis for F (Rn), it follows that {U (zi)}si=1 is orthonormal in U (Rn) because

(Uzi, Uzj) =
(
U2zi, zj

)
= (F ∗Fzi, zj) = (Fzi, Fzj).

Therefore,

p+ s = m ≥ n = r + dimU (Rn) ≥ r + s.

Now define R ∈ L (Rn,Rm) by Rxi ≡ yi, i = 1, · · ·, r. Thus∣∣∣∣∣R
(

r∑
i=1

cixi + Uv

)∣∣∣∣∣
2

=

∣∣∣∣∣
r∑
i=1

ciyi + Fv

∣∣∣∣∣
2

=
r∑
i=1

|ci|2 + |Fv|2

=
r∑
i=1

|ci|2 + |Uv|2 =

∣∣∣∣∣
r∑
i=1

cixi + Uv

∣∣∣∣∣
2

,
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and so |Rz| = |z| which implies that for all x,y,

|x|2 + |y|2 + 2 (x,y) = |x + y|2 = |R (x + y)|2

= |x|2 + |y|2 + 2 (Rx,Ry).

Therefore,

(x,y) = (R∗Rx,y)

for all x,y and so R∗R = I as claimed. This proves the theorem.

2.4 Exercises

1. Show (A∗)∗ = A and (AB)∗ = B∗A∗.

2. Suppose A : X → X, an inner product space, and A ≥ 0. By this we mean (Ax, x) ≥ 0 for all x ∈ X and
A = A∗. Show that A has a square root, U, such that U2 = A. Hint: Let {uk}nk=1 be an orthonormal
basis of eigenvectors with Auk = λkuk. Show each λk ≥ 0 and consider

U ≡
n∑
k=1

λ
1/2
k uk ⊗ uk

3. In the context of Theorem 2.29, suppose m ≤ n. Show

F = UR

where

U ∈ L (Rm,Rm) , R ∈ L (Rn,Rm) , U = U∗

, U has all non negative eigenvalues, U2 = FF ∗, and RR∗ = I. Hint: This is an easy corollary of
Theorem 2.29.

4. Show that if X is the inner product space Fn, and A is an n× n matrix, then

A∗ = AT .

5. Show that if A is an n × n matrix and A = A∗ then all the eigenvalues and eigenvectors are real
and that eigenvectors associated with distinct eigenvalues are orthogonal, (their inner product is zero).
Such matrices are called Hermitian.

6. Let the orthonormal basis of eigenvectors of F ∗F be denoted by {vi}ni=1 where {vi}ri=1 are those
whose eigenvalues are positive and {vi}ni=r are those whose eigenvalues equal zero. In the context of
the RU decomposition for F, show {Rvi}ni=1 is also an orthonormal basis. Next verify that there exists a
solution, x, to the equation, Fx = b if and only if b ∈ span {Rvi}ri=1 if and only is b ∈ (kerF ∗)⊥ . Here
kerF ∗ ≡ {x : F ∗x = 0} and (kerF ∗)⊥ ≡ {y : (y,x) = 0 for all x ∈ kerF ∗} . Hint: Show that F ∗x = 0
if and only if UR∗x = 0 if and only if R∗x ∈ span {vi}ni=r+1 if and only if x ∈ span {Rvi}ni=r+1 .

7. Let A and B be n× n matrices and let the columns of B be

b1, · · ·,bn
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and the rows of A are

aT1 , · · ·,aTn .

Show the columns of AB are

Ab1 · · ·Abn

and the rows of AB are

aT1 B · · · aTnB.

8. Let v1, · · ·,vn be an orthonormal basis for Fn. Let Q be a matrix whose ith column is vi. Show

Q∗Q = QQ∗ = I.

such a matrix is called an orthogonal matrix.

9. Show that a matrix, Q is orthogonal if and only if it preserves distances. By this we mean |Qv| = |v| .
Here |v| ≡ (v · v)1/2 for the dot product defined above.

10. Suppose {v1, · · ·,vn} and {w1, · · ·,wn} are two orthonormal bases for Fn and suppose Q is an n× n
matrix satisfying Qvi = wi. Then show Q is orthogonal. If |v| = 1, show there is an orthogonal
transformation which maps v to e1.

11. Let A be a Hermitian matrix so A = A∗ and suppose all eigenvalues of A are larger than δ2. Show

(Av,v) ≥ δ2 |v|2

Where here, the inner product is

(v,u) ≡
n∑
j=1

vjuj .

12. Let L ∈ L (Fn,Fm) . Let {v1, · · ·, vn} be a basis for V and let {w1, · · ·, wm} be a basis for W. Now
define w ⊗ v ∈ L (V,W ) by the rule,

w ⊗ v (u) ≡ (u, v)w.

Show w ⊗ v ∈ L (Fn,Fm) as claimed and that

{wj ⊗ vi : i = 1, · · ·, n, j = 1, · · ·,m}

is a basis for L (Fn,Fm) . Conclude the dimension of L (Fn,Fm) is nm.

13. Let X be an inner product space. Show |x+ y|2 + |x− y|2 = 2 |x|2 + 2 |y|2 . This is called the parallel-
ogram identity.

2.5 Determinants

Here we give a discussion of the most important properties of determinants. There are more elegant ways
to proceed and the reader is encouraged to consult a more advanced algebra book to read these. Another
very good source is Apostol [2]. The goal here is to present all of the major theorems on determinants with
a minimum of abstract algebra as quickly as possible. In this section and elsewhere F will denote the field
of scalars, usually R or C. To begin with we make a simple definition.
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Definition 2.30 Let (k1, · · ·, kn) be an ordered list of n integers. We define

π (k1, · · ·, kn) ≡
∏
{(ks − kr) : r < s} .

In words, we consider all terms of the form (ks − kr) where ks comes after kr in the ordered list and then
multiply all these together. We also make the following definition.

sgn (k1, · · ·, kn) ≡

 1 if π (k1, · · ·, kn) > 0
−1 if π (k1, · · ·, kn) < 0
0 if π (k1, · · ·, kn) = 0

This is called the sign of the permutation
(

1···n
k1···kn

)
in the case when there are no repeats in the ordered list,

(k1, · · ·, kn) and {k1, · · ·, kn} = {1, · · ·, n}.

Lemma 2.31 Let (k1, · · ·ki · ··, kj , · · ·, kn) be a list of n integers. Then

π (k1, · · ·, ki · ··, kj , · · ·, kn) = −π (k1, · · ·, kj · ··, ki, · · ·, kn)

and

sgn (k1, · · ·, ki · ··, kj , · · ·, kn) = −sgn (k1, · · ·, kj · ··, ki, · · ·, kn)

In words, if we switch two entries the sign changes.

Proof: The two lists are

(k1, · · ·, ki, · · ·, kj , · · ·, kn) (2.10)

and

(k1, · · ·, kj , · · ·, ki, · · ·, kn) . (2.11)

Suppose there are r− 1 numbers between ki and kj in the first list and consequently r− 1 numbers between
kj and ki in the second list. In computing π (k1, · · ·, ki, · · ·, kj , · · ·, kn) we have r − 1 terms of the form
(kj − kp) where the kp are those numbers occurring in the list between ki and kj . Corresponding to these
terms we have r − 1 terms of the form (kp − kj) in the computation of π (k1, · · ·, kj , · · ·, ki, · · ·, kn). These
differences produce a (−1)r−1 in going from π (k1, · · ·, ki, · · ·, kj , · · ·, kn) to π (k1, · · ·, kj , · · ·, ki, · · ·, kn) . We
also have the r− 1 terms (kp − ki) in computing π (k1, · · ·, ki · ··, kj , · · ·, kn) and the r− 1 terms, (ki − kp) in
computing π (k1, · · ·, kj , · · ·, ki, · · ·, kn), producing another (−1)r−1

. Thus, in considering the differences in
π, we see these terms just considered do not change the sign. However, we have (kj − ki) in the first product
and (ki − kj) in the second and all other factors in the computation of π match up in the two computations
so it follows π (k1, · · ·, ki, · · ·, kj , · · ·, kn) = −π (k1, · · ·, kj , · · ·, ki, · · ·, kn) as claimed.

Corollary 2.32 Suppose (k1, · · ·, kn) is obtained by making p switches in the ordered list, (1, · · ·, n) . Then

(−1)p = sgn (k1, · · ·, kn) . (2.12)

Proof: We observe that sgn (1, · · ·, n) = 1 and according to Lemma 2.31, each time we switch two
entries we multiply by (−1) . Therefore, making the p switches, we obtain (−1)p = (−1)p sgn (1, · · ·, n) =
sgn (k1, · · ·, kn) as claimed.

We now are ready to define the determinant of an n× n matrix.

Definition 2.33 Let (aij) = A denote an n× n matrix. We define

det (A) ≡
∑

(k1,···,kn)

sgn (k1, · · ·, kn) a1k1 · · · ankn

where the sum is taken over all ordered lists of numbers from {1, · · ·, n} . Note it suffices to take the sum over
only those ordererd lists in which there are no repeats because if there are, we know sgn (k1, · · ·, kn) = 0.
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Let A be an n × n matrix, A = (aij) and let (r1, · · ·, rn) denote an ordered list of n numbers from
{1, · · ·, n} . Let A (r1, · · ·, rn) denote the matrix whose kth row is the rk row of the matrix, A. Thus

det (A (r1, · · ·, rn)) =
∑

(k1,···,kn)

sgn (k1, · · ·, kn) ar1k1 · · · arnkn (2.13)

and

A (1, · · ·, n) = A.

Proposition 2.34 Let (r1, · · ·, rn) be an ordered list of numbers from {1, · · ·, n}. Then

sgn (r1, · · ·, rn) det (A) =
∑

(k1,···,kn)

sgn (k1, · · ·, kn) ar1k1 · · · arnkn (2.14)

= det (A (r1, · · ·, rn)) . (2.15)

In words, if we take the determinant of the matrix obtained by letting the pth row be the rp row of A, then
the determinant of this modified matrix equals the expression on the left in (2.14).

Proof: Let (1, · · ·, n) = (1, · · ·, r, · · ·s, · · ·, n) so r < s.

det (A (1, · · ·, r, · · ·s, · · ·, n)) = (2.16)

∑
(k1,···,kn)

sgn (k1, · · ·, kr, · · ·, ks, · · ·, kn) a1k1 · · · arkr · · · asks · · · ankn

=
∑

(k1,···,kn)

sgn (k1, · · ·, ks, · · ·, kr, · · ·, kn) a1k1 · · · arks · · · askr · · · ankn

=
∑

(k1,···,kn)

−sgn (k1, · · ·, kr, · · ·, ks, · · ·, kn) a1k1 · · · arks · · · askr · · · ankn

= −det (A (1, · · ·, s, · · ·, r, · · ·, n)) . (2.17)

Consequently,

det (A (1, · · ·, s, · · ·, r, · · ·, n)) = −det (A (1, · · ·, r, · · ·, s, · · ·, n)) = −det (A)

Now letting A (1, · · ·, s, · · ·, r, · · ·, n) play the role of A, and continuing in this way, we eventually arrive at
the conclusion

det (A (r1, · · ·, rn)) = (−1)p det (A)

where it took p switches to obtain(r1, · · ·, rn) from (1, · · ·, n) . By Corollary 2.32 this implies

det (A (r1, · · ·, rn)) = sgn (r1, · · ·, rn) det (A)

and proves the proposition in the case when there are no repeated numbers in the ordered list, (r1, · · ·, rn) .
However, if there is a repeat, say the rth row equals the sth row, then the reasoning of (2.16) -(2.17) shows
that A (r1, · · ·, rn) = 0 and we also know that sgn (r1, · · ·, rn) = 0 so the formula holds in this case also.
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Corollary 2.35 We have the following formula for det (A) .

det (A) =
1
n!

∑
(r1,···,rn)

∑
(k1,···,kn)

sgn (r1, · · ·, rn) sgn (k1, · · ·, kn) ar1k1 · · · arnkn . (2.18)

And also det
(
AT
)

= det (A) where AT is the transpose of A. Thus if AT =
(
aTij
)
, we have aTij = aji.

Proof: From Proposition 2.34, if the ri are distinct,

det (A) =
∑

(k1,···,kn)

sgn (r1, · · ·, rn) sgn (k1, · · ·, kn) ar1k1 · · · arnkn .

Summing over all ordered lists, (r1, · · ·, rn) where the ri are distinct, (If the ri are not distinct, we know
sgn (r1, · · ·, rn) = 0 and so there is no contribution to the sum.) we obtain

n! det (A) =
∑

(r1,···,rn)

∑
(k1,···,kn)

sgn (r1, · · ·, rn) sgn (k1, · · ·, kn) ar1k1 · · · arnkn .

This proves the corollary.

Corollary 2.36 If we switch two rows or two columns in an n×n matrix, A, the determinant of the resulting
matrix equals (−1) times the determinant of the original matrix. If A is an n× n matrix in which two rows
are equal or two columns are equal then det (A) = 0.

Proof: By Proposition 2.34 when we switch two rows the determinant of the resulting matrix is (−1)
times the determinant of the original matrix. By Corollary 2.35 the same holds for columns because the
columns of the matrix equal the rows of the transposed matrix. Thus if A1 is the matrix obtained from A
by switching two columns, then

det (A) = det
(
AT
)

= −det
(
AT1
)

= −det (A1) .

If A has two equal columns or two equal rows, then switching them results in the same matrix. Therefore,
det (A) = −det (A) and so det (A) = 0.

Definition 2.37 If A and B are n×n matrices, A = (aij) and B = (bij) , we form the product, AB = (cij)
by defining

cij ≡
n∑
k=1

aikbkj .

This is just the usual rule for matrix multiplication.

One of the most important rules about determinants is that the determinant of a product equals the
product of the determinants.

Theorem 2.38 Let A and B be n× n matrices. Then det (AB) = det (A) det (B) .

Proof: We will denote by cij the ijth entry of AB. Thus by Proposition 2.34,

det (AB) =
∑

(k1,···,kn)

sgn (k1, · · ·, kn) c1k1 · · · cnkn

=
∑

(k1,···,kn)

sgn (k1, · · ·, kn)

(∑
r1

a1r1br1k1

)
· · ·

(∑
rn

anrnbrnkn

)

=
∑

(r1···,rn)

∑
(k1,···,kn)

sgn (k1, · · ·, kn) br1k1 · · · brnkn (a1r1 · · · anrn)

=
∑

(r1···,rn)

sgn (r1 · · · rn) a1r1 · · · anrn det (B) = det (A) det (B) .
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This proves the theorem.
In terms of the theory of determinants, arguably the most important idea is that of Laplace expansion

along a row or a column.

Definition 2.39 Let A = (aij) be an n×n matrix. Then we define a new matrix, cof (A) by cof (A) = (cij)
where to obtain cij we delete the ith row and the jth column of A, take the determinant of the n− 1× n− 1
matrix which results and then multiply this number by (−1)i+j . The determinant of the n− 1×n− 1 matrix
just described is called the ijth minor of A. To make the formulas easier to remember, we shall write cof (A)ij
for the ijth entry of the cofactor matrix.

The main result is the following monumentally important theorem. It states that you can expand an
n × n matrix along any row or column. This is often taken as a definition in elementary courses but how
anyone in their right mind could believe without a proof that you always get the same answer by expanding
along any row or column is totally beyond my powers of comprehension.

Theorem 2.40 Let A be an n× n matrix. Then

det (A) =
n∑
j=1

aijcof (A)ij =
n∑
i=1

aijcof (A)ij . (2.19)

The first formula consists of expanding the determinant along the ith row and the second expands the deter-
minant along the jth column.

Proof: We will prove this by using the definition and then doing a computation and verifying that we
have what we want.

det (A) =
∑

(k1,···,kn)

sgn (k1, · · ·, kr, · · ·, kn) a1k1 · · · arkr · · · ankn

=
n∑

kr=1

 ∑
(k1,···,kr,···,kn)

sgn (k1, · · ·, kr, · · ·, kn) a1k1 · · · a(r−1)k(r−1)
a(r+1)k(r+1)

ankn

 arkr

=
n∑
j=1

(−1)r−1 ·

 ∑
(k1,···,j,···,kn)

sgn (j, k1, · · ·, kr−1, kr+1 · ··, kn) a1k1 · · · a(r−1)k(r−1)
a(r+1)k(r+1)

ankn

 arj . (2.20)

We need to consider for fixed j the term∑
(k1,···,j,···,kn)

sgn (j, k1, · · ·, kr−1, kr+1 · ··, kn) a1k1 · · · a(r−1)k(r−1)
a(r+1)k(r+1)

ankn . (2.21)

We may assume all the indices in (k1, · · ·, j, · · ·, kn) are distinct. We define (l1, · · ·, ln−1) as follows. If
kα < j, then lα ≡ kα. If kα > j, then lα ≡ kα − 1. Thus every choice of the ordered list, (k1, · · ·, j, · · ·, kn) ,
corresponds to an ordered list, (l1, · · ·, ln−1) of indices from {1, · · ·, n− 1}. Now define

bαlα ≡
{
aαkα if α < r,
a(α+1)kα if n− 1 ≥ α > r
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where here kα corresponds to lα as just described. Thus (bαβ) is the n− 1×n− 1 matrix which results from
deleting the rth row and the jth column. In computing

π (j, k1, · · ·, kr−1, kr+1 · ··, kn) ,

we note there are exactly j − 1 of the ki which are less than j. Therefore,

sgn (k1, · · ·, kr−1, kr+1 · ··, kn) (−1)j−1 = sgn (j, k1, · · ·, kr−1, kr+1 · ··, kn) .

But it also follows from the definition that

sgn (k1, · · ·, kr−1, kr+1 · ··, kn) = sgn (l1 · ··, ln−1)

and so the term in (2.21) equals

(−1)j−1
∑

(l1,···,ln−1)

sgn (l1, · · ·, ln−1) b1l1 · · · b(n−1)l(n−1)

Using this in (2.20) we see

det (A) =
n∑
j=1

(−1)r−1 (−1)j−1

 ∑
(l1,···,ln−1)

sgn (l1, · · ·, ln−1) b1l1 · · · b(n−1)l(n−1)

 arj

=
n∑
j=1

(−1)r+j
 ∑

(l1,···,ln−1)

sgn (l1, · · ·, ln−1) b1l1 · · · b(n−1)l(n−1)

 arj

=
n∑
j=1

arjcof (A)rj

as claimed. Now to get the second half of (2.19), we can apply the first part to AT and write for AT =
(
aTij
)

det (A) = det
(
AT
)

=
n∑
j=1

aTijcof
(
AT
)
ij

=
n∑
j=1

ajicof (A)ji =
n∑
i=1

aijcof (A)ij .

This proves the theorem. We leave it as an exercise to show that cof
(
AT
)
ij

= cof (A)ji .
Note that this gives us an easy way to write a formula for the inverse of an n× n matrix.

Definition 2.41 We say an n× n matrix, A has an inverse, A−1 if and only if AA−1 = A−1A = I where
I = (δij) for

δij ≡
{

1 if i = j
0 if i 6= j

Theorem 2.42 A−1 exists if and only if det(A) 6= 0. If det(A) 6= 0, then A−1 =
(
a−1
ij

)
where

a−1
ij = det(A)−1Cji

for Cij the ijth cofactor of A.
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Proof: By Theorem 2.40 and letting (air) = A, if we assume det (A) 6= 0,

n∑
i=1

airCir det(A)−1 = det(A) det(A)−1 = 1.

Now we consider
n∑
i=1

airCik det(A)−1

when k 6= r. We replace the kth column with the rth column to obtain a matrix, Bk whose determinant
equals zero by Corollary 2.36. However, expanding this matrix along the kth column yields

0 = det (Bk) det (A)−1 =
n∑
i=1

airCik det (A)−1

Summarizing,

n∑
i=1

airCik det (A)−1 = δrk.

Using the other formula in Theorem 2.40, we can also write using similar reasoning,

n∑
j=1

arjCkj det (A)−1 = δrk

This proves that if det (A) 6= 0, then A−1 exists and if A−1 =
(
a−1
ij

)
,

a−1
ij = Cji det (A)−1

.

Now suppose A−1 exists. Then by Theorem 2.38,

1 = det (I) = det
(
AA−1

)
= det (A) det

(
A−1

)
so det (A) 6= 0. This proves the theorem.

This theorem says that to find the inverse, we can take the transpose of the cofactor matrix and divide
by the determinant. The transpose of the cofactor matrix is called the adjugate or sometimes the classical
adjoint of the matrix A. It is an abomination to call it the adjoint. The term, adjoint, should be reserved
for something much more interesting which will be discussed later. In words, A−1 is equal to one over the
determinant of A times the adjugate matrix of A.

In case we are solving a system of equations,

Ax = y

for x, it follows that if A−1 exists, we can write

x =
(
A−1A

)
x = A−1 (Ax) = A−1y

thus solving the system. Now in the case that A−1 exists, we just presented a formula for A−1. Using this
formula, we see

xi =
n∑
j=1

a−1
ij yj =

n∑
j=1

1
det (A)

cof (A)ji yj .
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By the formula for the expansion of a determinant along a column,

xi =
1

det (A)
det

 ∗ · · · y1 · · · ∗
...

...
...

∗ · · · yn · · · ∗

 ,

where here we have replaced the ith column of A with the column vector, (y1 · · · ·, yn)T , taken its determinant
and divided by det (A) . This formula is known as Cramer’s rule.

Definition 2.43 We say a matrix M, is upper triangular if Mij = 0 whenever i > j. Thus such a matrix
equals zero below the main diagonal, the entries of the form Mii as shown.

∗ ∗ · · · ∗

0 ∗
. . .

...
...

. . . . . . ∗
0 · · · 0 ∗


A lower triangular matrix is defined similarly as a matrix for which all entries above the main diagonal are
equal to zero.

With this definition, we give the following corollary of Theorem 2.40.

Corollary 2.44 Let M be an upper (lower) triangular matrix. Then det (M) is obtained by taking the
product of the entries on the main diagonal.

2.6 The characteristic polynomial

Definition 2.45 Let A be an n× n matrix. The characteristic polynomial is defined as

pA (t) ≡ det (tI −A) .

A principal submatrix of A is one lying in the same set of k rows and columns and a principal minor is the
determinant of a principal submatrix. There are

(
n
k

)
principal minors of A. How do we get a typical principal

submatrix? We pick k rows, say r1, · · ·, rk and consider the k × k matrix which results from using exactly
those entries of these k rows which are also in one of the r1, · · ·, rk columns. We denote by Ek (A) the sum
of the principal k × k minors of A.

We write a formula for the characteristic polynomial in terms of the Ek (A) .

pA (t) =
∑

(k1,···,kn)

sgn (k1, · · ·, kn) (tδ1k1 − a1k1) · · · (tδ1kn − a1kn)

Consider the terms which are multiplied by tr. A typical such term would be

tr (−1)n−r
∑

(k1,···,kn)

sgn (k1, · · ·, kn) δm1km1
· · · δmrkmr as1ks1 · · · as(n−r)ks(n−r) (2.22)

where {m1, · · ·,mr, s1, · · ·, sn−r} = {1, · · ·, n} . From the definition of determinant, the sum in the above
expression is the determinant of a matrix like

1 0 0 0 0
∗ ∗ ∗ ∗ ∗
0 0 1 0 0
∗ ∗ ∗ ∗ ∗
0 0 0 0 1
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where the starred rows are simply the original rows of the matrix, A. Using the row operation which involves
replacing a row with a multiple of another row added to itself, we can use the ones to zero out everything
above them and below them, obtaining a modified matrix which has the same determinant (See Problem 2).
In the given example this would result in a matrix of the form

1 0 0 0 0
0 ∗ 0 ∗ 0
0 0 1 0 0
0 ∗ 0 ∗ 0
0 0 0 0 1


and so the sum in (2.22) is just the principal minor corresponding to the subset {m1, · · ·,mr} of {1, · · ·, n} .
For each of the

(
n
r

)
such choices, there is such a term equal to the principal minor determined in this

way and so the sum of these equals the coefficient of the tr term. Therefore, the coefficient of tr equals
(−1)n−r En−r (A) . It follows

pA (t) =
n∑
r=0

tr (−1)n−r En−r (A)

= (−1)nEn (A) + (−1)n−1
tEn−1 (A) + · · ·+ (−1) tn−1E1 (A) + tn.

Definition 2.46 The solutions to pA (t) = 0 are called the eigenvalues of A.

We know also that

pA (t) =
n∏
k=1

(t− λk)

where λk are the roots of the equation, pA (t) = 0. (Note these might be complex numbers.) Therefore,
expanding the above polynomial,

Ek (A) = Sk (λ1, · · ·, λn)

where Sk (λ1, · · ·, λn) , called the kth elementary symmetric function of the numbers λ1, · · ·, λn, is defined as
the sum of all possible products of k elements of {λ1, · · ·, λn} . Therefore,

pA (t) = tn − S1 (λ1, · · ·, λn) tn−1 + S2 (λ1, · · ·, λn) tn−2 + · · · ± Sn (λ1, · · ·, λn) .

A remarkable and profound theorem is the Cayley Hamilton theorem which states that every matrix
satisfies its characteristic equation. We give a simple proof of this theorem using the following lemma.

Lemma 2.47 Suppose for all |λ| large enough, we have

A0 +A1λ+ · · ·+Amλ
m = 0,

where the Ai are n× n matrices. Then each Ai = 0.

Proof: Multiply by λ−m to obtain

A0λ
−m +A1λ

−m+1 + · · ·+Am−1λ
−1 +Am = 0.

Now let |λ| → ∞ to obtain Am = 0. With this, multiply by λ to obtain

A0λ
−m+1 +A1λ

−m+2 + · · ·+Am−1 = 0.

Now let |λ| → ∞ to obtain Am−1 = 0. Continue multiplying by λ and letting λ→∞ to obtain that all the
Ai = 0. This proves the lemma.

With the lemma, we have the following simple corollary.
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Corollary 2.48 Let Ai and Bi be n× n matrices and suppose

A0 +A1λ+ · · ·+Amλ
m = B0 +B1λ+ · · ·+Bmλ

m

for all |λ| large enough. Then Ai = Bi for all i.

Proof: Subtract and use the result of the lemma.
With this preparation, we can now give an easy proof of the Cayley Hamilton theorem.

Theorem 2.49 Let A be an n × n matrix and let p (λ) ≡ det (λI −A) be the characteristic polynomial.
Then p (A) = 0.

Proof: Let C (λ) equal the transpose of the cofactor matrix of (λI −A) for |λ| large. (If |λ| is large
enough, then λ cannot be in the finite list of eigenvalues of A and so for such λ, (λI −A)−1 exists.) Therefore,
by Theorem 2.42 we may write

C (λ) = p (λ) (λI −A)−1
.

Note that each entry in C (λ) is a polynomial in λ having degree no more than n− 1. Therefore, collecting
the terms, we may write

C (λ) = C0 + C1λ+ · · ·+ Cn−1λ
n−1

for Cj some n× n matrix. It follows that for all |λ| large enough,

(A− λI)
(
C0 + C1λ+ · · ·+ Cn−1λ

n−1
)

= p (λ) I

and so we are in the situation of Corollary 2.48. It follows the matrix coefficients corresponding to equal
powers of λ are equal on both sides of this equation.Therefore, we may replace λ with A and the two will be
equal. Thus

0 = (A−A)
(
C0 + C1A+ · · ·+ Cn−1A

n−1
)

= p (A) I = p (A) .

This proves the Cayley Hamilton theorem.

2.7 The rank of a matrix

Definition 2.50 Let A be an m× n matrix. Then the row rank is the dimension of the span of the rows in
F
n, the column rank is the dimension of the span of the columns, and the determinant rank equals r where r

is the largest number such that some r× r submatrix of A has a non zero determinant.Note the column rank
of A is nothing more than the dimension of A (Fn) .

Theorem 2.51 The determinant rank, row rank, and column rank coincide.

Proof: Suppose the determinant rank of A = (aij) equals r. First note that if rows and columns are
interchanged, the row, column, and determinant ranks of the modified matrix are unchanged. Thus we may
assume without loss of generality that there is an r × r matrix in the upper left corner of the matrix which
has non zero determinant. Consider the matrix

a11 · · · a1r a1p

...
...

...
ar1 · · · arr arp
al1 · · · alr alp
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where we will denote by C the r × r matrix which has non zero determinant. The above matrix has
determinant equal to zero. There are two cases to consider in verifying this claim. First, suppose p > r.
Then the claim follows from the assumption that A has determinant rank r. On the other hand, if p < r,
then the determinant is zero because there are two identical columns. Expand the determinant along the
last column and divide by det (C) to obtain

alp = −
r∑
i=1

Cip
det (C)

aip,

where Cip is the cofactor of aip. Now note that Cip does not depend on p. Therefore the above sum is of the
form

alp =
r∑
i=1

miaip

which shows the lth row is a linear combination of the first r rows of A. Thus the first r rows of A are linearly
independent and span the row space so the row rank equals r. It follows from this that

column rank of A = row rank of AT =

= determinant rank of AT = determinant rank of A = row rank of A.

This proves the theorem.

2.8 Exercises

1. Let A ∈ L (V, V ) where V is a vector space of dimension n. Show using the fundamental theorem of
algebra which states that every non constant polynomial has a zero in the complex numbers, that A
has an eigenvalue and eigenvector. Recall that (λ,v) is an eigen pair if v 6= 0 and (A− λI) (v) = 0.

2. Show that if we replace a row (column) of an n × n matrix A with itself added to some multiple of
another row (column) then the new matrix has the same determinant as the original one.

3. Let A be an n× n matrix and let

Av1 = λ1v1, |v1| = 1.

Show there exists an orthonormal basis, {v1, · · ·,vn} for Fn. Let Q0 be a matrix whose ith column is
vi. Show Q∗0AQ0 is of the form 

λ1 ∗ · · · ∗
0
... A1

0


where A1 is an n− 1× n− 1 matrix.

4. Using the result of problem 3, show there exists an orthogonal matrix Q̃1 such that Q̃∗1A1 Q̃1 is of the
form 

λ2 ∗ · · · ∗
0
... A2

0

 .
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Now let Q1 be the n× n matrix of the form(
1 0
0 Q̃1

)
.

Show Q∗1Q
∗
0AQ0Q1 is of the form 

λ1 ∗ ∗ · · · ∗
0 λ2 ∗ · · · ∗
0 0
...

... A2

0 0


where A2 is an n− 2× n− 2 matrix. Continuing in this way, show there exists an orthogonal matrix
Q such that

Q∗AQ = T

where T is upper triangular. This is called the Schur form of the matrix.

5. Let A be an m × n matrix. Show the column rank of A equals the column rank of A∗A. Next verify
column rank of A∗A is no larger than column rank of A∗. Next justify the following inequality to
conclude the column rank of A equals the column rank of A∗.

rank (A) = rank (A∗A) ≤ rank (A∗) ≤

= rank (AA∗) ≤ rank (A) .

Hint: Start with an orthonormal basis, {Axj}rj=1 of A (Fn) and verify {A∗Axj}rj=1 is a basis for
A∗A (Fn) .

6. Show the λi on the main diagonal of T in problem 4 are the eigenvalues of A.

7. We say A is normal if

A∗A = AA∗.

Show that if A∗ = A, then A is normal. Show that if A is normal and Q is an orthogonal matrix, then
Q∗AQ is also normal. Show that if T is upper triangular and normal, then T is a diagonal matrix.
Conclude the Shur form of every normal matrix is diagonal.

8. If A is such that there exists an orthogonal matrix, Q such that

Q∗AQ = diagonal matrix,

is it necessary that A be normal? (We know from problem 7 that if A is normal, such an orthogonal
matrix exists.)



General topology

This chapter is a brief introduction to general topology. Topological spaces consist of a set and a subset of
the set of all subsets of this set called the open sets or topology which satisfy certain axioms. Like other
areas in mathematics the abstraction inherent in this approach is an attempt to unify many different useful
examples into one general theory.

For example, consider Rn with the usual norm given by

|x| ≡

(
n∑
i=1

|xi|2
)1/2

.

We say a set U in Rn is an open set if every point of U is an “interior” point which means that if x ∈U ,
there exists δ > 0 such that if |y − x| < δ, then y ∈U . It is easy to see that with this definition of open sets,
the axioms (3.1) - (3.2) given below are satisfied if τ is the collection of open sets as just described. There
are many other sets of interest besides Rn however, and the appropriate definition of “open set” may be
very different and yet the collection of open sets may still satisfy these axioms. By abstracting the concept
of open sets, we can unify many different examples. Here is the definition of a general topological space.

Let X be a set and let τ be a collection of subsets of X satisfying

∅ ∈ τ , X ∈ τ , (3.1)

If C ⊆ τ , then ∪ C ∈ τ

If A,B ∈ τ , then A ∩B ∈ τ . (3.2)

Definition 3.1 A set X together with such a collection of its subsets satisfying (3.1)-(3.2) is called a topo-
logical space. τ is called the topology or set of open sets of X. Note τ ⊆ P(X), the set of all subsets of X,
also called the power set.

Definition 3.2 A subset B of τ is called a basis for τ if whenever p ∈ U ∈ τ , there exists a set B ∈ B such
that p ∈ B ⊆ U . The elements of B are called basic open sets.

The preceding definition implies that every open set (element of τ) may be written as a union of basic
open sets (elements of B). This brings up an interesting and important question. If a collection of subsets B
of a set X is specified, does there exist a topology τ for X satisfying (3.1)-(3.2) such that B is a basis for τ?

Theorem 3.3 Let X be a set and let B be a set of subsets of X. Then B is a basis for a topology τ if and
only if whenever p ∈ B ∩C for B,C ∈ B, there exists D ∈ B such that p ∈ D ⊆ C ∩B and ∪B = X. In this
case τ consists of all unions of subsets of B.

43
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Proof: The only if part is left to the reader. Let τ consist of all unions of sets of B and suppose B satisfies
the conditions of the proposition. Then ∅ ∈ τ because ∅ ⊆ B. X ∈ τ because ∪B = X by assumption. If
C ⊆ τ then clearly ∪C ∈ τ . Now suppose A,B ∈ τ , A = ∪S, B = ∪R, S,R ⊆ B. We need to show
A ∩ B ∈ τ . If A ∩ B = ∅, we are done. Suppose p ∈ A ∩ B. Then p ∈ S ∩ R where S ∈ S, R ∈ R. Hence
there exists U ∈ B such that p ∈ U ⊆ S ∩R. It follows, since p ∈ A ∩B was arbitrary, that A ∩B = union
of sets of B. Thus A ∩B ∈ τ . Hence τ satisfies (3.1)-(3.2).

Definition 3.4 A topological space is said to be Hausdorff if whenever p and q are distinct points of X,
there exist disjoint open sets U, V such that p ∈ U, q ∈ V .

Hausdorff

·p
U

·q
V

Definition 3.5 A subset of a topological space is said to be closed if its complement is open. Let p be a
point of X and let E ⊆ X. Then p is said to be a limit point of E if every open set containing p contains a
point of E distinct from p.

Theorem 3.6 A subset, E, of X is closed if and only if it contains all its limit points.

Proof: Suppose first that E is closed and let x be a limit point of E. We need to show x ∈ E. If x /∈ E,
then EC is an open set containing x which contains no points of E, a contradiction. Thus x ∈ E. Now
suppose E contains all its limit points. We need to show the complement of E is open. But if x ∈ EC , then
x is not a limit point of E and so there exists an open set, U containing x such that U contains no point of
E other than x. Since x /∈ E, it follows that x ∈ U ⊆ EC which implies EC is an open set.

Theorem 3.7 If (X, τ) is a Hausdorff space and if p ∈ X, then {p} is a closed set.

Proof: If x 6= p, there exist open sets U and V such that x ∈ U, p ∈ V and U ∩ V = ∅. Therefore, {p}C
is an open set so {p} is closed.

Note that the Hausdorff axiom was stronger than needed in order to draw the conclusion of the last
theorem. In fact it would have been enough to assume that if x 6= y, then there exists an open set containing
x which does not intersect y.

Definition 3.8 A topological space (X, τ) is said to be regular if whenever C is a closed set and p is a point
not in C, then there exist disjoint open sets U and V such that p ∈ U, C ⊆ V . The topological space, (X, τ)
is said to be normal if whenever C and K are disjoint closed sets, there exist disjoint open sets U and V
such that C ⊆ U, K ⊆ V .

Regular

·p
U

C
V

Normal

C
U

K
V
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Definition 3.9 Let E be a subset of X. Ē is defined to be the smallest closed set containing E. Note that
this is well defined since X is closed and the intersection of any collection of closed sets is closed.

Theorem 3.10 E = E ∪ {limit points of E}.

Proof: Let x ∈ E and suppose that x /∈ E. If x is not a limit point either, then there exists an open
set, U,containing x which does not intersect E. But then UC is a closed set which contains E which does
not contain x, contrary to the definition that E is the intersection of all closed sets containing E. Therefore,
x must be a limit point of E after all.

Now E ⊆ E so suppose x is a limit point of E. We need to show x ∈ E. If H is a closed set containing
E, which does not contain x, then HC is an open set containing x which contains no points of E other than
x negating the assumption that x is a limit point of E.

Definition 3.11 Let X be a set and let d : X ×X → [0,∞) satisfy

d(x, y) = d(y, x), (3.3)

d(x, y) + d(y, z) ≥ d(x, z), (triangle inequality)

d(x, y) = 0 if and only if x = y. (3.4)

Such a function is called a metric. For r ∈ [0,∞) and x ∈ X, define

B(x, r) = {y ∈ X : d(x, y) < r}

This may also be denoted by N(x, r).

Definition 3.12 A topological space (X, τ) is called a metric space if there exists a metric, d, such that the
sets {B(x, r), x ∈ X, r > 0} form a basis for τ . We write (X, d) for the metric space.

Theorem 3.13 Suppose X is a set and d satisfies (3.3)-(3.4). Then the sets {B(x, r) : r > 0, x ∈ X} form
a basis for a topology on X.

Proof: We observe that the union of these balls includes the whole space, X. We need to verify the
condition concerning the intersection of two basic sets. Let p ∈ B (x, r1) ∩B (z, r2) . Consider

r ≡ min (r1 − d (x, p) , r2 − d (z, p))

and suppose y ∈ B (p, r) . Then

d (y, x) ≤ d (y, p) + d (p, x) < r1 − d (x, p) + d (x, p) = r1

and so B (p, r) ⊆ B (x, r1) . By similar reasoning, B (p, r) ⊆ B (z, r2) . This verifies the conditions for this set
of balls to be the basis for some topology.

Theorem 3.14 If (X, τ) is a metric space, then (X, τ) is Hausdorff, regular, and normal.

Proof: It is obvious that any metric space is Hausdorff. Since each point is a closed set, it suffices to
verify any metric space is normal. Let H and K be two disjoint closed nonempty sets. For each h ∈ H, there
exists rh > 0 such that B (h, rh) ∩K = ∅ because K is closed. Similarly, for each k ∈ K there exists rk > 0
such that B (k, rk) ∩H = ∅. Now let

U ≡ ∪{B (h, rh/2) : h ∈ H} , V ≡ ∪{B (k, rk/2) : k ∈ K} .

then these open sets contain H and K respectively and have empty intersection for if x ∈ U ∩ V, then
x ∈ B (h, rh/2) ∩B (k, rk/2) for some h ∈ H and k ∈ K. Suppose rh ≥ rk. Then

d (h, k) ≤ d (h, x) + d (x, k) < rh,

a contradiction to B (h, rh) ∩K = ∅. If rk ≥ rh, the argument is similar. This proves the theorem.
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Definition 3.15 A metric space is said to be separable if there is a countable dense subset of the space.
This means there exists D = {pi}∞i=1 such that for all x and r > 0, B(x, r) ∩D 6= ∅.

Definition 3.16 A topological space is said to be completely separable if it has a countable basis for the
topology.

Theorem 3.17 A metric space is separable if and only if it is completely separable.

Proof: If the metric space has a countable basis for the topology, pick a point from each of the basic
open sets to get a countable dense subset of the metric space.

Now suppose the metric space, (X, d) , has a countable dense subset, D. Let B denote all balls having
centers in D which have positive rational radii. We will show this is a basis for the topology. It is clear it
is a countable set. Let U be any open set and let z ∈ U. Then there exists r > 0 such that B (z, r) ⊆ U. In
B (z, r/3) pick a point from D, x. Now let r1 be a positive rational number in the interval (r/3, 2r/3) and
consider the set from B, B (x, r1) . If y ∈ B (x, r1) then

d (y, z) ≤ d (y, x) + d (x, z) < r1 + r/3 < 2r/3 + r/3 = r.

Thus B (x, r1) contains z and is contained in U. This shows, since z is an arbitrary point of U that U is the
union of a subset of B.

We already discussed Cauchy sequences in the context of Rp but the concept makes perfectly good sense
in any metric space.

Definition 3.18 A sequence {pn}∞n=1 in a metric space is called a Cauchy sequence if for every ε > 0 there
exists N such that d(pn, pm) < ε whenever n,m > N . A metric space is called complete if every Cauchy
sequence converges to some element of the metric space.

Example 3.19 R
n and Cn are complete metric spaces for the metric defined by d(x,y) ≡ |x− y| ≡ (

∑n
i=1 |xi−

yi|2)1/2.

Not all topological spaces are metric spaces and so the traditional ε− δ definition of continuity must be
modified for more general settings. The following definition does this for general topological spaces.

Definition 3.20 Let (X, τ) and (Y, η) be two topological spaces and let f : X → Y . We say f is continuous
at x ∈ X if whenever V is an open set of Y containing f(x), there exists an open set U ∈ τ such that x ∈ U
and f(U) ⊆ V . We say that f is continuous if f−1(V ) ∈ τ whenever V ∈ η.

Definition 3.21 Let (X, τ) and (Y, η) be two topological spaces. X×Y is the Cartesian product. (X×Y =
{(x, y) : x ∈ X, y ∈ Y }). We can define a product topology as follows. Let B = {(A× B) : A ∈ τ , B ∈ η}.
B is a basis for the product topology.

Theorem 3.22 B defined above is a basis satisfying the conditions of Theorem 3.3.

More generally we have the following definition which considers any finite Cartesian product of topological
spaces.

Definition 3.23 If (Xi, τ i) is a topological space, we make
∏n
i=1Xi into a topological space by letting a

basis be
∏n
i=1Ai where Ai ∈ τ i.

Theorem 3.24 Definition 3.23 yields a basis for a topology.

The proof of this theorem is almost immediate from the definition and is left for the reader.
The definition of compactness is also considered for a general topological space. This is given next.
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Definition 3.25 A subset, E, of a topological space (X, τ) is said to be compact if whenever C ⊆ τ and
E ⊆ ∪C, there exists a finite subset of C, {U1 · · · Un}, such that E ⊆ ∪ni=1Ui. (Every open covering admits
a finite subcovering.) We say E is precompact if E is compact. A topological space is called locally compact
if it has a basis B, with the property that B is compact for each B ∈ B. Thus the topological space is locally
compact if it has a basis of precompact open sets.

In general topological spaces there may be no concept of “bounded”. Even if there is, closed and bounded
is not necessarily the same as compactness. However, we can say that in any Hausdorff space every compact
set must be a closed set.

Theorem 3.26 If (X, τ) is a Hausdorff space, then every compact subset must also be a closed set.

Proof: Suppose p /∈ K. For each x ∈ X, there exist open sets, Ux and Vx such that

x ∈ Ux, p ∈ Vx,

and

Ux ∩ Vx = ∅.

Since K is assumed to be compact, there are finitely many of these sets, Ux1 , · · ·, Uxm which cover K. Then
let V ≡ ∩mi=1Vxi . It follows that V is an open set containing p which has empty intersection with each of the
Uxi . Consequently, V contains no points of K and is therefore not a limit point. This proves the theorem.

Lemma 3.27 Let (X, τ) be a topological space and let B be a basis for τ . Then K is compact if and only if
every open cover of basic open sets admits a finite subcover.

The proof follows directly from the definition and is left to the reader. A very important property enjoyed
by a collection of compact sets is the property that if it can be shown that any finite intersection of this
collection has non empty intersection, then it can be concluded that the intersection of the whole collection
has non empty intersection.

Definition 3.28 If every finite subset of a collection of sets has nonempty intersection, we say the collection
has the finite intersection property.

Theorem 3.29 Let K be a set whose elements are compact subsets of a Hausdorff topological space, (X, τ) .
Suppose K has the finite intersection property. Then ∅ 6= ∩K.

Proof: Suppose to the contrary that ∅ = ∩K. Then consider

C ≡
{
KC : K ∈ K

}
.

It follows C is an open cover of K0 where K0 is any particular element of K. But then there are finitely many
K ∈ K, K1, · · ·,Kr such that K0 ⊆ ∪ri=1K

C
i implying that ∩ri=0Ki = ∅, contradicting the finite intersection

property.
It is sometimes important to consider the Cartesian product of compact sets. The following is a simple

example of the sort of theorem which holds when this is done.

Theorem 3.30 Let X and Y be topological spaces, and K1, K2 be compact sets in X and Y respectively.
Then K1 ×K2 is compact in the topological space X × Y .

Proof: Let C be an open cover of K1×K2 of sets A×B where A and B are open sets. Thus C is a open
cover of basic open sets. For y ∈ Y , define

Cy = {A×B ∈ C : y ∈ B}, Dy = {A : A×B ∈ Cy}
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Claim: Dy covers K1.
Proof: Let x ∈ K1. Then (x, y) ∈ K1 × K2 so (x, y) ∈ A × B ∈ C. Therefore A × B ∈ Cy and so

x ∈ A ∈ Dy.
Since K1 is compact,

{A1, · · ·, An(y)} ⊆ Dy

covers K1. Let

By = ∩n(y)
i=1 Bi

Thus {A1, · · ·, An(y)} covers K1 and Ai ×By ⊆ Ai ×Bi ∈ Cy.
Since K2 is compact, there is a finite list of elements of K2, y1, · · ·, yr such that

{By1 , · · ·, Byr}

covers K2. Consider

{Ai ×Byl}
n(yl) r
i=1 l=1.

If (x, y) ∈ K1 ×K2, then y ∈ Byj for some j ∈ {1, · · ·, r}. Then x ∈ Ai for some i ∈ {1, · · ·, n(yj)}. Hence
(x, y) ∈ Ai ×Byj . Each of the sets Ai ×Byj is contained in some set of C and so this proves the theorem.

Another topic which is of considerable interest in general topology and turns out to be a very useful
concept in analysis as well is the concept of a subbasis.

Definition 3.31 S ⊆ τ is called a subbasis for the topology τ if the set B of finite intersections of sets of S
is a basis for the topology, τ .

Recall that the compact sets in Rn with the usual topology are exactly those that are closed and bounded.
We will have use of the following simple result in the following chapters.

Theorem 3.32 Let U be an open set in Rn. Then there exists a sequence of open sets, {Ui} satisfying

· · ·Ui ⊆ Ui ⊆ Ui+1 · · ·

and

U = ∪∞i=1Ui.

Proof: The following lemma will be interesting for its own sake and in addition to this, is exactly what
is needed for the proof of this theorem.

Lemma 3.33 Let S be any nonempty subset of a metric space, (X, d) and define

dist (x,S) ≡ inf {d (x, s) : s ∈ S} .

Then the mapping, x→ dist (x, S) satisfies

|dist (y, S)− dist (x, S)| ≤ d (x, y) .

Proof of the lemma: One of dist (y, S) , dist (x, S) is larger than or equal to the other. Assume without
loss of generality that it is dist (y, S). Choose s1 ∈ S such that

dist (x, S) + ε > d (x, s1)
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Then

|dist (y, S)− dist (x, S)| = dist (y, S)− dist (x, S) ≤

d (y, s1)− d (x, s1) + ε ≤ d (x, y) + d (x, s1)− d (x, s1) + ε

= d (x, y) + ε.

Since ε is arbitrary, this proves the lemma.
If U = R

n it is clear that U = ∪∞i=1B (0, i) and so, letting Ui = B (0, i),

B (0, i) = {x ∈Rn : dist (x, {0}) < i}

and by continuity of dist (·, {0}) ,

B (0, i) = {x ∈Rn : dist (x, {0}) ≤ i} .

Therefore, the Heine Borel theorem applies and we see the theorem is true in this case.
Now we use this lemma to finish the proof in the case where U is not all of Rn. Since x→dist

(
x,UC

)
is

continuous, the set,

Ui ≡
{

x ∈U : dist
(
x,UC

)
>

1
i

and |x| < i

}
,

is an open set. Also U = ∪∞i=1Ui and these sets are increasing. By the lemma,

Ui =
{

x ∈U : dist
(
x,UC

)
≥ 1
i

and |x| ≤ i
}
,

a compact set by the Heine Borel theorem and also, · · ·Ui ⊆ Ui ⊆ Ui+1 · · · .

3.1 Compactness in metric space

Many existence theorems in analysis depend on some set being compact. Therefore, it is important to be
able to identify compact sets. The purpose of this section is to describe compact sets in a metric space.

Definition 3.34 In any metric space, we say a set E is totally bounded if for every ε > 0 there exists a
finite set of points {x1, · · ·, xn} such that

E ⊆ ∪ni=1B (xi, ε).

This finite set of points is called an ε net.

The following proposition tells which sets in a metric space are compact.

Proposition 3.35 Let (X, d) be a metric space. Then the following are equivalent.

(X, d) is compact, (3.5)

(X, d) is sequentially compact, (3.6)

(X, d) is complete and totally bounded. (3.7)
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Recall that X is “sequentially compact” means every sequence has a convergent subsequence converging
so an element of X.

Proof: Suppose (3.5) and let {xk} be a sequence. Suppose {xk} has no convergent subsequence. If this
is so, then {xk} has no limit point and no value of the sequence is repeated more than finitely many times.
Thus the set

Cn = ∪{xk : k ≥ n}

is a closed set and if

Un = CCn ,

then

X = ∪∞n=1Un

but there is no finite subcovering, contradicting compactness of (X, d).
Now suppose (3.6) and let {xn} be a Cauchy sequence. Then xnk → x for some subsequence. Let ε > 0

be given. Let n0 be such that if m,n ≥ n0, then d (xn, xm) < ε
2 and let l be such that if k ≥ l then

d (xnk , x) < ε
2 . Let n1 > max (nl, n0). If n > n1, let k > l and nk > n0.

d (xn, x) ≤ d(xn, xnk) + d (xnk , x)

<
ε

2
+
ε

2
= ε.

Thus {xn} converges to x and this shows (X, d) is complete. If (X, d) is not totally bounded, then there
exists ε > 0 for which there is no ε net. Hence there exists a sequence {xk} with d (xk, xl) ≥ ε for all l 6= k.
This contradicts (3.6) because this is a sequence having no convergent subsequence. This shows (3.6) implies
(3.7).

Now suppose (3.7). We show this implies (3.6). Let {pn} be a sequence and let {xni }
mn
i=1 be a 2−n net for

n = 1, 2, · · ·. Let

Bn ≡ B
(
xnin , 2

−n)
be such that Bn contains pk for infinitely many values of k and Bn ∩ Bn+1 6= ∅. Let pnk be a subsequence
having

pnk ∈ Bk.

Then if k ≥ l,

d (pnk , pnl) ≤
k−1∑
i=l

d
(
pni+1 , pni

)
<

k−1∑
i=l

2−(i−1) < 2−(l−2).

Consequently {pnk} is a Cauchy sequence. Hence it converges. This proves (3.6).
Now suppose (3.6) and (3.7). Let Dn be a n−1 net for n = 1, 2, · · · and let

D = ∪∞n=1Dn.

Thus D is a countable dense subset of (X, d). The set of balls

B = {B (q, r) : q ∈ D, r ∈ Q ∩ (0,∞)}
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is a countable basis for (X, d). To see this, let p ∈ B (x, ε) and choose r ∈ Q ∩ (0,∞) such that

ε− d (p, x) > 2r.

Let q ∈ B (p, r) ∩D. If y ∈ B (q, r), then

d (y, x) ≤ d (y, q) + d (q, p) + d (p, x)
< r + r + ε− 2r = ε.

Hence p ∈ B (q, r) ⊆ B (x, ε) and this shows each ball is the union of balls of B. Now suppose C is any open
cover of X. Let B̃ denote the balls of B which are contained in some set of C. Thus

∪B̃ = X.

For each B ∈ B̃, pick U ∈ C such that U ⊇ B. Let C̃ be the resulting countable collection of sets. Then C̃ is
a countable open cover of X. Say C̃ = {Un}∞n=1. If C admits no finite subcover, then neither does C̃ and we
can pick pn ∈ X \ ∪nk=1Uk. Then since X is sequentially compact, there is a subsequence {pnk} such that
{pnk} converges. Say

p = lim
k→∞

pnk .

All but finitely many points of {pnk} are in X \ ∪nk=1Uk. Therefore p ∈ X \ ∪nk=1Uk for each n. Hence

p /∈ ∪∞k=1Uk

contradicting the construction of {Un}∞n=1. Hence X is compact. This proves the proposition.
Next we apply this very general result to a familiar example, Rn. In this setting totally bounded and

bounded are the same. This will yield another proof of the Heine Borel theorem.

Lemma 3.36 A subset of Rn is totally bounded if and only if it is bounded.

Proof: Let A be totally bounded. We need to show it is bounded. Let x1, · · ·,xp be a 1 net for A. Now
consider the ball B (0, r + 1) where r > max (||xi|| : i = 1, · · ·, p) . If z ∈A, then z ∈B (xj , 1) for some j and
so by the triangle inequality,

||z− 0|| ≤ ||z− xj ||+ ||xj || < 1 + r.

Thus A ⊆ B (0,r + 1) and so A is bounded.
Now suppose A is bounded and suppose A is not totally bounded. Then there exists ε > 0 such that

there is no ε net for A. Therefore, there exists a sequence of points {ai} with ||ai − aj || ≥ ε if i 6= j. Since
A is bounded, there exists r > 0 such that

A ⊆ [−r, r)n.

(x ∈[−r, r)n means xi ∈ [−r, r) for each i.) Now define S to be all cubes of the form
n∏
k=1

[ak, bk)

where

ak = −r + i2−pr, bk = −r + (i+ 1) 2−pr,

for i ∈ {0, 1, · · ·, 2p+1 − 1}. Thus S is a collection of
(
2p+1

)n nonoverlapping cubes whose union equals
[−r, r)n and whose diameters are all equal to 2−pr

√
n. Now choose p large enough that the diameter of

these cubes is less than ε. This yields a contradiction because one of the cubes must contain infinitely many
points of {ai}. This proves the lemma.

The next theorem is called the Heine Borel theorem and it characterizes the compact sets in Rn.
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Theorem 3.37 A subset of Rn is compact if and only if it is closed and bounded.

Proof: Since a set in Rn is totally bounded if and only if it is bounded, this theorem follows from
Proposition 3.35 and the observation that a subset of Rn is closed if and only if it is complete. This proves
the theorem.

The following corollary is an important existence theorem which depends on compactness.

Corollary 3.38 Let (X, τ) be a compact topological space and let f : X → R be continuous. Then
max {f (x) : x ∈ X} and min {f (x) : x ∈ X} both exist.

Proof: Since f is continuous, it follows that f (X) is compact. From Theorem 3.37 f (X) is closed and
bounded. This implies it has a largest and a smallest value. This proves the corollary.

3.2 Connected sets

Stated informally, connected sets are those which are in one piece. More precisely, we give the following
definition.

Definition 3.39 We say a set, S in a general topological space is separated if there exist sets, A,B such
that

S = A ∪B, A,B 6= ∅, and A ∩B = B ∩A = ∅.

In this case, the sets A and B are said to separate S. We say a set is connected if it is not separated.

One of the most important theorems about connected sets is the following.

Theorem 3.40 Suppose U and V are connected sets having nonempty intersection. Then U ∪ V is also
connected.

Proof: Suppose U ∪ V = A ∪B where A ∩B = B ∩A = ∅. Consider the sets, A ∩ U and B ∪ U. Since

(A ∩ U) ∩ (B ∩ U) = (A ∩ U) ∩
(
B ∩ U

)
= ∅,

It follows one of these sets must be empty since otherwise, U would be separated. It follows that U is
contained in either A or B. Similarly, V must be contained in either A or B. Since U and V have nonempty
intersection, it follows that both V and U are contained in one of the sets, A,B. Therefore, the other must
be empty and this shows U ∪ V cannot be separated and is therefore, connected.

The intersection of connected sets is not necessarily connected as is shown by the following picture.

U

V

Theorem 3.41 Let f : X → Y be continuous where X and Y are topological spaces and X is connected.
Then f (X) is also connected.
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Proof: We show f (X) is not separated. Suppose to the contrary that f (X) = A ∪ B where A and B
separate f (X) . Then consider the sets, f−1 (A) and f−1 (B) . If z ∈ f−1 (B) , then f (z) ∈ B and so f (z)
is not a limit point of A. Therefore, there exists an open set, U containing f (z) such that U ∩ A = ∅. But
then, the continuity of f implies that f−1 (U) is an open set containing z such that f−1 (U) ∩ f−1 (A) = ∅.
Therefore, f−1 (B) contains no limit points of f−1 (A) . Similar reasoning implies f−1 (A) contains no limit
points of f−1 (B). It follows that X is separated by f−1 (A) and f−1 (B) , contradicting the assumption that
X was connected.

An arbitrary set can be written as a union of maximal connected sets called connected components. This
is the concept of the next definition.

Definition 3.42 Let S be a set and let p ∈ S. Denote by Cp the union of all connected subsets of S which
contain p. This is called the connected component determined by p.

Theorem 3.43 Let Cp be a connected component of a set S in a general topological space. Then Cp is a
connected set and if Cp ∩ Cq 6= ∅, then Cp = Cq.

Proof: Let C denote the connected subsets of S which contain p. If Cp = A ∪B where

A ∩B = B ∩A = ∅,

then p is in one of A or B. Suppose without loss of generality p ∈ A. Then every set of C must also be
contained in A also since otherwise, as in Theorem 3.40, the set would be separated. But this implies B is
empty. Therefore, Cp is connected. From this, and Theorem 3.40, the second assertion of the theorem is
proved.

This shows the connected components of a set are equivalence classes and partition the set.
A set, I is an interval in R if and only if whenever x, y ∈ I then (x, y) ⊆ I. The following theorem is

about the connected sets in R.

Theorem 3.44 A set, C in R is connected if and only if C is an interval.

Proof: Let C be connected. If C consists of a single point, p, there is nothing to prove. The interval is
just [p, p] . Suppose p < q and p, q ∈ C. We need to show (p, q) ⊆ C. If

x ∈ (p, q) \ C

let C ∩ (−∞, x) ≡ A, and C ∩ (x,∞) ≡ B. Then C = A ∪B and the sets, A and B separate C contrary to
the assumption that C is connected.

Conversely, let I be an interval. Suppose I is separated by A and B. Pick x ∈ A and y ∈ B. Suppose
without loss of generality that x < y. Now define the set,

S ≡ {t ∈ [x, y] : [x, t] ⊆ A}

and let l be the least upper bound of S. Then l ∈ A so l /∈ B which implies l ∈ A. But if l /∈ B, then for
some δ > 0,

(l, l + δ) ∩B = ∅

contradicting the definition of l as an upper bound for S. Therefore, l ∈ B which implies l /∈ A after all, a
contradiction. It follows I must be connected.

The following theorem is a very useful description of the open sets in R.

Theorem 3.45 Let U be an open set in R. Then there exist countably many disjoint open sets, {(ai, bi)}∞i=1

such that U = ∪∞i=1 (ai, bi) .
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Proof: Let p ∈ U and let z ∈ Cp, the connected component determined by p. Since U is open, there
exists, δ > 0 such that (z − δ, z + δ) ⊆ U. It follows from Theorem 3.40 that

(z − δ, z + δ) ⊆ Cp.

This shows Cp is open. By Theorem 3.44, this shows Cp is an open interval, (a, b) where a, b ∈ [−∞,∞] .
There are therefore at most countably many of these connected components because each must contain a
rational number and the rational numbers are countable. Denote by {(ai, bi)}∞i=1 the set of these connected
components. This proves the theorem.

Definition 3.46 We say a topological space, E is arcwise connected if for any two points, p, q ∈ E, there
exists a closed interval, [a, b] and a continuous function, γ : [a, b]→ E such that γ (a) = p and γ (b) = q. We
say E is locally connected if it has a basis of connected open sets. We say E is locally arcwise connected if
it has a basis of arcwise connected open sets.

An example of an arcwise connected topological space would be the any subset of Rn which is the
continuous image of an interval. Locally connected is not the same as connected. A well known example is
the following. {(

x, sin
1
x

)
: x ∈ (0, 1]

}
∪ {(0, y) : y ∈ [−1, 1]} (3.8)

We leave it as an exercise to verify that this set of points considered as a metric space with the metric from
R

2 is not locally connected or arcwise connected but is connected.

Proposition 3.47 If a topological space is arcwise connected, then it is connected.

Proof: Let X be an arcwise connected space and suppose it is separated. Then X = A ∪ B where
A,B are two separated sets. Pick p ∈ A and q ∈ B. Since X is given to be arcwise connected, there
must exist a continuous function γ : [a, b] → X such that γ (a) = p and γ (b) = q. But then we would have
γ ([a, b]) = (γ ([a, b]) ∩A)∪ (γ ([a, b]) ∩B) and the two sets, γ ([a, b])∩A and γ ([a, b])∩B are separated thus
showing that γ ([a, b]) is separated and contradicting Theorem 3.44 and Theorem 3.41. It follows that X
must be connected as claimed.

Theorem 3.48 Let U be an open subset of a locally arcwise connected topological space, X. Then U is
arcwise connected if and only if U if connected. Also the connected components of an open set in such a
space are open sets, hence arcwise connected.

Proof: By Proposition 3.47 we only need to verify that if U is connected and open in the context of this
theorem, then U is arcwise connected. Pick p ∈ U . We will say x ∈ U satisfies P if there exists a continuous
function, γ : [a, b]→ U such that γ (a) = p and γ (b) = x.

A ≡ {x ∈ U such that x satisfies P.}

If x ∈ A, there exists, according to the assumption that X is locally arcwise connected, an open set, V,
containing x and contained in U which is arcwise connected. Thus letting y ∈ V, there exist intervals, [a, b]
and [c, d] and continuous functions having values in U , γ, η such that γ (a) = p, γ (b) = x, η (c) = x, and
η (d) = y. Then let γ1 : [a, b+ d− c]→ U be defined as

γ1 (t) ≡
{
γ (t) if t ∈ [a, b]
η (t) if t ∈ [b, b+ d− c]

Then it is clear that γ1 is a continuous function mapping p to y and showing that V ⊆ A. Therefore, A is
open. We also know that A 6= ∅ because there is an open set, V containing p which is contained in U and is
arcwise connected.
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Now consider B ≡ U \ A. We will verify that this is also open. If B is not open, there exists a point
z ∈ B such that every open set conaining z is not contained in B. Therefore, letting V be one of the basic
open sets chosen such that z ∈ V ⊆ U, we must have points of A contained in V. But then, a repeat of the
above argument shows z ∈ A also. Hence B is open and so if B 6= ∅, then U = B ∪A and so U is separated
by the two sets, B and A contradicting the assumption that U is connected.

We need to verify the connected components are open. Let z ∈ Cp where Cp is the connected component
determined by p. Then picking V an arcwise connected open set which contains z and is contained in U,
Cp ∪ V is connected and contained in U and so it must also be contained in Cp. This proves the theorem.

3.3 The Tychonoff theorem

This section might be omitted on a first reading of the book. It is on the very important theorem about
products of compact topological spaces. In order to prove this theorem we need to use a fundamental result
about partially ordered sets which we describe next.

Definition 3.49 Let F be a nonempty set. F is called a partially ordered set if there is a relation, denoted
here by ≤, such that

x ≤ x for all x ∈ F .

If x ≤ y and y ≤ z then x ≤ z.

C ⊆ F is said to be a chain if every two elements of C are related. By this we mean that if x, y ∈ C, then
either x ≤ y or y ≤ x. Sometimes we call a chain a totally ordered set. C is said to be a maximal chain if
whenever D is a chain containing C, D = C.

The most common example of a partially ordered set is the power set of a given set with ⊆ being the
relation. The following theorem is equivalent to the axiom of choice. For a discussion of this, see the appendix
on the subject.

Theorem 3.50 (Hausdorff Maximal Principle) Let F be a nonempty partially ordered set. Then there
exists a maximal chain.

The main tool in the study of products of compact topological spaces is the Alexander subbasis theorem
which we present next.

Theorem 3.51 Let (X, τ) be a topological space and let S ⊆ τ be a subbasis for τ . (Recall this means that
finite intersections of sets of S form a basis for τ .) Then if H ⊆ X, H is compact if and only if every open
cover of H consisting entirely of sets of S admits a finite subcover.

Proof: The only if part is obvious. To prove the other implication, first note that if every basic open
cover, an open cover composed of basic open sets, admits a finite subcover, then H is compact. Now suppose
that every subbasic open cover of H admits a finite subcover but H is not compact. This implies that there
exists a basic open cover of H, O, which admits no finite subcover. Let F be defined as

{O : O is a basic open cover of H which admits no finite subcover}.

Partially order F by set inclusion and use the Hausdorff maximal principle to obtain a maximal chain, C, of
such open covers. Let

D = ∪C.
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Then it follows that D is an open cover of H which is maximal with respect to the property of being a basic
open cover having no finite subcover of H. (If D admits a finite subcover, then since C is a chain and the
finite subcover has only finitely many sets, some element of C would also admit a finite subcover, contrary
to the definition of F .) Thus if D′ % D and D′ is a basic open cover of H, then D′ has a finite subcover of
H. One of the sets of D, U , has the property that

U = ∩mi=1Bi, Bi ∈ S

and no Bi is in D. If not, we could replace each set in D with a subbasic set also in D containing it
and thereby obtain a subbasic cover which would, by assumption, admit a finite subcover, contrary to the
properties of D. Thus D ∪ {Bi} admits a finite subcover,

V i1 , · · ·, V imi , Bi

for each i = 1, · · ·,m. Consider

{U, V ij , j = 1, · · ·,mi, i = 1, · · ·,m}.

If p ∈ H \ ∪{V ij }, then p ∈ Bi for each i and so p ∈ U . This is therefore a finite subcover of D contradicting
the properties of D. This proves the theorem.

Let I be a set and suppose for each i ∈ I, (Xi, τ i) is a nonempty topological space. The Cartesian
product of the Xi, denoted by ∏

i∈I
Xi,

consists of the set of all choice functions defined on I which select a single element of each Xi. Thus

f ∈
∏
i∈I

Xi

means for every i ∈ I, f (i) ∈ Xi. The axiom of choice says
∏
i∈I Xi is nonempty. Let

Pj (A) =
∏
i∈I

Bi

where Bi = Xi if i 6= j and Bj = A. A subbasis for a topology on the product space consists of all sets
Pj (A) where A ∈ τ j . (These sets have an open set in the jth slot and the whole space in the other slots.)
Thus a basis consists of finite intersections of these sets. It is easy to see that finite intersections do form a
basis for a topology. This topology is called the product topology and we will denote it by

∏
τ i. Next we

use the Alexander subbasis theorem to prove the Tychonoff theorem.

Theorem 3.52 If (Xiτ i) is compact, then so is (
∏
i∈I Xi,

∏
τ i).

Proof: By the Alexander subbasis theorem, we will establish compactness of the product space if we
show every subbasic open cover admits a finite subcover. Therefore, let O be a subbasic open cover of∏
i∈I Xi. Let

Oj = {Q ∈ O : Q = Pj (A) for some A ∈ τ j}.

Let

πjOj = {A : Pj (A) ∈ Oj}.
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If no πjOj covers Xj , then pick

f ∈
∏
i∈I

Xi \ ∪πiOi

so f (j) /∈ ∪πjOj and so f /∈ ∪O contradicting O is an open cover. Hence, for some j,

Xj = ∪πjOj

and so there exist A1, · · ·, Am, sets in τ j such that

Xj ⊆ ∪mi=1Ai

and Pj (Ai) ∈ O. Therefore, {Pj (Ai)}mi=1 covers
∏
i∈I Xi.

3.4 Exercises

1. Prove the definition of distance in Rn or Cn satisfies (3.3)-(3.4). In addition to this, prove that ||·||
given by ||x|| = (

∑n
i=1 |xi|2)1/2 is a norm. This means it satisfies the following.

||x|| ≥0, ||x|| = 0 if and only if x = 0.

||αx|| = |α|||x|| for α a number.

||x + y|| ≤||x||+ ||y||.

2. Completeness of R is an axiom. Using this, show R
n and Cn are complete metric spaces with respect

to the distance given by the usual norm.

3. Prove Urysohn’s lemma. A Hausdorff space, X, is normal if and only if whenever K and H are disjoint
nonempty closed sets, there exists a continuous function f : X → [0, 1] such that f(k) = 0 for all k ∈ K
and f(h) = 1 for all h ∈ H.

4. Prove that f : X → Y is continuous if and only if f is continuous at every point of X.

5. Suppose (X, d), and (Y, ρ) are metric spaces and let f : X → Y . Show f is continuous at x ∈ X if and
only if whenever xn → x, f (xn)→ f (x). (Recall that xn → x means that for all ε > 0, there exists nε
such that d (xn, x) < ε whenever n > nε.)

6. If (X, d) is a metric space, give an easy proof independent of Problem 3 that whenever K,H are
disjoint non empty closed sets, there exists f : X → [0, 1] such that f is continuous, f(K) = {0}, and
f(H) = {1}.

7. Let (X, τ) (Y, η)be topological spaces with (X, τ) compact and let f : X → Y be continuous. Show
f (X) is compact.

8. (An example ) Let X = [−∞,∞] and consider B defined by sets of the form (a, b), [−∞, b), and (a,∞].
Show B is the basis for a topology on X.

9. ↑ Show (X, τ) defined in Problem 8 is a compact Hausdorff space.

10. ↑ Show (X, τ) defined in Problem 8 is completely separable.

11. ↑ In Problem 8, show sets of the form [−∞, b) and (a,∞] form a subbasis for the topology described
in Problem 8.



58 GENERAL TOPOLOGY

12. Let (X, τ) and (Y, η) be topological spaces and let f : X → Y . Also let S be a subbasis for η. Show
f is continuous if and only if f−1(V ) ∈ τ for all V ∈ S. Thus, it suffices to check inverse images of
subbasic sets in checking for continuity.

13. Show the usual topology of Rn is the same as the product topology of

n∏
i=1

R ≡ R× R× · · · × R.

Do the same for Cn.

14. If M is a separable metric space and T ⊆M , then T is separable also.

15. Prove the Heine Borel theorem as follows. First show [a, b] is compact in R. Next use Theorem 3.30
to show that

∏n
i=1 [ai, bi] is compact. Use this to verify that compact sets are exactly those which are

closed and bounded.

16. Show the rational numbers, Q, are countable.

17. Verify that the set of (3.8) is connected but not locally connected or arcwise connected.

18. Let α be an n dimensional multi-index. This means

α = (α1, · · ·, αn)

where each αi is a natural number or zero. Also, we let

|α| ≡
n∑
i=1

|αi|

When we write xα, we mean

xα ≡ xα1
1 xα2

2 · · · x
αn
3 .

An n dimensional polynomial of degree m is a function of the form∑
|α|≤m

dαxα.

Let R be all n dimensional polynomials whose coefficients dα come from the rational numbers, Q.
Show R is countable.

19. Let (X, d) be a metric space where d is a bounded metric. Let C denote the collection of closed subsets
of X. For A,B ∈ C, define

ρ (A,B) ≡ inf {δ > 0 : Aδ ⊇ B and Bδ ⊇ A}

where for a set S,

Sδ ≡ {x : dist (x, S) ≡ inf {d (x, s) : s ∈ S} ≤ δ} .

Show Sδ is a closed set containing S. Also show that ρ is a metric on C. This is called the Hausdorff
metric.
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20. Using 19, suppose (X, d) is a compact metric space. Show (C, ρ) is a complete metric space. Hint:
Show first that if Wn ↓ W where Wn is closed, then ρ (Wn,W ) → 0. Now let {An} be a Cauchy
sequence in C. Then if ε > 0 there exists N such that when m,n ≥ N, then ρ (An, Am) < ε. Therefore,
for each n ≥ N,

(An)ε⊇∪∞k=nAk.

Let A ≡ ∩∞n=1∪∞k=nAk. By the first part, there exists N1 > N such that for n ≥ N1,

ρ
(
∪∞k=nAk, A

)
< ε, and (An)ε ⊇ ∪∞k=nAk.

Therefore, for such n, Aε ⊇Wn ⊇ An and (Wn)ε ⊇ (An)ε ⊇ A because

(An)ε ⊇ ∪∞k=nAk ⊇ A.

21. In the situation of the last two problems, let X be a compact metric space. Show (C, ρ) is compact.
Hint: Let Dn be a 2−n net for X. Let Kn denote finite unions of sets of the form B (p, 2−n) where
p ∈ Dn. Show Kn is a 2−(n−1) net for (C, ρ) .
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Spaces of Continuous Functions

This chapter deals with vector spaces whose vectors are continuous functions.

4.1 Compactness in spaces of continuous functions

Let (X, τ) be a compact space and let C (X;Rn) denote the space of continuous Rn valued functions. For
f ∈ C (X;Rn) let

||f ||∞ ≡ sup{|f (x) | : x ∈ X}

where the norm in the parenthesis refers to the usual norm in Rn.
The following proposition shows that C (X;Rn) is an example of a Banach space.

Proposition 4.1 (C (X;Rn) , || ||∞) is a Banach space.

Proof: It is obvious || ||∞ is a norm because (X, τ) is compact. Also it is clear that C (X;Rn) is a linear
space. Suppose {fr} is a Cauchy sequence in C (X;Rn). Then for each x ∈ X, {fr (x)} is a Cauchy sequence
in Rn. Let

f (x) ≡ lim
k→∞

fk (x).

Therefore,

sup
x∈X
|f (x)− fk (x) | = sup

x∈X
lim
m→∞

|fm (x)− fk (x) |

≤ lim sup
m→∞

||fm − fk||∞ < ε

for all k large enough. Thus,

lim
k→∞

sup
x∈X
|f (x)− fk (x) | = 0.

It only remains to show that f is continuous. Let

sup
x∈X
|f (x)− fk (x) | < ε/3

whenever k ≥ k0 and pick k ≥ k0.

|f (x)− f (y) | ≤ |f (x)− fk (x) |+ |fk (x)− fk (y) |+ |fk (y)− f (y) |
< 2ε/3 + |fk (x)− fk (y) |

61
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Now fk is continuous and so there exists U an open set containing x such that if y ∈ U , then

|fk (x)− fk (y) | < ε/3.

Thus, for all y ∈ U , |f (x)− f (y) | < ε and this shows that f is continuous and proves the proposition.
This space is a normed linear space and so it is a metric space with the distance given by d (f, g) ≡

||f − g||∞ . The next task is to find the compact subsets of this metric space. We know these are the subsets
which are complete and totally bounded by Proposition 3.35, but which sets are those? We need another way
to identify them which is more convenient. This is the extremely important Ascoli Arzela theorem which is
the next big theorem.

Definition 4.2 We say F ⊆ C (X;Rn) is equicontinuous at x0 if for all ε > 0 there exists U ∈ τ , x0 ∈ U ,
such that if x ∈ U , then for all f ∈ F ,

|f (x)− f (x0) | < ε.

If F is equicontinuous at every point of X, we say F is equicontinuous. We say F is bounded if there exists
a constant, M , such that ||f ||∞ < M for all f ∈ F .

Lemma 4.3 Let F ⊆ C (X;Rn) be equicontinuous and bounded and let ε > 0 be given. Then if {fr} ⊆ F ,
there exists a subsequence {gk}, depending on ε, such that

||gk − gm||∞ < ε

whenever k,m are large enough.

Proof: If x ∈ X there exists an open set Ux containing x such that for all f ∈ F and y ∈ Ux,

|f (x)− f (y) | < ε/4. (4.1)

Since X is compact, finitely many of these sets, Ux1 , · · ·, Uxp , cover X. Let {f1k} be a subsequence of
{fk} such that {f1k (x1)} converges. Such a subsequence exists because F is bounded. Let {f2k} be a
subsequence of {f1k} such that {f2k (xi)} converges for i = 1, 2. Continue in this way and let {gk} = {fpk}.
Thus {gk (xi)} converges for each xi. Therefore, if ε > 0 is given, there exists mε such that for k,m > mε,

max {|gk (xi)− gm (xi)| : i = 1, · · ·, p} < ε

2
.

Now if y ∈ X, then y ∈ Uxi for some xi. Denote this xi by xy. Now let y ∈ X and k,m > mε. Then by
(4.1),

|gk (y)− gm (y)| ≤ |gk (y)− gk (xy)|+ |gk (xy)− gm (xy)|+ |gm (xy)− gm (y)|

<
ε

4
+ max {|gk (xi)− gm (xi)| : i = 1, · · ·, p}+

ε

4
< ε.

It follows that for such k,m,

||gk − gm||∞ < ε

and this proves the lemma.

Theorem 4.4 (Ascoli Arzela) Let F ⊆C (X;Rn). Then F is compact if and only if F is closed, bounded,
and equicontinuous.
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Proof: Suppose F is closed, bounded, and equicontinuous. We will show this implies F is totally
bounded. Then since F is closed, it follows that F is complete and will therefore be compact by Proposition
3.35. Suppose F is not totally bounded. Then there exists ε > 0 such that there is no ε net. Hence there
exists a sequence {fk} ⊆ F such that

||fk − fl|| ≥ ε

for all k 6= l. This contradicts Lemma 4.3. Thus F must be totally bounded and this proves half of the
theorem.

Now suppose F is compact. Then it must be closed and totally bounded. This implies F is bounded.
It remains to show F is equicontinuous. Suppose not. Then there exists x ∈ X such that F is not
equicontinuous at x. Thus there exists ε > 0 such that for every open U containing x, there exists f ∈ F
such that |f (x)− f (y)| ≥ ε for some y ∈ U .

Let {h1, · · ·, hp} be an ε/4 net for F . For each z, let Uz be an open set containing z such that for all
y ∈ Uz,

|hi (z)− hi (y)| < ε/8

for all i = 1, · · ·, p. Let Ux1 , · · ·, Uxm cover X. Then x ∈ Uxi for some xi and so, for some y ∈ Uxi ,there exists
f ∈ F such that |f (x)− f (y)| ≥ ε. Since {h1, · · ·, hp} is an ε/4 net, it follows that for some j, ||f − hj ||∞ < ε

4
and so

ε ≤ |f (x)− f (y)| ≤ |f (x)− hj (x)|+ |hj (x)− hj (y)|+

|hi (y)− f (y)| ≤ ε/2 + |hj (x)− hj (y)| ≤ ε/2 +

|hj (x)− hj (xi)|+ |hj (xi)− hj (y)| ≤ 3ε/4,

a contradiction. This proves the theorem.

4.2 Stone Weierstrass theorem

In this section we give a proof of the important approximation theorem of Weierstrass and its generalization
by Stone. This theorem is about approximating an arbitrary continuous function uniformly by a polynomial
or some other such function.

Definition 4.5 We say A is an algebra of functions if A is a vector space and if whenever f, g ∈ A then
fg ∈ A.

We will assume that the field of scalars is R in this section unless otherwise indicated. The approach
to the Stone Weierstrass depends on the following estimate which may look familiar to someone who has
taken a probability class. The left side of the following estimate is the variance of a binomial distribution.
However, it is not necessary to know anything about probability to follow the proof below although what is
being done is an application of the moment generating function technique to find the variance.

Lemma 4.6 The following estimate holds for x ∈ [0, 1].

n∑
k=0

(
n

k

)
(k − nx)2

xk (1− x)n−k ≤ 2n
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Proof: By the Binomial theorem,

n∑
k=0

(
n

k

)(
etx
)k (1− x)n−k =

(
1− x+ etx

)n
.

Differentiating both sides with respect to t and then evaluating at t = 0 yields

n∑
k=0

(
n

k

)
kxk (1− x)n−k = nx.

Now doing two derivatives with respect to t yields

n∑
k=0

(
n

k

)
k2
(
etx
)k (1− x)n−k = n (n− 1)

(
1− x+ etx

)n−2
e2tx2

+n
(
1− x+ etx

)n−1
xet.

Evaluating this at t = 0,

n∑
k=0

(
n

k

)
k2 (x)k (1− x)n−k = n (n− 1)x2 + nx.

Therefore,

n∑
k=0

(
n

k

)
(k − nx)2

xk (1− x)n−k = n (n− 1)x2 + nx− 2n2x2 + n2x2

= n
(
x− x2

)
≤ 2n.

This proves the lemma.

Definition 4.7 Let f ∈ C ([0, 1]). Then the following polynomials are known as the Bernstein polynomials.

pn (x) ≡
n∑
k=0

(
n

k

)
f

(
k

n

)
xk (1− x)n−k.

Theorem 4.8 Let f ∈ C ([0, 1]) and let pn be given in Definition 4.7. Then

lim
n→∞

||f − pn||∞ = 0.

Proof: Since f is continuous on the compact [0, 1], it follows f is uniformly continuous there and so if
ε > 0 is given, there exists δ > 0 such that if

|y − x| ≤ δ,

then

|f (x)− f (y)| < ε/2.

By the Binomial theorem,

f (x) =
n∑
k=0

(
n

k

)
f (x)xk (1− x)n−k
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and so

|pn (x)− f (x)| ≤
n∑
k=0

(
n

k

) ∣∣∣∣f (kn
)
− f (x)

∣∣∣∣xk (1− x)n−k

≤
∑

|k/n−x|>δ

(
n

k

) ∣∣∣∣f (kn
)
− f (x)

∣∣∣∣xk (1− x)n−k +

∑
|k/n−x|≤δ

(
n

k

) ∣∣∣∣f (kn
)
− f (x)

∣∣∣∣xk (1− x)n−k

< ε/2 + 2 ||f ||∞
∑

(k−nx)2>n2δ2

(
n

k

)
xk (1− x)n−k

≤
2 ||f ||∞
n2δ2

n∑
k=0

(
n

k

)
(k − nx)2

xk (1− x)n−k + ε/2.

By the lemma,

≤
4 ||f ||∞
δ2n

+ ε/2 < ε

whenever n is large enough. This proves the theorem.
The next corollary is called the Weierstrass approximation theorem.

Corollary 4.9 The polynomials are dense in C ([a, b]).

Proof: Let f ∈ C ([a, b]) and let h : [0, 1]→ [a, b] be linear and onto. Then f ◦h is a continuous function
defined on [0, 1] and so there exists a polynomial, pn such that

|f (h (t))− pn (t)| < ε

for all t ∈ [0, 1]. Therefore for all x ∈ [a, b],∣∣f (x)− pn
(
h−1 (x)

)∣∣ < ε.

Since h is linear pn ◦ h−1 is a polynomial. This proves the theorem.
The next result is the key to the profound generalization of the Weierstrass theorem due to Stone in

which an interval will be replaced by a compact or locally compact set and polynomials will be replaced with
elements of an algebra satisfying certain axioms.

Corollary 4.10 On the interval [−M,M ], there exist polynomials pn such that

pn (0) = 0

and

lim
n→∞

||pn − |·|||∞ = 0.
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Proof: Let p̃n → |·| uniformly and let

pn ≡ p̃n − p̃n (0).

This proves the corollary.
The following generalization is known as the Stone Weierstrass approximation theorem. First, we say

an algebra of functions, A defined on A, annihilates no point of A if for all x ∈ A, there exists g ∈ A such
that g (x) 6= 0. We say the algebra separates points if whenever x1 6= x2, then there exists g ∈ A such that
g (x1) 6= g (x2).

Theorem 4.11 Let A be a compact topological space and let A ⊆ C (A;R) be an algebra of functions which
separates points and annihilates no point. Then A is dense in C (A;R).

Proof: We begin by proving a simple lemma.

Lemma 4.12 Let c1 and c2 be two real numbers and let x1 6= x2 be two points of A. Then there exists a
function fx1x2 such that

fx1x2 (x1) = c1, fx1x2 (x2) = c2.

Proof of the lemma: Let g ∈ A satisfy

g (x1) 6= g (x2).

Such a g exists because the algebra separates points. Since the algebra annihilates no point, there exist
functions h and k such that

h (x1) 6= 0, k (x2) 6= 0.

Then let

u ≡ gh− g (x2)h, v ≡ gk − g (x1) k.

It follows that u (x1) 6= 0 and u (x2) = 0 while v (x2) 6= 0 and v (x1) = 0. Let

fx1x2 ≡
c1u

u (x1)
+

c2v

v (x2)
.

This proves the lemma. Now we continue with the proof of the theorem.
First note that A satisfies the same axioms as A but in addition to these axioms, A is closed. Suppose

f ∈ A and suppose M is large enough that

||f ||∞ < M.

Using Corollary 4.10, let pn be a sequence of polynomials such that

||pn − |·|||∞ → 0, pn (0) = 0.

It follows that pn ◦ f ∈ A and so |f | ∈ A whenever f ∈ A. Also note that

max (f, g) =
|f − g|+ (f + g)

2

min (f, g) =
(f + g)− |f − g|

2
.
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Therefore, this shows that if f, g ∈ A then

max (f, g) , min (f, g) ∈ A.

By induction, if fi, i = 1, 2, · · ·,m are in A then

max (fi, i = 1, 2, · · ·,m) , min (fi, i = 1, 2, · · ·,m) ∈ A.

Now let h ∈ C (A;R) and use Lemma 4.12 to obtain fxy, a function of A which agrees with h at x and
y. Let ε > 0 and let x ∈ A. Then there exists an open set U (y) containing y such that

fxy (z) > h (z)− ε if z ∈ U(y).

Since A is compact, let U (y1) , · · ·, U (yl) cover A. Let

fx ≡ max (fxy1 , fxy2 , · · ·, fxyl).

Then fx ∈ A and

fx (z) > h (z)− ε

for all z ∈ A and fx (x) = h (x). Then for each x ∈ A there exists an open set V (x) containing x such that
for z ∈ V (x),

fx (z) < h (z) + ε.

Let V (x1) , · · ·, V (xm) cover A and let

f ≡ min (fx1 , · · ·, fxm).

Therefore,

f (z) < h (z) + ε

for all z ∈ A and since each

fx (z) > h (z)− ε,

it follows

f (z) > h (z)− ε

also and so

|f (z)− h (z)| < ε

for all z. Since ε is arbitrary, this shows h ∈ A and proves A = C (A;R). This proves the theorem.

4.3 Exercises

1. Let (X, τ) , (Y, η) be topological spaces and let A ⊆ X be compact. Then if f : X → Y is continuous,
show that f (A) is also compact.

2. ↑ In the context of Problem 1, suppose R = Y where the usual topology is placed on R. Show f
achieves its maximum and minimum on A.
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3. Let V be an open set in Rn. Show there is an increasing sequence of compact sets, Km, such that
V = ∪∞m=1Km. Hint: Let

Cm ≡
{

x ∈ Rn : dist
(
x,V C

)
≥ 1
m

}
where

dist (x,S) ≡ inf {|y − x| such that y ∈ S}.

Consider Km ≡ Cm ∩B (0,m).

4. Let B (X;Rn) be the space of functions f , mapping X to Rn such that

sup{|f (x)| : x ∈ X} <∞.

Show B (X;Rn) is a complete normed linear space if

||f || ≡ sup{|f (x)| : x ∈ X}.

5. Let α ∈ [0, 1]. We define, for X a compact subset of Rp,

Cα (X;Rn) ≡ {f ∈ C (X;Rn) : ρα (f) + ||f || ≡ ||f ||α <∞}

where

||f || ≡ sup{|f (x)| : x ∈ X}

and

ρα (f) ≡ sup{ |f (x)− f (y)|
|x− y|α

: x,y ∈ X, x 6= y}.

Show that (Cα (X;Rn) , ||·||α) is a complete normed linear space.

6. Let {fn}∞n=1 ⊆ Cα (X;Rn) where X is a compact subset of Rp and suppose

||fn||α ≤M

for all n. Show there exists a subsequence, nk, such that fnk converges in C (X;Rn). We say the
given sequence is precompact when this happens. (This also shows the embedding of Cα (X;Rn) into
C (X;Rn) is a compact embedding.)

7. Let f :R× Rn → R
n be continuous and bounded and let x0 ∈ Rn. If

x : [0, T ]→ R
n

and h > 0, let

τhx (s) ≡
{

x0 if s ≤ h,
x (s− h) , if s > h.

For t ∈ [0, T ], let

xh (t) = x0 +
∫ t

0

f (s, τhxh (s)) ds.
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Show using the Ascoli Arzela theorem that there exists a sequence h→ 0 such that

xh → x

in C ([0, T ] ;Rn). Next argue

x (t) = x0 +
∫ t

0

f (s,x (s)) ds

and conclude the following theorem. If f :R× Rn → R
n is continuous and bounded, and if x0 ∈ Rn is

given, there exists a solution to the following initial value problem.

x′ = f (t,x) , t ∈ [0, T ]
x (0) = x0.

This is the Peano existence theorem for ordinary differential equations.

8. Show the set of polynomials R described in Problem 18 of Chapter 3 is dense in the space C (A;R)
when A is a compact subset of Rn. Conclude from this other problem that C (A;R) is separable.

9. Let H and K be disjoint closed sets in a metric space, (X, d), and let

g (x) ≡ 2
3
h (x)− 1

3
where

h (x) ≡ dist (x,H)
dist (x,H) + dist (x,K)

.

Show g (x) ∈
[
− 1

3 ,
1
3

]
for all x ∈ X, g is continuous, and g equals −1

3 on H while g equals 1
3 on K. Is

it necessary to be in a metric space to do this?

10. ↑ Suppose M is a closed set in X where X is the metric space of problem 9 and suppose f : M → [−1, 1]
is continuous. Show there exists g : X → [−1, 1] such that g is continuous and g = f on M . Hint:
Show there exists

g1 ∈ C (X) , g1 (x) ∈
[
−1
3
,

1
3

]
,

and |f (x)− g1 (x)| ≤ 2
3 for all x ∈ H. To do this, consider the disjoint closed sets

H ≡ f−1

([
−1,
−1
3

])
, K ≡ f−1

([
1
3
, 1
])

and use Problem 9 if the two sets are nonempty. When this has been done, let

3
2

(f (x)− g1 (x))

play the role of f and let g2 be like g1. Obtain∣∣∣∣∣f (x)−
n∑
i=1

(
2
3

)i−1

gi (x)

∣∣∣∣∣ ≤
(

2
3

)n
and consider

g (x) ≡
∞∑
i=1

(
2
3

)i−1

gi (x).

Is it necessary to be in a metric space to do this?
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11. ↑ Let M be a closed set in a metric space (X, d) and suppose f ∈ C (M). Show there exists g ∈ C (X)
such that g (x) = f (x) for all x ∈M and if f (M) ⊆ [a, b], then g (X) ⊆ [a, b]. This is a version of the
Tietze extension theorem. Is it necessary to be in a metric space for this to work?

12. Let X be a compact topological space and suppose {fn} is a sequence of functions continuous on X
having values in Rn. Show there exists a countable dense subset of X, {xi} and a subsequence of {fn},
{fnk}, such that {fnk (xi)} converges for each xi. Hint: First get a subsequence which converges at
x1, then a subsequence of this subsequence which converges at x2 and a subsequence of this one which
converges at x3 and so forth. Thus the second of these subsequences converges at both x1 and x2

while the third converges at these two points and also at x3 and so forth. List them so the second
is under the first and the third is under the second and so forth thus obtaining an infinite matrix of
entries. Now consider the diagonal sequence and argue it is ultimately a subsequence of every one of
these subsequences described earlier and so it must converge at each xi. This procedure is called the
Cantor diagonal process.

13. ↑ Use the Cantor diagonal process to give a different proof of the Ascoli Arzela theorem than that
presented in this chapter. Hint: Start with a sequence of functions in C (X;Rn) and use the Cantor
diagonal process to produce a subsequence which converges at each point of a countable dense subset
of X. Then show this sequence is a Cauchy sequence in C (X;Rn).

14. What about the case where C0 (X) consists of complex valued functions and the field of scalars is C
rather than R? In this case, suppose A is an algebra of functions in C0 (X) which separates the points,
annihilates no point, and has the property that if f ∈ A, then f ∈ A. Show that A is dense in C0 (X).
Hint: Let ReA ≡ {Re f : f ∈ A}, ImA ≡{Im f : f ∈ A}. Show A = ReA + i ImA = ImA + iReA.
Then argue that both ReA and ImA are real algebras which annihilate no point of X and separate
the points of X. Apply the Stone Weierstrass theorem to approximate Re f and Im f with functions
from these real algebras.

15. Let (X, d) be a metric space where d is a bounded metric. Let C denote the collection of closed subsets
of X. For A,B ∈ C, define

ρ (A,B) ≡ inf {δ > 0 : Aδ ⊇ B and Bδ ⊇ A}

where for a set S,

Sδ ≡ {x : dist (x, S) ≡ inf {d (x, s) : s ∈ S} ≤ δ} .

Show x→ dist (x, S) is continuous and that therefore, Sδ is a closed set containing S. Also show that
ρ is a metric on C. This is called the Hausdorff metric.

16. ↑Suppose (X, d) is a compact metric space. Show (C, ρ) is a complete metric space. Hint: Show first
that if Wn ↓ W where Wn is closed, then ρ (Wn,W ) → 0. Now let {An} be a Cauchy sequence in
C. Then if ε > 0 there exists N such that when m,n ≥ N, then ρ (An, Am) < ε. Therefore, for each
n ≥ N,

(An)ε⊇∪∞k=nAk.

Let A ≡ ∩∞n=1∪∞k=nAk. By the first part, there exists N1 > N such that for n ≥ N1,

ρ
(
∪∞k=nAk, A

)
< ε, and (An)ε ⊇ ∪∞k=nAk.

Therefore, for such n, Aε ⊇Wn ⊇ An and (Wn)ε ⊇ (An)ε ⊇ A because

(An)ε ⊇ ∪∞k=nAk ⊇ A.

17. ↑ Let X be a compact metric space. Show (C, ρ) is compact. Hint: Let Dn be a 2−n net for X. Let Kn
denote finite unions of sets of the form B (p, 2−n) where p ∈ Dn. Show Kn is a 2−(n−1) net for (C, ρ) .



Abstract measure and Integration

5.1 σ Algebras

This chapter is on the basics of measure theory and integration. A measure is a real valued mapping from
some subset of the power set of a given set which has values in [0,∞] . We will see that many apparently
different things can be considered as measures and also that whenever we are in such a measure space defined
below, there is an integral defined. By discussing this in terms of axioms and in a very abstract setting,
we unify many topics into one general theory. For example, it will turn out that sums are included as an
integral of this sort. So is the usual integral as well as things which are often thought of as being in between
sums and integrals.

Let Ω be a set and let F be a collection of subsets of Ω satisfying

∅ ∈ F , Ω ∈ F , (5.1)

E ∈ F implies EC ≡ Ω \ E ∈ F ,

If {En}∞n=1 ⊆ F , then ∪∞n=1 En ∈ F . (5.2)

Definition 5.1 A collection of subsets of a set, Ω, satisfying Formulas (5.1)-(5.2) is called a σ algebra.

As an example, let Ω be any set and let F = P(Ω), the set of all subsets of Ω (power set). This obviously
satisfies Formulas (5.1)-(5.2).

Lemma 5.2 Let C be a set whose elements are σ algebras of subsets of Ω. Then ∩C is a σ algebra also.

Example 5.3 Let τ denote the collection of all open sets in Rnand let σ (τ) ≡ intersection of all σ algebras
that contain τ . σ (τ) is called the σ algebra of Borel sets .

This is a very important σ algebra and it will be referred to frequently as the Borel sets. Attempts to
describe a typical Borel set are more trouble than they are worth and it is not easy to do so. Rather, one
uses the definition just given in the example. Note, however, that all countable intersections of open sets
and countable unions of closed sets are Borel sets. Such sets are called Gδ and Fσ respectively.

5.2 Monotone classes and algebras

Definition 5.4 A is said to be an algebra of subsets of a set, Z if Z ∈ A, ∅ ∈ A, and when E,F ∈ A, E∪F
and E \ F are both in A.

It is important to note that if A is an algebra, then it is also closed under finite intersections. Thus,
E ∩ F = (EC ∪ FC)C ∈ A because EC = Z \ E ∈ A and similarly FC ∈ A.

71
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Definition 5.5 M⊆ P(Z) is called a monotone class if
a.) · · ·En ⊇ En+1 · ··, E = ∩∞n=1En, and En ∈M, then E ∈M.
b.) · · ·En ⊆ En+1 · ··, E = ∪∞n=1En, and En ∈M, then E ∈M.
(In simpler notation, En ↓ E and En ∈M implies E ∈M. En ↑ E and En ∈M implies E ∈M.)

How can we easily identify algebras? The following lemma is useful for this problem.

Lemma 5.6 Suppose that R and E are subsets of P(Z) such that E is defined as the set of all finite disjoint
unions of sets of R. Suppose also that

∅, Z ∈ R

A ∩B ∈ R whenever A,B ∈ R,

A \B ∈ E whenever A,B ∈ R.

Then E is an algebra of sets of Z.

Proof: Note first that if A ∈ R, then AC ∈ E because AC = Z \A. Now suppose that E1and E2 are in
E ,

E1 = ∪mi=1Ri, E2 = ∪nj=1Rj

where the Ri are disjoint sets in R and the Rj are disjoint sets in R. Then

E1 ∩ E2 = ∪mi=1 ∪nj=1 Ri ∩Rj

which is clearly an element of E because no two of the sets in the union can intersect and by assumption
they are all in R. Thus finite intersections of sets of E are in E . If E = ∪ni=1Ri

EC = ∩ni=1R
C
i = finite intersection of sets of E

which was just shown to be in E . Thus if E1, E2 ∈ E ,

E1 \ E2 = E1 ∩ EC2 ∈ E

and

E1 ∪ E2 = (E1 \ E2) ∪ E2 ∈ E

from the definition of E . This proves the lemma.

Corollary 5.7 Let (Z1,R1, E1) and (Z2,R2, E2) be as described in Lemma 5.6. Then (Z1 × Z2,R, E) also
satisfies the conditions of Lemma 5.6 if R is defined as

R ≡{R1 ×R2 : Ri ∈ Ri}

and

E ≡{ finite disjoint unions of sets of R}.

Consequently, E is an algebra of sets.
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Proof: It is clear ∅, Z1 × Z2 ∈ R. Let R1
1 ×R1

2 and R2
1 ×R2

2 be two elements of R.

R1
1 ×R1

2 ∩R2
1 ×R2

2 = R1
1 ∩R2

1 ×R1
2 ∩R2

2 ∈ R

by assumption.

R1
1 ×R1

2 \
(
R2

1 ×R2
2

)
=

R1
1 ×

(
R1

2 \R2
2

)
∪
(
R1

1 \R2
1

)
×
(
R2

2 ∩R1
2

)
= R1

1 ×A2 ∪A1 ×R2

where A2 ∈ E2, A1 ∈ E1, and R2 ∈ R2.

R1
1

R1
2

R2
1

R2
2

Since the two sets in the above expression on the right do not intersect, and each Ai is a finite union
of disjoint elements of Ri, it follows the above expression is in E . This proves the corollary. The following
example will be referred to frequently.

Example 5.8 Consider for R, sets of the form I = (a, b] ∩ (−∞,∞) where a ∈ [−∞,∞] and b ∈ [−∞,∞].
Then, clearly, ∅, (−∞,∞) ∈ R and it is not hard to see that all conditions for Corollary 5.7 are satisfied.
Applying this corollary repeatedly, we find that for

R ≡

{
n∏
i=1

Ii : Ii = (ai, bi] ∩ (−∞,∞)

}

and E is defined as finite disjoint unions of sets of R,

(Rn,R, E)

satisfies the conditions of Corollary 5.7 and in particular E is an algebra of sets of Rn. It is clear that the
same would hold if I were of the form [a, b) ∩ (−∞,∞).

Theorem 5.9 (Monotone Class theorem) Let A be an algebra of subsets of Z and let M be a monotone
class containing A. Then M⊇ σ(A), the smallest σ-algebra containing A.

Proof: We may assumeM is the smallest monotone class containing A. Such a smallest monotone class
exists because the intersection of monotone classes containing A is a monotone class containing A. We show
that M is a σ-algebra. It will then follow M⊇ σ(A). For A ∈ A, define

MA ≡ {B ∈M such that A ∪B ∈M}.

Clearly MA is a monotone class containing A. Hence MA =Mbecause M is the smallest such monotone
class. This shows that A ∪B ∈M whenever A ∈ A and B ∈M. Now pick B ∈M and define

MB ≡ {D ∈M such that D ∪B ∈M}.
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We just showed A ⊆ MB . It is clear that MB is a monotone class. Thus MB = M and it follows that
D ∪B ∈M whenever D ∈M and B ∈M.

A similar argument shows that D \B ∈Mwhenever D,B ∈M. (For A ∈ A, let

MA = {B ∈M such that B \A and A \B ∈M}.

Argue MA is a monotone class containing A, etc.)
Thus M is both a monotone class and an algebra. Hence, if E ∈M then Z \E ∈M. We want to show

M is a σ-algebra. But if Ei ∈M and Fn = ∪ni=1Ei, then Fn ∈M and Fn ↑ ∪∞i=1Ei. SinceM is a monotone
class, ∪∞i=1Ei ∈M and so M is a σ-algebra. This proves the theorem.

Definition 5.10 Let F be a σ algebra of sets of Ω and let µ : F → [0,∞]. We call µ a measure if

µ(
∞⋃
i=1

Ei) =
∞∑
i=1

µ(Ei) (5.3)

whenever the Ei are disjoint sets of F . The triple, (Ω,F , µ) is called a measure space and the elements of
F are called the measurable sets. We say (Ω,F , µ) is a finite measure space when µ (Ω) <∞.

Theorem 5.11 Let {Em}∞m=1 be a sequence of measurable sets in a measure space (Ω,F , µ). Then if
· · ·En ⊆ En+1 ⊆ En+2 ⊆ · · ·,

µ(∪∞i=1Ei) = lim
n→∞

µ(En) (5.4)

and if · · ·En ⊇ En+1 ⊇ En+2 ⊇ · · · and µ(E1) <∞, then

µ(∩∞i=1Ei) = lim
n→∞

µ(En). (5.5)

Proof: First note that ∩∞i=1Ei = (∪∞i=1E
C
i )C ∈ F so ∩∞i=1Ei is measurable. To show (5.4), note that

(5.4) is obviously true if µ(Ek) =∞ for any k. Therefore, assume µ(Ek) <∞ for all k. Thus

µ(Ek+1 \ Ek) = µ(Ek+1)− µ(Ek).

Hence by (5.3),

µ(∪∞i=1Ei) = µ(E1) +
∞∑
k=1

µ(Ek+1 \ Ek) = µ(E1)

+
∞∑
k=1

µ(Ek+1)− µ(Ek)

= µ(E1) + lim
n→∞

n∑
k=1

µ(Ek+1)− µ(Ek) = lim
n→∞

µ(En+1).

This shows part (5.4). To verify (5.5), since µ(E1) <∞,

µ(E1)− µ(∩∞i=1Ei) = µ(E1 \ ∩∞i=1Ei) = lim
n→∞

µ(E1 \ ∩ni=1Ei)

= µ(E1)− lim
n→∞

µ(∩ni=1Ei) = µ(E1)− lim
n→∞

µ(En),

where the second equality follows from part (5.4). Hence

lim
n→∞

µ(En) = µ(∩∞i=1Ei).

This proves the theorem.
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Definition 5.12 Let (Ω,F , µ) be a measure space and let (X, τ) be a topological space. A function f : Ω→ X
is said to be measurable if f−1(U) ∈ F whenever U ∈ τ . (Inverse images of open sets are measurable.)

Note the analogy with a continuous function for which inverse images of open sets are open.

Definition 5.13 Let {an}∞n=1 ⊆ X, (X, τ) where X and τ are described above. Then

lim
n→∞

an = a

means that whenever a ∈ U ∈ τ , there exists n0 such that if n > n0, then an ∈ U . (Every open set containing
a also contains an for all but finitely many values of n.) Note this agrees with the definition given earlier
for Rp, and C while also giving a definition of what is meant for convergence in general topological spaces.

Recall that (X, τ) has a countable basis if there is a countable subset of τ , B, such that every set of τ
is the union of sets of B. We observe that for X given as either R, C, or [0,∞] with the definition of τ
described earlier (a subbasis for the topology of [0,∞] is sets of the form [0, b) and sets of the form (b,∞]),
the following hold.

(X, τ) has a countable basis, B. (5.6)

Whenever U ∈ B, there exists a sequence of open sets, {Vm}∞m=1, such that

· · ·Vm ⊆ V m ⊆ Vm+1 ⊆ · · · , U =
∞⋃
m=1

Vm. (5.7)

Recall S is defined as the union of the set S with all its limit points.

Theorem 5.14 Let fn and f be functions mapping Ω to X where F is a σ algebra of measurable sets
of Ω and (X, τ) is a topological space satisfying Formulas (5.6) - (5.7). Then if fn is measurable, and
f(ω) = limn→∞ fn(ω), it follows that f is also measurable. (Pointwise limits of measurable functions are
measurable.)

Proof: Let B be the countable basis of (5.6) and let U ∈ B. Let {Vm} be the sequence of (5.7). Since
f is the pointwise limit of fn,

f−1(Vm) ⊆ {ω : fk(ω) ∈ Vm for all k large enough} ⊆ f−1(V m).

Therefore,

f−1(U) = ∪∞m=1f
−1(Vm) ⊆ ∪∞m=1 ∪∞n=1 ∩∞k=nf

−1
k (Vm)

⊆ ∪∞m=1f
−1(V̄m) = f−1(U).

It follows f−1(U) ∈ F because it equals the expression in the middle which is measurable. Now let W ∈ τ .
Since B is countable, W = ∪∞n=1Un for some sets Un ∈ B. Hence

f−1(W ) = ∪∞n=1f
−1(Un) ∈ F .

This proves the theorem.

Example 5.15 Let X = [−∞,∞] and let a basis for a topology, τ , be sets of the form [−∞, a), (a, b), and
(a,∞]. Then it is clear that (X, τ) satisfies Formulas (5.6) - (5.7) with a countable basis, B, given by sets
of this form but with a and b rational.
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Definition 5.16 Let fn : Ω→ [−∞,∞].

lim sup
n→∞

fn(ω) = lim
n→∞

(sup{fk(ω) : k ≥ n}). (5.8)

lim inf
n→∞

fn(ω) = lim
n→∞

(inf{fk(ω) : k ≥ n}). (5.9)

Note that in [−∞,∞] with the topology just described, every increasing sequence converges and every
decreasing sequence converges. This follows from Definition 5.13. Also, if

An (ω) = inf{fk(ω) : k ≥ n}, Bn (ω) = sup{fk(ω) : k ≥ n}.

It is clear that Bn (ω) is decreasing while An (ω) is increasing. Therefore, Formulas (5.8) and (5.9) always
make sense unlike the limit.

Lemma 5.17 Let f : Ω→ [−∞,∞] where F is a σ algebra of subsets of Ω. Then f is measurable if any of
the following hold.

f−1((d,∞]) ∈ F for all finite d,

f−1([−∞, c)) ∈ F for all finite c,

f−1([d,∞]) ∈ F for all finite d,

f−1([−∞, c]) ∈ F for all finite c.

Proof: First note that the first and the third are equivalent. To see this, note

f−1([d,∞]) = ∩∞n=1f
−1((d− 1/n,∞]),

f−1((d,∞]) = ∪∞n=1f
−1([d+ 1/n,∞]).

Similarly, the second and fourth conditions are equivalent.

f−1([−∞, c]) = (f−1((c,∞]))C

so the first and fourth conditions are equivalent. Thus all four conditions are equivalent and if any of them
hold,

f−1((a, b)) = f−1([−∞, b)) ∩ f−1((a,∞]) ∈ F .

Thus f−1(B) ∈ F whenever B is a basic open set described in Example 5.15. Since every open set can be
obtained as a countable union of these basic open sets, it follows that if any of the four conditions hold, then
f is measurable. This proves the lemma.

Theorem 5.18 Let fn : Ω→ [−∞,∞] be measurable with respect to a σ algebra, F , of subsets of Ω. Then
lim supn→∞ fn and lim infn→∞ fn are measurable.

Proof : Let gn(ω) = sup{fk(ω) : k ≥ n}. Then

g−1
n ((c,∞]) = ∪∞k=nf

−1
k ((c,∞]) ∈ F .

Therefore gn is measurable.

lim sup
n→∞

fn(ω) = lim
n→∞

gn(ω)

and so by Theorem 5.14 lim supn→∞ fn is measurable. Similar reasoning shows lim infn→∞ fn is measurable.
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Theorem 5.19 Let fi, i = 1, · · ·, n be a measurable function mapping Ω to the topological space (X, τ) and
suppose that τ has a countable basis, B. Then f = (f1 · · · fn)T is a measurable function from Ω to

∏n
i=1X.

(Here it is understood that the topology of
∏n
i=1X is the standard product topology and that F is the σ

algebra of measurable subsets of Ω.)

Proof: First we observe that sets of the form
∏n
i=1Bi, Bi ∈ B form a countable basis for the product

topology. Now

f−1(
n∏
i=1

Bi) = ∩ni=1f
−1
i (Bi) ∈ F .

Since every open set is a countable union of these sets, it follows f−1(U) ∈ F for all open U .

Theorem 5.20 Let (Ω,F) be a measure space and let fi, i = 1, · · ·, n be measurable functions mapping Ω to
(X, τ), a topological space with a countable basis. Let g :

∏n
i=1X → X be continuous and let f = (f1 · · ·fn)T .

Then g ◦ f is a measurable function.

Proof: Let U be open.

(g ◦ f)−1(U) = f−1(g−1(U)) = f−1(open set) ∈ F

by Theorem 5.19.

Example 5.21 Let X = (−∞,∞] with a basis for the topology given by sets of the form (a, b) and (c,∞], a, b, c
rational numbers. Let + : X ×X → X be given by +(x, y) = x + y. Then + is continuous; so if f, g are
measurable functions mapping Ω to X, we may conclude by Theorem 5.20 that f + g is also measurable.
Also, if a, b are positive real numbers and l(x, y) = ax + by, then l : X × X → X is continuous and so
l(f, g) = af + bg is measurable.

Note that the basis given in this example provides the usual notions of convergence in (-∞,∞]. Theorems
5.19 and 5.20 imply that under appropriate conditions, sums, products, and, more generally, continuous
functions of measurable functions are measurable. The following is also interesting.

Theorem 5.22 Let f : Ω→ X be measurable. Then f−1(B) ∈ F for every Borel set, B, of (X, τ).

Proof: Let S ≡ {B ⊆ X such that f−1(B) ∈ F}. S contains all open sets. It is also clear that S is
a σalgebra. Hence S contains the Borel sets because the Borel sets are defined as the intersection of all
σalgebras containing the open sets.

The following theorem is often very useful when dealing with sequences of measurable functions.

Theorem 5.23 (Egoroff) Let (Ω,F , µ) be a finite measure space

(µ(Ω) <∞)

and let fn, f be complex valued measurable functions such that

lim
n→∞

fn(ω) = f(ω)

for all ω /∈ E where µ(E) = 0. Then for every ε > 0, there exists a set,

F ⊇ E, µ(F ) < ε,

such that fn converges uniformly to f on FC .



78 ABSTRACT MEASURE AND INTEGRATION

Proof: Let Ekm = {ω ∈ EC : |fn(ω)− f(ω)| ≥ 1/m for some n > k}. By Theorems 5.19 and 5.20,

{ω ∈ EC : |fn(ω)− f(ω)| ≥ 1/m}

is measurable. Hence Ekm is measurable because

Ekm = ∪∞n=k+1{ω ∈ EC : |fn(ω)− f(ω)| ≥ 1/m}.

For fixed m,∩∞k=1Ekm = ∅ and so it has measure 0. Note also that

Ekm ⊇ E(k+1)m.

Since µ(E1m) <∞,

0 = µ(∩∞k=1Ekm) = lim
k→∞

µ(Ekm)

by Theorem 5.11. Let k(m) be chosen such that µ(Ek(m)m) < ε2−m. Let

F = E ∪
∞⋃
m=1

Ek(m)m.

Then µ(F ) < ε because

µ (F ) ≤ µ (E) +
∞∑
m=1

µ
(
Ek(m)m

)
.

Now let η > 0 be given and pick m0 such that m−1
0 < η. If ω ∈ FC , then

ω ∈
∞⋂
m=1

ECk(m)m.

Hence ω ∈ ECk(m0)m0
so

|fn(ω)− f(ω)| < 1/m0 < η

for all n > k(m0). This holds for all ω ∈ FCand so fn converges uniformly to f on FC . This proves the
theorem.

We conclude this chapter with a comment about notation. We say that something happens for µ a.e. ω and
say µ almost everywhere if there exists a set E with µ(E) = 0 and the thing takes place for all ω /∈ E. Thus
f(ω) = g(ω) a.e. if f(ω) = g(ω) for all ω /∈ E where µ(E) = 0.

We also say a measure space, (Ω,F , µ) is σ finite if there exist measurable sets, Ωn such that µ (Ωn) <∞
and Ω = ∪∞n=1Ωn.

5.3 Exercises

1. Let Ω = N ={1, 2, · · ·}. Let F = P(N) and let µ(S) = number of elements in S. Thus µ({1}) = 1 =
µ({2}), µ({1, 2}) = 2, etc. Show (Ω,F , µ) is a measure space. It is called counting measure.

2. Let Ω be any uncountable set and let F = {A ⊆ Ω : either A or AC is countable}. Let µ(A) = 1 if A
is uncountable and µ(A) = 0 if A is countable. Show (Ω,F , µ) is a measure space.

3. Let F be a σ algebra of subsets of Ω and suppose F has infinitely many elements. Show that F is
uncountable.
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4. Prove Lemma 5.2.

5. We say g is Borel measurable if whenever U is open, g−1(U) is Borel. Let f : Ω→ X and let g : X → Y
where X,Y are topological spaces and F is a σ algebra of sets of Ω. Suppose f is measurable and g is
Borel measurable. Show g ◦ f is measurable.

6. Let (Ω,F) be a measure space and suppose f : Ω→ C. Show f is measurable if and only if Re f and
Im f are measurable real-valued functions.

7. Let (Ω,F , µ) be a measure space. Define µ : P(Ω)→ [0,∞] by

µ(A) = inf{µ(B) : B ⊇ A, B ∈ F}.

Show µ satisfies

µ(∅) = 0, if A ⊆ B, µ(A) ≤ µ(B), µ(∪∞i=1Ai) ≤
∞∑
i=1

µ(Ai).

If µ satisfies these conditions, it is called an outer measure. This shows every measure determines an
outer measure on the power set.

8. Let {Ei} be a sequence of measurable sets with the property that

∞∑
i=1

µ(Ei) <∞.

Let S = {ω ∈ Ω such that ω ∈ Ei for infinitely many values of i}. Show µ(S) = 0 and S is measurable.
This is part of the Borel Cantelli lemma.

9. ↑ Let fn, f be measurable functions with values in C. We say that fn converges in measure if

lim
n→∞

µ(x ∈ Ω : |f(x)− fn(x)| ≥ ε) = 0

for each fixed ε > 0. Prove the theorem of F. Riesz. If fn converges to f in measure, then there exists
a subsequence {fnk} which converges to f a.e. Hint: Choose n1 such that

µ(x : |f(x)− fn1(x)| ≥ 1) < 1/2.

Choose n2 > n1 such that

µ(x : |f(x)− fn2(x)| ≥ 1/2) < 1/22,

n3 > n2 such that

µ(x : |f(x)− fn3(x)| ≥ 1/3) < 1/23,

etc. Now consider what it means for fnk(x) to fail to converge to f(x). Then remember Problem 8.

10. Let C ≡ {Ei}∞i=1 be a countable collection of sets and let Ω1 ≡ ∪∞i=1Ei. Show there exists an algebra
of sets, A, such that A ⊇ C and A is countable. Hint: Let C1 denote all finite unions of sets of C and
Ω1. Thus C1 is countable. Now let B1 denote all complements with respect to Ω1 of sets of C1. Let C2
denote all finite unions of sets of B1 ∪ C1. Continue in this way, obtaining an increasing sequence Cn,
each of which is countable. Let

A ≡ ∪∞i=1Ci.
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5.4 The Abstract Lebesgue Integral

In this section we develop the Lebesgue integral and present some of its most important properties. In all
that follows µ will be a measure defined on a σ algebra F of subsets of Ω. We always define 0 ·∞ = 0. This
may seem somewhat arbitrary and this is so. However, a little thought will soon demonstrate that this is the
right definition for this meaningless expression in the context of measure theory. To see this, consider the
zero function defined on R. What do we want the integral of this function to be? Obviously, by an analogy
with the Riemann integral, we would want this to equal zero. Formally, it is zero times the length of the set
or infinity. The following notation will be used.

For a set E,

XE(ω) =
{

1 if ω ∈ E,
0 if ω /∈ E.

This is called the characteristic function of E.

Definition 5.24 A function, s, is called simple if it is measurable and has only finitely many values. These
values will never be ±∞.

Definition 5.25 If s(x) ≥ 0 and s is simple,∫
s ≡

m∑
i=1

aiµ(Ai)

where Ai = {ω : s(x) = ai} and a1, · · ·, am are the distinct values of s.

Note that
∫
s could equal +∞ if µ (Ak) =∞ and ak > 0 for some k, but

∫
s is well defined because s ≥ 0

and we use the convention that 0 · ∞ = 0.

Lemma 5.26 If a, b ≥ 0 and if s and t are nonnegative simple functions, then∫
as+ bt ≡ a

∫
s+ b

∫
t.

Proof: Let

s(ω) =
n∑
i=1

αiXAi(ω), t(ω) =
m∑
i=1

βjXBj (ω)

where αi are the distinct values of s and the βj are the distinct values of t. Clearly as+ bt is a nonnegative
simple function. Also,

(as+ bt)(ω) =
m∑
j=1

n∑
i=1

(aαi + bβj)XAi∩Bj (ω)

where the sets Ai ∩ Bj are disjoint. Now we don’t know that all the values aαi + bβj are distinct, but we
note that if E1, · · ·, Er are disjoint measurable sets whose union is E, then αµ(E) = α

∑r
i=1 µ(Ei). Thus∫

as+ bt =
m∑
j=1

n∑
i=1

(aαi + bβj)µ(Ai ∩Bj)

= a
n∑
i=1

αiµ(Ai) + b
m∑
j=1

βjµ(Bj)

= a

∫
s+ b

∫
t.

This proves the lemma.
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Corollary 5.27 Let s =
∑n
i=1 aiXEi where ai ≥ 0 and the Ei are not necessarily disjoint. Then∫

s =
n∑
i=1

aiµ(Ei).

Proof:
∫
aXEi = aµ(Ei) so this follows from Lemma 5.26.

Now we are ready to define the Lebesgue integral of a nonnegative measurable function.

Definition 5.28 Let f : Ω→ [0,∞] be measurable. Then∫
fdµ ≡ sup{

∫
s : 0 ≤ s ≤ f, s simple}.

Lemma 5.29 If s ≥ 0 is a nonnegative simple function,
∫
sdµ =

∫
s. Moreover, if f ≥ 0, then

∫
fdµ ≥ 0.

Proof: The second claim is obvious. To verify the first, suppose 0 ≤ t ≤ s and t is simple. Then clearly∫
t ≤

∫
s and so ∫

sdµ = sup{
∫
t : 0 ≤ t ≤ s, t simple} ≤

∫
s.

But s ≤ s and s is simple so
∫
sdµ ≥

∫
s.

The next theorem is one of the big results that justifies the use of the Lebesgue integral.

Theorem 5.30 (Monotone Convergence theorem) Let f ≥ 0 and suppose {fn} is a sequence of nonnegative
measurable functions satisfying

lim
n→∞

fn(ω) = f(ω) for each ω.

· · ·fn(ω) ≤ fn+1(ω) · · · (5.10)

Then f is measurable and ∫
fdµ = lim

n→∞

∫
fndµ.

Proof: First note that f is measurable by Theorem 5.14 since it is the limit of measurable functions.
It is also clear from (5.10) that limn→∞

∫
fndµ exists because {

∫
fndµ} forms an increasing sequence. This

limit may be +∞ but in any case,

lim
n→∞

∫
fndµ ≤

∫
fdµ

because
∫
fndµ ≤

∫
fdµ.

Let δ ∈ (0, 1) and let s be a simple function with

0 ≤ s(ω) ≤ f(ω), s(ω) =
r∑
i=1

αiXAi(ω).

Then (1− δ)s(ω) ≤ f(ω) for all ω with strict inequality holding whenever f(ω) > 0. Let

En = {ω : fn(ω) ≥ (1− δ)s(ω)} (5.11)
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Then

· · ·En ⊆ En+1 · ··, and ∪∞n=1 En = Ω.

Therefore

lim
n→∞

∫
sXEn =

∫
s.

This follows from Theorem 5.11 which implies that αiµ(En ∩Ai)→ αiµ(Ai). Thus, from (5.11)∫
fdµ ≥

∫
fndµ ≥

∫
fnXEndµ ≥ (

∫
sXEndµ)(1− δ). (5.12)

Letting n→∞ in (5.12) we see that∫
fdµ ≥ lim

n→∞

∫
fndµ ≥ (1− δ)

∫
s. (5.13)

Now let δ ↓ 0 in (5.13) to obtain ∫
fdµ ≥ lim

n→∞

∫
fndµ ≥

∫
s.

Now s was an arbitrary simple function less than or equal to f . Hence,∫
fdµ ≥ lim

n→∞

∫
fndµ ≥ sup{

∫
s : 0 ≤ s ≤ f, s simple} ≡

∫
fdµ.

This proves the theorem.
The next theorem will be used frequently. It says roughly that measurable functions are pointwise limits

of simple functions. This is similar to continuous functions being the limit of step functions.

Theorem 5.31 Let f ≥ 0 be measurable. Then there exists a sequence of simple functions {sn} satisfying

0 ≤ sn(ω) (5.14)

· · · sn(ω) ≤ sn+1(ω) · · ·

f(ω) = lim
n→∞

sn(ω) for all ω ∈ Ω. (5.15)

Before proving this, we give a definition.

Definition 5.32 If f, g are functions having values in [0,∞],

f ∨ g = max(f, g), f ∧ g = min(f, g).

Note that if f, g have finite values,

f ∨ g = 2−1(f + g + |f − g|), f ∧ g = 2−1(f + g − |f − g|).

From this observation, the following lemma is obvious.

Lemma 5.33 If s, t are nonnegative simple functions, then

s ∨ t, s ∧ t

are also simple functions. (Recall +∞ is not a value of either s or t.)
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Proof of Theorem 5.31: Let

I = {x : f(x) = +∞}.

Let Enk = f−1([ kn ,
k+1
n )). Let

tn(ω) =
2n∑
k=0

k

n
XEnk(ω) + nXI(ω).

Then tn(ω) ≤ f(ω) for all ω and limn→∞ tn(ω) = f(ω) for all ω. This is because tn (ω) = n for ω ∈ I and if
f (ω) ∈ [0, 2n+1

n ), then

0 ≤ fn (ω)− tn (ω) ≤ 1
n
.

Thus whenever ω /∈ I, the above inequality will hold for all n large enough. Let

s1 = t1, s2 = t1 ∨ t2, s3 = t1 ∨ t2 ∨ t3, · · ·.

Then the sequence {sn} satisfies Formulas (5.14)-(5.15) and this proves the theorem.
Next we show that the integral is linear on nonnegative functions. Roughly speaking, it shows the

integral is trying to be linear and is only prevented from being linear at this point by not yet being defined
on functions which could be negative or complex valued. We will define the integral for these functions soon
and then this lemma will be the key to showing the integral is linear.

Lemma 5.34 Let f, g ≥ 0 be measurable. Let a, b ≥ 0 be constants. Then∫
(af + bg)dµ = a

∫
fdµ+ b

∫
gdµ.

Proof: Let {sn} and {s̃n} be increasing sequences of simple functions such that

lim
n→∞

sn(ω) = f(ω), lim
n→∞

s̃n(ω) = g(ω).

Then by the monotone convergence theorem and Lemma 5.26,∫
(af + bg)dµ = lim

n→∞

∫
(asn + bs̃n)dµ

= lim
n→∞

∫
asn + bs̃n = lim

n→∞
a

∫
sn + b

∫
s̃n

= lim
n→∞

a

∫
sndµ+ b

∫
s̃ndµ = a

∫
fdµ+ b

∫
gdµ.

This proves the lemma.

5.5 The space L1

Now suppose f has complex values and is measurable. We need to define what is meant by the integral of
such functions. First some theorems about measurability need to be shown.

Theorem 5.35 Let f = u + iv where u, v are real-valued functions. Then f is a measurable C valued
function if and only if u and v are both measurable R valued functions.
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Proof: Suppose first that f is measurable. Let V ⊆ R be open.

u−1(V ) = {ω : u(ω) ∈ V } = {ω : f (ω) ∈ V + iR} ∈ F ,

v−1(V ) = {ω : v(ω) ∈ V } = {ω : f (ω) ∈ R+iV } ∈ F .

Now suppose u and v are real and measurable.

f−1((a, b) + i(c, d)) = u−1(a, b) ∩ v−1(c, d) ∈ F .

Since every open set in C may be written as a countable union of open sets of the form (a, b) + i(c, d), it
follows that f−1(U) ∈ F whenever U is open in C. This proves the theorem.

Definition 5.36 L1(Ω) is the space of complex valued measurable functions, f , satisfying∫
|f(ω)|dµ <∞.

We also write the symbol, ||f ||L1 to denote
∫
|f (ω)| dµ.

Note that if f : Ω→ C is measurable, then by Theorem 5.20, |f | : Ω→ R is also measurable.

Definition 5.37 If u is real-valued,

u+ ≡ u ∨ 0, u− ≡ −(u ∧ 0).

Thus u+ and u− are both nonnegative and

u = u+ − u−, |u| = u+ + u−.

Definition 5.38 Let f = u+ iv where u, v are real-valued. Suppose f ∈ L1(Ω). Then∫
fdµ ≡

∫
u+dµ−

∫
u−dµ+ i[

∫
v+dµ−

∫
v−dµ].

Note that all this is well defined because
∫
|f |dµ <∞ and so∫

u+dµ,

∫
u−dµ,

∫
v+dµ,

∫
v−dµ

are all finite. The next theorem shows the integral is linear on L1 (Ω).

Theorem 5.39 L1(Ω) is a complex vector space and if a, b ∈ C and

f, g ∈ L1(Ω),

then ∫
af + bgdµ = a

∫
fdµ+ b

∫
gdµ. (5.16)
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Proof: First suppose f, g are real-valued and in L1(Ω). We note that

h+ = 2−1(h+ |h|), h− = 2−1(|h| − h)

whenever h is real-valued. Consequently,

f+ + g+ − (f− + g−) = (f + g)+ − (f + g)− = f + g.

Hence

f+ + g+ + (f + g)− = (f + g)+ + f− + g−. (5.17)

From Lemma 5.34,∫
f+dµ+

∫
g+dµ+

∫
(f + g)−dµ =

∫
f−dµ+

∫
g−dµ+

∫
(f + g)+dµ. (5.18)

Since all integrals are finite,∫
(f + g)dµ ≡

∫
(f + g)+dµ−

∫
(f + g)−dµ (5.19)

=
∫
f+dµ+

∫
g+dµ− (

∫
f−dµ+

∫
g−dµ)

≡
∫
fdµ+

∫
gdµ.

Now suppose that c is a real constant and f is real-valued. Note

(cf)− = −cf+ if c < 0, (cf)− = cf− if c ≥ 0.

(cf)+ = −cf− if c < 0, (cf)+ = cf+ if c ≥ 0.

If c < 0, we use the above and Lemma 5.34 to write∫
cfdµ ≡

∫
(cf)+dµ−

∫
(cf)−dµ

= −c
∫
f−dµ+ c

∫
f+dµ ≡ c

∫
fdµ.

Similarly, if c ≥ 0, ∫
cfdµ ≡

∫
(cf)+dµ−

∫
(cf)−dµ

= c

∫
f+dµ− c

∫
f−dµ ≡ c

∫
fdµ.

This shows (5.16) holds if f, g, a, and b are all real-valued. To conclude, let a = α+ iβ, f = u+ iv and use
the preceding. ∫

afdµ =
∫

(α+ iβ)(u+ iv)dµ

=
∫

(αu− βv) + i(βu+ αv)dµ

= α

∫
udµ− β

∫
vdµ+ iβ

∫
udµ+ iα

∫
vdµ

= (α+ iβ)(
∫
udµ+ i

∫
vdµ) = a

∫
fdµ.
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Thus (5.16) holds whenever f, g, a, and b are complex valued. It is obvious that L1(Ω) is a vector space.
This proves the theorem.

The next theorem, known as Fatou’s lemma is another important theorem which justifies the use of the
Lebesgue integral.

Theorem 5.40 (Fatou’s lemma) Let fn be a nonnegative measurable function with values in [0,∞]. Let
g(ω) = lim infn→∞ fn(ω). Then g is measurable and∫

gdµ ≤ lim inf
n→∞

∫
fndµ.

Proof: Let gn(ω) = inf{fk(ω) : k ≥ n}. Then

g−1
n ([a,∞]) = ∩∞k=nf

−1
k ([a,∞]) ∈ F .

Thus gn is measurable by Lemma 5.17. Also g(ω) = limn→∞ gn(ω) so g is measurable because it is the
pointwise limit of measurable functions. Now the functions gn form an increasing sequence of nonnegative
measurable functions so the monotone convergence theorem applies. This yields∫

gdµ = lim
n→∞

∫
gndµ ≤ lim inf

n→∞

∫
fndµ.

The last inequality holding because ∫
gndµ ≤

∫
fndµ.

This proves the Theorem.

Theorem 5.41 (Triangle inequality) Let f ∈ L1(Ω). Then

|
∫
fdµ| ≤

∫
|f |dµ.

Proof:
∫
fdµ ∈ C so there exists α ∈ C, |α| = 1 such that |

∫
fdµ| = α

∫
fdµ =

∫
αfdµ. Hence

|
∫
fdµ| =

∫
αfdµ =

∫
(Re(αf) + i Im(αf))dµ

=
∫

Re(αf)dµ =
∫

(Re(αf))+dµ−
∫

(Re(αf))−dµ

≤
∫

(Re(αf))+ + (Re(αf))−dµ ≤
∫
|αf |dµ =

∫
|f |dµ

which proves the theorem.

Theorem 5.42 (Dominated Convergence theorem) Let fn ∈ L1(Ω) and suppose

f(ω) = lim
n→∞

fn(ω),

and there exists a measurable function g, with values in [0,∞], such that

|fn(ω)| ≤ g(ω) and
∫
g(ω)dµ <∞.

Then f ∈ L1(Ω) and ∫
fdµ = lim

n→∞

∫
fndµ.
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Proof: f is measurable by Theorem 5.14. Since |f | ≤ g, it follows that

f ∈ L1(Ω) and |f − fn| ≤ 2g.

By Fatou’s lemma (Theorem 5.40),∫
2gdµ ≤ lim inf

n→∞

∫
2g − |f − fn|dµ

=
∫

2gdµ− lim sup
n→∞

∫
|f − fn|dµ.

Subtracting
∫

2gdµ,

0 ≤ − lim sup
n→∞

∫
|f − fn|dµ.

Hence

0 ≥ lim sup
n→∞

(
∫
|f − fn|dµ) ≥ lim sup

n→∞
|
∫
fdµ−

∫
fndµ|

which proves the theorem.

Definition 5.43 Let E be a measurable subset of Ω.∫
E

fdµ ≡
∫
fXEdµ.

Also we may refer to L1(E). The σ algebra in this case is just

{E ∩A : A ∈ F}

and the measure is µ restricted to this smaller σ algebra. Clearly, if f ∈ L1(Ω), then

fXE ∈ L1(E)

and if f ∈ L1(E), then letting f̃ be the 0 extension of f off of E, we see that f̃ ∈ L1(Ω).

5.6 Double sums of nonnegative terms

The definition of the Lebesgue integral and the monotone convergence theorem imply that the order of
summation of a double sum of nonnegative terms can be interchanged and in fact the terms can be added in
any order. To see this, let Ω = N×N and let µ be counting measure defined on the set of all subsets of N× N.
Thus, µ (E) = the number of elements of E. Then (Ω, µ,P (Ω)) is a measure space and if a : Ω → [0,∞],
then a is a measurable function. Following the usual notation, aij ≡ a (i, j).

Theorem 5.44 Let a : Ω→ [0,∞]. Then

∞∑
i=1

∞∑
j=1

aij =
∞∑
j=1

∞∑
i=1

aij =
∫
adµ =

∞∑
k=1

a (θ (k))

where θ is any one to one and onto map from N to Ω.
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Proof: By the definition of the integral,

n∑
j=1

l∑
i=1

aij ≤
∫
adµ

for any n, l. Therefore, by the definition of what is meant by an infinite sum,

∞∑
j=1

∞∑
i=1

aij ≤
∫
adµ.

Now let s ≤ a and s is a nonnegative simple function. If s (i, j) > 0 for infinitely many values of (i, j) ∈ Ω,
then ∫

s =∞ =
∫
adµ =

∞∑
j=1

∞∑
i=1

aij .

Therefore, it suffices to assume s (i, j) > 0 for only finitely many values of (i, j) ∈ N× N. Hence, for some
n > 1, ∫

s ≤
n∑
j=1

n∑
i=1

aij ≤
∞∑
j=1

∞∑
i=1

aij .

Since s is an arbitrary nonnegative simple function, this shows∫
adµ ≤

∞∑
j=1

∞∑
i=1

aij

and so ∫
adµ =

∞∑
j=1

∞∑
i=1

aij .

The same argument holds if i and j are interchanged which verifies the first two equalities in the conclusion
of the theorem. The last equation in the conclusion of the theorem follows from the monotone convergence
theorem.

5.7 Vitali convergence theorem

In this section we consider a remarkable convergence theorem which, in the case of finite measure spaces
turns out to be better than the dominated convergence theorem.

Definition 5.45 Let (Ω,F , µ) be a measure space and let S ⊆ L1(Ω). We say that S is uniformly integrable
if for every ε > 0 there exists δ > 0 such that for all f ∈ S

|
∫
E

fdµ| < ε whenever µ(E) < δ.

Lemma 5.46 If S is uniformly integrable, then |S| ≡ {|f | : f ∈ S} is uniformly integrable. Also S is
uniformly integrable if S is finite.
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Proof: Let ε > 0 be given and suppose S is uniformly integrable. First suppose the functions are real
valued. Let δ be such that if µ (E) < δ, then ∣∣∣∣∫

E

fdµ

∣∣∣∣ < ε

2

for all f ∈ S. Let µ (E) < δ. Then if f ∈ S,∫
E

|f | dµ ≤
∫
E∩[f≤0]

(−f) dµ+
∫
E∩[f>0]

fdµ

=

∣∣∣∣∣
∫
E∩[f≤0]

fdµ

∣∣∣∣∣+

∣∣∣∣∣
∫
E∩[f>0]

fdµ

∣∣∣∣∣
<

ε

2
+
ε

2
= ε.

In the above, [f > 0] is short for {ω ∈ Ω : f (ω) > 0} with a similar definition holding for [f ≤ 0] . In general,
if S is uniformly integrable, then Re S ≡ {Re f : f ∈ S} and Im S ≡ {Im f : f ∈ S} are easily seen to be
uniformly integrable. Therefore, applying the above result for real valued functions to these sets of functions,
it is routine to verify that |S| is uniformly integrable also.

For the last part, is suffices to verify a single function in L1 (Ω) is uniformly integrable. To do so, note
that from the dominated convergence theorem,

lim
R→∞

∫
[|f |>R]

|f | dµ = 0.

Let ε > 0 be given and choose R large enough that
∫

[|f |>R]
|f | dµ < ε

2 . Now let µ (E) < ε
2R . Then∫

E

|f | dµ =
∫
E∩[|f |≤R]

|f | dµ+
∫
E∩[|f |>R]

|f | dµ

< Rµ (E) +
ε

2
<

ε

2
+
ε

2
= ε.

This proves the lemma.
The following theorem is Vitali’s convergence theorem.

Theorem 5.47 Let {fn} be a uniformly integrable set of complex valued functions, µ(Ω) <∞, and fn(x)→
f(x) a.e. where f is a measurable complex valued function. Then f ∈ L1 (Ω) and

lim
n→∞

∫
Ω

|fn − f |dµ = 0. (5.20)

Proof: First we show that f ∈ L1 (Ω) . By uniform integrability, there exists δ > 0 such that if µ (E) < δ,
then ∫

E

|fn| dµ < 1

for all n. By Egoroff’s theorem, there exists a set, E of measure less than δ such that on EC , {fn} converges
uniformly. Therefore, if we pick p large enough, and let n > p,∫

EC
|fp − fn| dµ < 1



90 ABSTRACT MEASURE AND INTEGRATION

which implies ∫
EC
|fn| dµ < 1 +

∫
Ω

|fp| dµ.

Then since there are only finitely many functions, fn with n ≤ p, we have the existence of a constant, M1

such that for all n, ∫
EC
|fn| dµ < M1.

But also, we have ∫
Ω

|fm| dµ =
∫
EC
|fm| dµ+

∫
E

|fm|

≤ M1 + 1 ≡M.

Therefore, by Fatou’s lemma, ∫
Ω

|f | dµ ≤ lim inf
n→∞

∫
|fn| dµ ≤M,

showing that f ∈ L1 as hoped.
Now S ∪ {f} is uniformly integrable so there exists δ1 > 0 such that if µ (E) < δ1, then

∫
E
|g| dµ < ε/3

for all g ∈ S∪ {f}. Now by Egoroff’s theorem, there exists a set, F with µ (F ) < δ1 such that fn converges
uniformly to f on FC . Therefore, there exists N such that if n > N, then∫

FC
|f − fn| dµ <

ε

3
.

It follows that for n > N,∫
Ω

|f − fn| dµ ≤
∫
FC
|f − fn| dµ+

∫
F

|f | dµ+
∫
F

|fn| dµ

<
ε

3
+
ε

3
+
ε

3
= ε,

which verifies (5.20).

5.8 The ergodic theorem

This section deals with a fundamental convergence theorem known as the ergodic theorem. It will only be
used in one place later in the book so you might omit this topic on a first reading or pick it up when you
need it later. I am putting it here because it seems to fit in well with the material of this chapter.

In this section (Ω,F , µ) will be a probability measure space. This means that µ (Ω) = 1. The mapping,
T : Ω→ Ω will satisfy the following condition.

T−1 (A) ∈ F whenever A ∈ F , T is one to one. (5.21)

Lemma 5.48 If T satisfies (5.21), then if f is measurable, f ◦ T is measurable.

Proof: Let U be an open set. Then

(f ◦ T )−1 (U) = T−1
(
f−1 (U)

)
∈ F
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by (5.21).
Now suppose that in addition to (5.21) T also satisfies

µ
(
T−1A

)
= µ (A) , (5.22)

for all A ∈ F . In words, T−1 is measure preserving. Then for T satisfying (5.21) and (5.22), we have the
following simple lemma.

Lemma 5.49 If T satisfies (5.21) and (5.22) then whenever f is nonnegative and mesurable,∫
Ω

f (ω) dµ =
∫

Ω

f (Tω) dµ. (5.23)

Also (5.23) holds whenever f ∈ L1 (Ω) .

Proof: Let f ≥ 0 and f is measurable. By Theorem 5.31, let sn be an increasing sequence of simple
functions converging pointwise to f. Then by (5.22) it follows∫

sn (ω) dµ =
∫
sn (Tω) dµ

and so by the Monotone convergence theorem,∫
Ω

f (ω) dµ = lim
n→∞

∫
Ω

sn (ω) dµ

= lim
n→∞

∫
Ω

sn (Tω) dµ =
∫

Ω

f (Tω) dµ.

Splitting f ∈ L1 into real and imaginary parts we apply the above to the positive and negative parts of these
and obtain (5.23) in this case also.

Definition 5.50 A measurable function, f, is said to be invariant if

f (Tω) = f (ω) .

A set, A ∈ F is said to be invariant if XA is an invariant function. Thus a set is invariant if and only if
T−1A = A.

The following theorem, the individual ergodic theorem, is the main result.

Theorem 5.51 Let (Ω,F , µ) be a probability space and let T : Ω → Ω satisfy (5.21) and (5.22). Then if
f ∈ L1 (Ω) having real or complex values and

Snf (ω) ≡
n∑
k=1

f
(
T k−1ω

)
, S0f (ω) ≡ 0, (5.24)

it follows there exists a set of measure zero, N, and an invariant function g such that for all ω /∈ N,

lim
n→∞

1
n
Snf (ω) = g (ω) . (5.25)

and also

lim
n→∞

1
n
Snf = g in L1 (Ω)
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Proof: The proof of this theorem will make use of the following functions.

Mnf (ω) ≡ sup {Skf (ω) : 0 ≤ k ≤ n} (5.26)

M∞f (ω) ≡ sup {Skf (ω) : 0 ≤ k} . (5.27)

We will also define the following for h a measurable real valued function.

[h > 0] ≡ {ω ∈ Ω : h (ω) > 0} .

Now if A is an invariant set,

Sn (XAf) (ω) ≡
n∑
k=1

f
(
T k−1ω

)
XA
(
T k−1ω

)

= XA (ω)
n∑
k=1

f
(
T k−1ω

)
= XA (ω)Snf (ω) .

Therefore, for such an invariant set,

Mn (XAf) (ω) = XA (ω)Mnf (ω) , M∞ (XAf) (ω) = XA (ω)M∞f (ω) . (5.28)

Let −∞ < a < b <∞ and define

Nab ≡
{
ω ∈ Ω : −∞ < lim inf

n→∞

1
n
Snf (ω) < a

< b < lim sup
n→∞

1
n
Snf (ω) <∞

}
. (5.29)

Observe that from the definition, if |f (ω)| 6= ±∞,

lim inf
n→∞

1
n
Snf (ω) = lim inf

n→∞

1
n
Snf (Tω)

and

lim sup
n→∞

1
n
Snf (ω) = lim sup

n→∞

1
n
Snf (Tω) .

Therefore, TNab = Nab so Nab is an invariant set because T is one to one. Also,

Nab ⊆ [M∞ (f − b) > 0] ∩ [M∞ (a− f) > 0] .

Consequently, ∫
Nab

(f (ω)− b) dµ =
∫
[XNabM∞(f−b)>0]

XNab (ω) (f (ω)− b) dµ

=
∫
[M∞(XNab (f−b))>0]

XNab (ω) (f (ω)− b) dµ (5.30)
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and ∫
Nab

(a− f (ω)) dµ =
∫
[XNabM∞(a−f)>0]

XNab (ω) (a− f (ω)) dµ

=
∫
[M∞(XNab (a−f))>0]

XNab (ω) (a− f (ω)) dµ. (5.31)

We will complete the proof with the aid of the following lemma which implies the last terms in (5.30) and
(5.31) are nonnegative.

Lemma 5.52 Let f ∈ L1 (µ) . Then ∫
[M∞f>0]

fdµ ≥ 0.

We postpone the proof of this lemma till we have completed the proof of the ergodic theorem. From
(5.30), (5.31), and Lemma 5.52,

aµ (Nab) ≥
∫
Nab

fdµ ≥ bµ (Nab) . (5.32)

Since a < b, it follows that µ (Nab) = 0. Now let

N ≡ ∪{Nab : a < b, a, b ∈ Q} .

Since f ∈ L1 (Ω) and has complex values, it follows that µ (N) = 0. Now TNa,b = Na,b and so

T (N) = ∪a,bT (Na,b) = ∪a,bNa,b = N.

Therefore, N is measurable and has measure zero. Also, TnN = N for all n ∈ N and so

N ≡ ∪∞n=1T
nN.

For ω /∈ N, limn→∞
1
nSnf (ω) exists. Now let

g (ω) ≡
{

0 if ω ∈ N
limn→∞

1
nSnf (ω) if ω /∈ N .

Then it is clear g satisfies the conditions of the theorem because if ω ∈ N, then Tω ∈ N also and so in this
case, g (Tω) = g (ω) . On the other hand, if ω /∈ N, then

g (Tω) = lim
n→∞

1
n
Snf (Tω) = lim

n→∞

1
n
Snf (ω) = g (ω) .

The last claim follows from the Vitali convergence theorem if we verify the sequence,
{

1
nSnf

}∞
n=1

is
uniformly integrable. To see this is the case, we know f ∈ L1 (Ω) and so if ε > 0 is given, there exists δ > 0
such that whenever B ∈ F and µ (B) ≤ δ, then

∣∣∫
B
f (ω) dµ

∣∣ < ε. Now by approximating the positive and
negative parts of f with simple functions we see that∫

A

f
(
T k−1ω

)
dµ =

∫
T−(k−1)A

f (ω) dµ.



94 ABSTRACT MEASURE AND INTEGRATION

Taking µ (A) < δ, it follows ∣∣∣∣∫
A

1
n
Snf (ω) dµ

∣∣∣∣ ≤
∣∣∣∣∣ 1n

n∑
k=1

∫
A

f
(
T k−1ω

)
dµ

∣∣∣∣∣
=

∣∣∣∣∣ 1n
n∑
k=1

∫
T−(k−1)A

f (ω) dµ

∣∣∣∣∣ ≤ 1
n

n∑
k=1

∣∣∣∣∫
T−(k−1)A

f (ω) dµ
∣∣∣∣ < 1

n

n∑
k=1

ε = ε

because µ
(
T−(k−1)A

)
= µ (A) by assumption. This proves the above sequence is uniformly integrable and

so, by the Vitali convergence theorem,

lim
n→∞

∣∣∣∣∣∣∣∣ 1nSnf − g
∣∣∣∣∣∣∣∣
L1

= 0.

This proves the theorem.
It remains to prove the lemma.
Proof of Lemma 5.52: First note that Mnf (ω) ≥ 0 for all n and ω. This follows easily from the

observation that by definition, S0f (ω) = 0 and so Mnf (ω) is at least as large. Also note that the sets,
[Mnf > 0] are increasing in n and their union is [M∞f > 0] . Therefore, it suffices to show that for all n > 0,∫

[Mnf>0]

fdµ ≥ 0.

Let T ∗h ≡ h ◦ T. Thus T ∗ maps measurable functions to measurable functions by Lemma 5.48. It is also
clear that if h ≥ 0, then T ∗h ≥ 0 also. Therefore,

Skf (ω) = f (ω) + T ∗Sk−1f (ω) ≤ f (ω) + T ∗Mnf

and therefore,

Mnf (ω) ≤ f (ω) + T ∗Mnf (ω) .

Now ∫
Ω

Mnf (ω) dµ =
∫

[Mnf>0]

Mnf (ω) dµ

≤
∫

[Mnf>0]

f (ω) dµ+
∫

Ω

T ∗Mnf (ω) dµ

=
∫

[Mnf>0]

f (ω) dµ+
∫

Ω

Mnf (ω) dµ

by Lemma 5.49. This proves the lemma.
The following is a simple corollary which follows from the above theorem.

Corollary 5.53 The conclusion of Theorem 5.51 holds if µ is only assumed to be a finite measure.

Definition 5.54 We say a set, A ∈ F is invariant if T (A) = A. We say the above mapping, T, is ergodic,
if the only invariant sets have measure 0 or 1.

If the map, T is ergodic, the following corollary holds.
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Corollary 5.55 In the situation of Theorem 5.51, if T is ergodic, then

g (ω) =
∫
f (ω) dµ

for a.e. ω.

Proof: Let g be the function of Theorem 5.51 and let R1 be a rectangle in R2 = C of the form [−a, a]×
[−a, a] such that g−1 (R1) has measure greater than 0. This set is invariant because the function, g is
invariant and so it must have measure 1. Divide R1 into four equal rectangles, R′1, R

′
2, R

′
3, R

′
4. Then one

of these, renamed R2 has the property that g−1 (R2) has positive measure. Therefore, since the set is
invariant, it must have measure 1. Continue in this way obtaining a sequence of closed rectangles, {Ri}
such that the diamter of Ri converges to zero and g−1 (Ri) has measure 1. Then let c = ∩∞j=1Rj . We know
µ
(
g−1 (c)

)
= limn→∞ µ

(
g−1 (Ri)

)
= 1. It follows that g (ω) = c for a.e. ω. Now from Theorem 5.51,

c =
∫
cdµ = lim

n→∞

1
n

∫
Snfdµ =

∫
fdµ.

This proves the corollary.

5.9 Exercises

1. Let Ω = N = {1, 2, · · ·} and µ(S) = number of elements in S. If

f : Ω→ C

what do we mean by
∫
fdµ? Which functions are in L1(Ω)?

2. Give an example of a measure space, (Ω, µ,F), and a sequence of nonnegative measurable functions
{fn} converging pointwise to a function f , such that inequality is obtained in Fatou’s lemma.

3. Fill in all the details of the proof of Lemma 5.46.

4. Suppose (Ω, µ) is a finite measure space and S ⊆ L1 (Ω). Show S is uniformly integrable and bounded
in L1 (Ω) if there exists an increasing function h which satisfies

lim
t→∞

h (t)
t

=∞, sup
{∫

Ω

h (|f |) dµ : f ∈ S

}
<∞.

When we say S is bounded we mean there is some number, M such that∫
|f | dµ ≤M

for all f ∈ S.

5. Let (Ω,F , µ) be a measure space and suppose f ∈ L1(Ω) has the property that whenever µ(E) > 0,

1
µ(E)

|
∫
E

fdµ| ≤ C.

Show |f(ω)| ≤ C a.e.
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6. Let {an}, {bn} be sequences in [−∞,∞]. Show

lim sup
n→∞

(−an) = − lim inf
n→∞

(an)

lim sup
n→∞

(an + bn) ≤ lim sup
n→∞

an + lim sup
n→∞

bn

provided no sum is of the form ∞−∞. Also show strict inequality can hold in the inequality. State
and prove corresponding statements for lim inf.

7. Let (Ω,F , µ) be a measure space and suppose f, g : Ω→ [−∞,∞] are measurable. Prove the sets

{ω : f(ω) < g(ω)} and {ω : f(ω) = g(ω)}

are measurable.

8. Let {fn} be a sequence of real or complex valued measurable functions. Let

S = {ω : {fn(ω)} converges}.

Show S is measurable.

9. In the monotone convergence theorem

0 ≤ · · · ≤ fn(ω) ≤ fn+1(ω) ≤ · · ·.

The sequence of functions is increasing. In what way can “increasing” be replaced by “decreasing”?

10. Let (Ω,F , µ) be a measure space and suppose fn converges uniformly to f and that fn is in L1(Ω).
When can we conclude that

lim
n→∞

∫
fndµ =

∫
fdµ?

11. Suppose un(t) is a differentiable function for t ∈ (a, b) and suppose that for t ∈ (a, b),

|un(t)|, |u′n(t)| < Kn

where
∑∞
n=1Kn <∞. Show

(
∞∑
n=1

un(t))′ =
∞∑
n=1

u′n(t).



The Construction Of Measures

6.1 Outer measures

We have impressive theorems about measure spaces and the abstract Lebesgue integral but a paucity of
interesting examples. In this chapter, we discuss the method of outer measures due to Caratheodory (1918).
This approach shows how to obtain measure spaces starting with an outer measure. This will then be used
to construct measures determined by positive linear functionals.

Definition 6.1 Let Ω be a nonempty set and let µ : P(Ω)→ [0,∞] satisfy

µ(∅) = 0,

If A ⊆ B, then µ(A) ≤ µ(B),

µ(∪∞i=1Ei) ≤
∞∑
i=1

µ(Ei).

Such a function is called an outer measure. For E ⊆ Ω, we say E is µ measurable if for all S ⊆ Ω,

µ(S) = µ(S \ E) + µ(S ∩ E). (6.1)

To help in remembering (6.1), think of a measurable set, E, as a knife which is used to divide an arbitrary
set, S, into the pieces, S \ E and S ∩ E. If E is a sharp knife, the amount of stuff after cutting is the same
as the amount you started with. The measurable sets are like sharp knives. The idea is to show that the
measurable sets form a σ algebra. First we give a definition and a lemma.

Definition 6.2 (µbS)(A) ≡ µ(S ∩A) for all A ⊆ Ω. Thus µbS is the name of a new outer measure.

Lemma 6.3 If A is µ measurable, then A is µbS measurable.

Proof: Suppose A is µ measurable. We need to show that for all T ⊆ Ω,

(µbS)(T ) = (µbS)(T ∩A) + (µbS)(T \A).

Thus we need to show

µ(S ∩ T ) = µ(T ∩A ∩ S) + µ(T ∩ S ∩AC). (6.2)

But we know (6.2) holds because A is measurable. Apply Definition 6.1 to S ∩ T instead of S.
The next theorem is the main result on outer measures. It is a very general result which applies whenever

one has an outer measure on the power set of any set. This theorem will be referred to as Caratheodory’s
procedure in the rest of the book.

97
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Theorem 6.4 The collection of µ measurable sets, S, forms a σ algebra and

If Fi ∈ S, Fi ∩ Fj = ∅, then µ(∪∞i=1Fi) =
∞∑
i=1

µ(Fi). (6.3)

If · · ·Fn ⊆ Fn+1 ⊆ · · ·, then if F = ∪∞n=1Fn and Fn ∈ S, it follows that

µ(F ) = lim
n→∞

µ(Fn). (6.4)

If · · ·Fn ⊇ Fn+1 ⊇ · · ·, and if F = ∩∞n=1Fn for Fn ∈ S then if µ(F1) <∞, we may conclude that

µ(F ) = lim
n→∞

µ(Fn). (6.5)

Also, (S, µ) is complete. By this we mean that if F ∈ S and if E ⊆ Ω with µ(E \ F ) + µ(F \ E) = 0, then
E ∈ S.

Proof: First note that ∅ and Ω are obviously in S. Now suppose that A,B ∈ S. We show A\B = A∩BC
is in S. Using the assumption that B ∈ S in the second equation below, in which S ∩ A plays the role of S
in the definition for B being µ measurable,

µ(S ∩ (A ∩BC)) + µ(S \ (A ∩BC)) = µ(S ∩A ∩BC) + µ(S ∩ (AC ∪B))

= µ(S ∩ (AC ∪B)) +

=µ(S∩A∩BC)︷ ︸︸ ︷
µ(S ∩A)− µ(S ∩A ∩B). (6.6)

The following picture of S ∩ (AC ∪B) may be of use.

A

B

S

From the picture, and the measurability of A, we see that (6.6) is no larger than

≤

≤µ(S∩(AC∪B))︷ ︸︸ ︷
µ(S ∩A ∩B) + µ(S \A) +

=µ(S∩A∩BC)︷ ︸︸ ︷
µ(S ∩A)− µ(S ∩A ∩B)

= µ(S \A) + µ(S ∩A) = µ (S) .

This has shown that if A,B ∈ S, then A \B ∈ S. Since Ω ∈ S, this shows that A ∈ S if and only if AC ∈ S.
Now if A,B ∈ S, A∪B = (AC ∩BC)C = (AC \B)C ∈ S. By induction, if A1, · · ·, An ∈ S, then so is ∪ni=1Ai.
If A,B ∈ S, with A ∩B = ∅,

µ(A ∪B) = µ((A ∪B) ∩A) + µ((A ∪B) \A) = µ(A) + µ(B).

By induction, if Ai ∩Aj = ∅ and Ai ∈ S, µ(∪ni=1Ai) =
∑n
i=1 µ(Ai).

Now let A = ∪∞i=1Ai where Ai ∩Aj = ∅ for i 6= j.

∞∑
i=1

µ(Ai) ≥ µ(A) ≥ µ(∪ni=1Ai) =
n∑
i=1

µ(Ai).
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Since this holds for all n, we can take the limit as n→∞ and conclude,
∞∑
i=1

µ(Ai) = µ(A)

which establishes (6.3). Part (6.4) follows from part (6.3) just as in the proof of Theorem 5.11.
In order to establish (6.5), let the Fn be as given there. Then, since (F1 \ Fn) increases to (F1 \ F ) , we

may use part (6.4) to conclude

lim
n→∞

(µ (F1)− µ (Fn)) = µ (F1 \ F ) .

Now µ (F1 \ F ) + µ (F ) ≥ µ (F1) and so µ (F1 \ F ) ≥ µ (F1)− µ (F ) . Hence

lim
n→∞

(µ (F1)− µ (Fn)) = µ (F1 \ F ) ≥ µ (F1)− µ (F )

which implies

lim
n→∞

µ (Fn) ≤ µ (F ) .

But since F ⊆ Fn, we also have

µ (F ) ≤ lim
n→∞

µ (Fn)

and this establishes (6.5).
It remains to show S is closed under countable unions. We already know that if A ∈ S, then AC ∈ S and

S is closed under finite unions. Let Ai ∈ S, A = ∪∞i=1Ai, Bn = ∪ni=1Ai. Then

µ(S) = µ(S ∩Bn) + µ(S \Bn) (6.7)
= (µbS)(Bn) + (µbS)(BCn ).

By Lemma 6.3 we know Bn is (µbS) measurable and so is BCn . We want to show µ(S) ≥ µ(S \A)+µ(S∩A).
If µ(S) = ∞, there is nothing to prove. Assume µ(S) < ∞. Then we apply Parts (6.5) and (6.4) to (6.7)
and let n→∞. Thus

Bn ↑ A, BCn ↓ AC

and this yields µ(S) = (µbS)(A) + (µbS)(AC) = µ(S ∩A) + µ(S \A).
Thus A ∈ S and this proves Parts (6.3), (6.4), and (6.5).
Let F ∈ S and let µ(E \ F ) + µ(F \ E) = 0. Then

µ(S) ≤ µ(S ∩ E) + µ(S \ E)
= µ(S ∩ E ∩ F ) + µ(S ∩ E ∩ FC) + µ(S ∩ EC)
≤ µ(S ∩ F ) + µ(E \ F ) + µ(S \ F ) + µ(F \ E)
= µ(S ∩ F ) + µ(S \ F ) = µ(S).

Hence µ(S) = µ(S ∩ E) + µ(S \ E) and so E ∈ S. This shows that (S, µ) is complete.
Where do outer measures come from? One way to obtain an outer measure is to start with a measure

µ, defined on a σ algebra of sets, S, and use the following definition of the outer measure induced by the
measure.

Definition 6.5 Let µ be a measure defined on a σ algebra of sets, S ⊆ P (Ω). Then the outer measure
induced by µ, denoted by µ is defined on P (Ω) as

µ(E) = inf{µ(V ) : V ∈ S and V ⊇ E}.

We also say a measure space, (S,Ω, µ) is σ finite if there exist measurable sets, Ωi with µ (Ωi) < ∞ and
Ω = ∪∞i=1Ωi.
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The following lemma deals with the outer measure generated by a measure which is σ finite. It says that
if the given measure is σ finite and complete then no new measurable sets are gained by going to the induced
outer measure and then considering the measurable sets in the sense of Caratheodory.

Lemma 6.6 Let (Ω,S, µ) be any measure space and let µ : P(Ω) → [0,∞] be the outer measure induced
by µ. Then µ is an outer measure as claimed and if S is the set of µ measurable sets in the sense of
Caratheodory, then S ⊇ S and µ = µ on S. Furthermore, if µ is σ finite and (Ω,S, µ) is complete, then
S = S.

Proof: It is easy to see that µ is an outer measure. Let E ∈ S. We need to show E ∈ S and µ(E) = µ(E).
Let S ⊆ Ω. We need to show

µ(S) ≥ µ(S ∩ E) + µ(S \ E). (6.8)

If µ(S) =∞, there is nothing to prove, so assume µ(S) <∞. Thus there exists T ∈ S, T ⊇ S, and

µ(S) > µ(T )− ε = µ(T ∩ E) + µ(T \ E)− ε
≥ µ(T ∩ E) + µ(T \ E)− ε
≥ µ(S ∩ E) + µ(S \ E)− ε.

Since ε is arbitrary, this proves (6.8) and verifies S ⊆ S. Now if E ∈ S and V ⊇ E,

µ(E) ≤ µ(V ).

Hence, taking inf,

µ(E) ≤ µ(E).

But also µ(E) ≥ µ(E) since E ∈ S and E ⊇ E. Hence

µ(E) ≤ µ(E) ≤ µ(E).

Now suppose (Ω,S, µ) is complete. Thus if E,D ∈ S, and µ(E \D) = 0, then if D ⊆ F ⊆ E, it follows

F ∈ S (6.9)

because

F \D ⊆ E \D ∈ S,

a set of measure zero. Therefore,

F \D ∈ S

and so F = D ∪ (F \D) ∈ S.
We know already that S ⊇ S so let F ∈ S. Using the assumption that the measure space is σ finite, let

{Bn} ⊆ S, ∪Bn = Ω, Bn ∩Bm = ∅, µ(Bn) <∞. Let

En ⊇ F ∩Bn , µ(En) = µ̄(F ∩Bn), (6.10)

where En ∈ S, and let

Hn ⊇ Bn \ F = Bn ∩ FC , µ(Hn) = µ̄(Bn \ F ), (6.11)
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where Hn ∈ S. The following picture may be helpful in visualizing this situation.

�
En

6

Hn

F ∩BnBn ∩ F

Thus

Hn ⊇ Bn ∩ FC

and so

HC
n ⊆ BCn ∪ F

which implies

HC
n ∩Bn ⊆ F ∩Bn.

We have

HC
n ∩Bn ⊆ F ∩Bn ⊆ En, HC

n ∩Bn, En ∈ S. (6.12)

Claim: If A,B,D ∈ S and if A ⊇ B with µ (A \B) = 0. Then µ (A ∩D) = µ (B ∩D) .
Proof of claim: This follows from the observation that (A ∩D) \ (B ∩D) ⊆ A \B.
Now from (6.10) and (6.11) and this claim,

µ
(
En \

(
HC
n ∩Bn

))
= µ

(
(F ∩Bn) \

(
HC
n ∩Bn

))
= µ

(
F ∩Bn ∩

(
BCn ∪Hn

))
= µ (F ∩Hn ∩Bn) = µ

(
F ∩

(
Bn ∩ FC

)
∩Bn

)
= µ (∅) = 0.

Therefore, from (6.9) and (6.12) F ∩Bn ∈ S. Therefore,

F = ∪∞n=1F ∩Bn ∈ S.

This proves the lemma.
Note that it was not necessary to assume µ was σ finite in order to consider µ and conclude that µ = µ

on S. This is sometimes referred to as the process of completing a measure because µ is a complete measure
and µ extends µ.

6.2 Positive linear functionals

One of the most important theorems related to the construction of measures is the Riesz. representation
theorem. The situation is that there exists a positive linear functional Λ defined on the space Cc (Ω) where
Ω is a topological space of some sort and Λ is said to be a positive linear functional if it satisfies the following
definition.
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Definition 6.7 Let Ω be a topological space. We say f : Ω→ C is in Cc (Ω) if f is continuous and

spt (f) ≡ {x ∈ Ω : f (x) 6= 0}

is a compact set. (The symbol, spt (f) is read as “support of f ”.) If we write Cc (V ) for V an open set,
we mean that spt (f) ⊆ V and We say Λ is a positive linear functional defined on Cc (Ω) if Λ is linear,

Λ (af + bg) = aΛf + bΛg

for all f, g ∈ Cc (Ω) and a, b ∈ C. It is called positive because

Λf ≥ 0 whenever f (x) ≥ 0 for all x ∈ Ω.

The most general versions of the theory about to be presented involve locally compact Hausdorff spaces
but here we will assume the topological space is a metric space, (Ω, d) which is also σ compact, defined
below, and has the property that the closure of any open ball, B (x, r) is compact.

Definition 6.8 We say a topological space, Ω, is σ compact if Ω = ∪∞k=1Ωk where Ωk is a compact subset
of Ω.

To begin with we need some technical results and notation. In all that follows, Ω will be a σ compact
metric space with the property that the closure of any open ball is compact. An obvious example of such a
thing is any closed subset of Rn or Rn itself and it is these cases which interest us the most. The terminology
of metric spaces is used because it is convenient and contains all the necessary ideas for the proofs which
follow while being general enough to include the cases just described.

Definition 6.9 If K is a compact subset of an open set, V , we say K ≺ φ ≺ V if

φ ∈ Cc(V ), φ(K) = {1}, φ(Ω) ⊆ [0, 1].

Also for φ ∈ Cc(Ω), we say K ≺ φ if

φ(Ω) ⊆ [0, 1] and φ(K) = 1.

We say φ ≺ V if

φ(Ω) ⊆ [0, 1] and spt(φ) ⊆ V.

The next theorem is a very important result known as the partition of unity theorem. Before we present
it, we need a simple lemma which will be used repeatedly.

Lemma 6.10 Let K be a compact subset of the open set, V. Then there exists an open set, W such that W
is a compact set and

K ⊆W ⊆W ⊆ V.

Also, if K and V are as just described there exists a continuous function, ψ such that K ≺ ψ ≺ V.

Proof: For each k ∈ K, let B (k, rk) ≡ Bk be such that Bk ⊆ V. Since K is compact, finitely many of
these balls, Bk1 , · · ·, Bkl cover K. Let W ≡ ∪li=1Bki . Then it follows that W = ∪li=1Bki and satisfies the
conclusion of the lemma. Now we define ψ as

ψ (x) ≡
dist

(
x,WC

)
dist (x,WC) + dist (x,K)

.

Note the denominator is never equal to zero because if dist (x,K) = 0, then x ∈ W and so is at a positive
distance from WC because W is open. This proves the lemma. Also note that spt (ψ) = W.
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Theorem 6.11 (Partition of unity) Let K be a compact subset of Ω and suppose

K ⊆ V = ∪ni=1Vi, Vi open.

Then there exist ψi ≺ Vi with

n∑
i=1

ψi(x) = 1

for all x ∈ K.

Proof: Let K1 = K \ ∪ni=2Vi. Thus K1 is compact and K1 ⊆ V1. By the above lemma, we let

K1 ⊆W1 ⊆W 1 ⊆ V1

with W 1compact and f be such that K1 ≺ f ≺ V1 with

W1 ≡ {x : f (x) 6= 0} .

Thus W1, V2, · · ·, Vn covers K and W 1 ⊆ V1. Let

K2 = K \ (∪ni=3Vi ∪W1).

Then K2 is compact and K2 ⊆ V2. Let K2 ⊆ W2 ⊆ W 2 ⊆ V2, W 2 compact. Continue this way finally
obtaining W1, · · ·,Wn, K ⊆ W1 ∪ · · · ∪Wn, and W i ⊆ Vi W i compact. Now let W i ⊆ Ui ⊆ U i ⊆ Vi , U i
compact.

Wi Ui Vi

By the lemma again, we may define φi and γ such that

U i ≺ φi ≺ Vi, ∪ni=1W i ≺ γ ≺ ∪ni=1Ui.

Now define

ψi(x) =
{
γ(x)φi(x)/

∑n
j=1 φj(x) if

∑n
j=1 φj(x) 6= 0,

0 if
∑n
j=1 φj(x) = 0.

If x is such that
∑n
j=1 φj(x) = 0, then x /∈ ∪ni=1U i. Consequently γ(y) = 0 for all y near x and so

ψi(y) = 0 for all y near x. Hence ψi is continuous at such x. If
∑n
j=1 φj(x) 6= 0, this situation persists

near x and so ψi is continuous at such points. Therefore ψi is continuous. If x ∈ K, then γ(x) = 1 and so∑n
j=1 ψj(x) = 1. Clearly 0 ≤ ψi (x) ≤ 1 and spt(ψj) ⊆ Vj . This proves the theorem.
We don’t need the following corollary at this time but it is useful later.

Corollary 6.12 If H is a compact subset of Vi, we can pick our partition of unity in such a way that
ψi (x) = 1 for all x ∈ H in addition to the conclusion of Theorem 6.11.

Proof: Keep Vi the same but replace Vj with Ṽj ≡ Vj \ H. Now in the proof above, applied to this
modified collection of open sets, we see that if j 6= i, φj (x) = 0 whenever x ∈ H. Therefore, ψi (x) = 1 on H.

Next we consider a fundamental theorem known as Caratheodory’s criterion which gives an easy to check
condition which, if satisfied by an outer measure defined on the power set of a metric space, implies that the
σ algebra of measurable sets contains the Borel sets.
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Definition 6.13 For two sets, A,B in a metric space, we define

dist (A,B) ≡ inf {d (x, y) : x ∈ A, y ∈ B} .

Theorem 6.14 Let µ be an outer measure on the subsets of (X, d), a metric space. If

µ(A ∪B) = µ(A) + µ(B)

whenever dist(A,B) > 0, then the σ algebra of measurable sets contains the Borel sets.

Proof: We only need show that closed sets are in S, the σ-algebra of measurable sets, because then the
open sets are also in S and so S ⊇ Borel sets. Let K be closed and let S be a subset of Ω. We need to show
µ(S) ≥ µ(S ∩K) + µ(S \K). Therefore, we may assume without loss of generality that µ(S) <∞. Let

Kn = {x : dist(x,K) ≤ 1
n
} = closed set

(Recall that x→ dist (x,K) is continuous.)

µ(S) ≥ µ((S ∩K) ∪ (S \Kn)) = µ(S ∩K) + µ(S \Kn) (6.13)

by assumption, since S ∩K and S \Kn are a positive distance apart. Now

µ(S \Kn) ≤ µ(S \K) ≤ µ(S \Kn) + µ((Kn \K) ∩ S). (6.14)

We look at µ((Kn \K)∩S). Note that since K is closed, a point, x /∈ K must be at a positive distance from
K and so

Kn \K = ∪∞k=nKk \Kk+1.

Therefore

µ(S ∩ (Kn \K)) ≤
∞∑
k=n

µ(S ∩ (Kk \Kk+1)). (6.15)

Now
∞∑
k=1

µ(S ∩ (Kk \Kk+1)) =
∑
k even

µ(S ∩ (Kk \Kk+1)) +

+
∑
k odd

µ(S ∩ (Kk \Kk+1)). (6.16)

Note that if A = ∪∞i=1Ai and the distance between any pair of sets is positive, then

µ(A) =
∞∑
i=1

µ(Ai),

because
∞∑
i=1

µ(Ai) ≥ µ(A) ≥ µ(∪ni=1Ai) =
n∑
i=1

µ(Ai).
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Therefore, from (6.16),

∞∑
k=1

µ(S ∩ (Kk \Kk+1))

= µ(
⋃

k even

S ∩ (Kk \Kk+1)) + µ(
⋃
k odd

S ∩ (Kk \Kk+1))

< 2µ(S) <∞.

Therefore from (6.15)

lim
n→∞

µ(S ∩ (Kn \K)) = 0.

From (6.14)

0 ≤ µ(S \K)− µ(S \Kn) ≤ µ(S ∩ (Kn \K))

and so

lim
n→∞

µ(S \Kn) = µ(S \K).

From (6.13)

µ(S) ≥ µ(S ∩K) + µ(S \K).

This shows K ∈ S and proves the theorem.
The following technical lemma will also prove useful in what follows.

Lemma 6.15 Suppose ν is a measure defined on a σ algebra, S of sets of Ω, where (Ω, d) is a metric space
having the property that Ω = ∪∞k=1Ωk where Ωk is a compact set and for all k,Ωk ⊆ Ωk+1. Suppose that S
contains the Borel sets and ν is finite on compact sets. Suppose that ν also has the property that for every
E ∈ S,

ν (E) = inf {ν (V ) : V ⊇ E, V open} . (6.17)

Then it follows that for all E ∈ S

ν (E) = sup {ν (K) : K ⊆ E, K compact} . (6.18)

Proof: Let E ∈ S and let l < ν (E) . By Theorem 5.11 we may choose k large enough that

l < ν (E ∩ Ωk) .

Now let F ≡ Ωk \E. Thus F ∪ (E ∩ Ωk) = Ωk. By assumption, there is an open set, V containing F with

ν (V )− ν (F ) = ν (V \ F ) < ν (E ∩ Ωk)− l.

We define the compact set, K ≡ V C ∩ Ωk. Then K ⊆ E ∩ Ωk and

E ∩ Ωk \K = E ∩ Ωk ∩
(
V ∪ ΩCk

)
= E ∩ Ωk ∩ V ⊆ Ωk ∩ FC ∩ V ⊆ V \ F.
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Therefore,

ν (E ∩ Ωk)− ν (K) = ν ((E ∩ Ωk) \K)

≤ ν (V \ F ) < ν (E ∩ Ωk)− l

which implies

l < ν (K) .

This proves the lemma because l < ν (E) was arbitrary.

Definition 6.16 We say a measure which satisfies (6.17) for all E measurable, is outer regular and a
measure which satisfies (6.18) for all E measurable is inner regular. A measure which satisfies both is called
regular.

Thus Lemma 6.15 gives a condition under which outer regular implies inner regular.
With this preparation we are ready to prove the Riesz representation theorem for positive linear func-

tionals.

Theorem 6.17 Let (Ω, d) be a σ compact metric space with the property that the closures of balls are compact
and let Λ be a positive linear functional on Cc (Ω) . Then there exists a unique σ algebra and measure, µ,
such that

µ is complete, Borel, and regular, (6.19)

µ (K) <∞ for all K compact, (6.20)

Λf =
∫
fdµ for all f ∈ Cc (Ω) . (6.21)

Such measures satisfying (6.19) and (6.20) are called Radon measures.

Proof: First we deal with the question of existence and then we will consider uniqueness. In all that
follows V will denote an open set and K will denote a compact set. Define

µ (V ) ≡ sup {Λ (f) : f ≺ V } , µ (∅) ≡ 0, (6.22)

and for an arbitrary set, T,

µ (T ) ≡ inf {µ (V ) : V ⊇ T} .

We need to show first that this is well defined because there are two ways of defining µ (V ) .

Lemma 6.18 µ is a well defined outer measure on P (Ω) .

Proof: First we consider the question of whether µ is well defined. To clarify the argument, denote by
µ1 the first definition for open sets given in (6.22).

µ (V ) ≡ inf {µ1 (U) : U ⊇ V } ≤ µ1 (V ) .

But also, whenever U ⊇ V, µ1 (U) ≥ µ1 (V ) and so

µ (V ) ≥ µ1 (V ) .



6.2. POSITIVE LINEAR FUNCTIONALS 107

This proves that µ is well defined. Next we verify µ is an outer measure. It is clear that if A ⊆ B then
µ (A) ≤ µ (B) . First we verify countable subadditivity for open sets. Thus let V = ∪∞i=1Vi and let l < µ (V ) .
Then there exists f ≺ V such that Λf > l. Now spt (f) is a compact subset of V and so there exists m such
that {Vi}mi=1 covers spt (f) . Then, letting ψi be a partition of unity from Theorem 6.11 with spt (ψi) ⊆ Vi,
it follows that

l < Λ (f) =
n∑
i=1

Λ (ψif) ≤
∞∑
i=1

µ (Vi) .

Since l < µ (V ) is arbitrary, it follows that

µ (V ) ≤
∞∑
i=1

µ (Vi) .

Now we must verify that for any sets, Ai,

µ (∪∞i=1Ai) ≤
∞∑
i=1

µ (Ai) .

It suffices to consider the case that µ (Ai) < ∞ for all i. Let Vi ⊇ Ai and µ (Ai) + ε
2i > µ (Vi) . Then from

countable subadditivity on open sets,

µ (∪∞i=1Ai) ≤ µ (∪∞i=1Vi)

≤
∞∑
i=1

µ (Vi) ≤
∞∑
i=1

µ (Ai) +
ε

2i
≤ ε+

∞∑
i=1

µ (Ai) .

Since ε is arbitrary, this proves the lemma.
We will denote by S the σ algebra of µ measurable sets.

Lemma 6.19 The outer measure, µ is finite on all compact sets and in fact, if K ≺ g, then

µ (K) ≤ Λ (g) (6.23)

Also S ⊇ Borel sets so µ is a Borel measure.

Proof: Let Vα ≡ {x ∈ Ω : g (x) > α} where α ∈ (0, 1) is arbitrary. Now let h ≺ Vα. Thus h (x) ≤ 1 and
equals zero off Vα while α−1g (x) ≥ 1 on Vα. Therefore,

Λ
(
α−1g

)
≥ Λ (h) .

Since h ≺ Vα was arbitrary, this shows α−1Λ (g) ≥ µ (Vα) ≥ µ (K) . Letting α→ 1 yields the formula (6.23).
Next we verify that S ⊇ Borel sets. First suppose that V1 and V2 are disjoint open sets with µ (V1 ∪ V2) <

∞. Let fi ≺ Vi be such that Λ (fi) + ε > µ (Vi) . Then

µ (V1 ∪ V2) ≥ Λ (f1 + f2) = Λ (f1) + Λ (f2) ≥ µ (V1) + µ (V2)− 2ε.

Since ε is arbitrary, this shows that µ (V1 ∪ V2) = µ (V1) + µ (V2) .
Now suppose that dist (A,B) = r > 0 and µ (A ∪B) <∞. Let

Ṽ1 ≡ ∪
{
B
(
a,
r

2

)
: a ∈ A

}
, Ṽ2 ≡ ∪

{
B
(
b,
r

2

)
: b ∈ B

}
.
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Now let W be an open set containing A ∪B such that µ (A ∪B) + ε > µ (W ) . Now define Vi ≡W ∩ Ṽi and
V ≡ V1 ∪ V2. Then

µ (A ∪B) + ε > µ (W ) ≥ µ (V ) = µ (V1) + µ (V2) ≥ µ (A) + µ (B) .

Since ε is arbitrary, the conditions of Caratheodory’s criterion are satisfied showing that S ⊇ Borel sets.
This proves the lemma.

It is now easy to verify condition (6.19) and (6.20). Condition (6.20) and that µ is Borel is proved in
Lemma 6.19. The measure space just described is complete because it comes from an outer measure using
the Caratheodory procedure. The construction of µ shows outer regularity and the inner regularity follows
from (6.20), shown in Lemma 6.19, and Lemma 6.15. It only remains to verify Condition (6.21), that the
measure reproduces the functional in the desired manner and that the given measure and σ algebra is unique.

Lemma 6.20
∫
fdµ = Λf for all f ∈ Cc(Ω).

Proof: It suffices to verify this for f ∈ Cc(Ω), f real-valued. Suppose f is such a function and
f(Ω) ⊆ [a, b]. Choose t0 < a and let t0 < t1 < · · · < tn = b, ti − ti−1 < ε. Let

Ei = f−1((ti−1, ti]) ∩ spt(f). (6.24)

Note that ∪ni=1Ei is a closed set and in fact

∪ni=1Ei = spt(f) (6.25)

since Ω = ∪ni=1f
−1((ti−1, ti]). From outer regularity and continuity of f , let Vi ⊇ Ei, Vi is open and let Vi

satisfy

f (x) < ti + ε for all x ∈ Vi, (6.26)

µ(Vi \ Ei) < ε/n.

By Theorem 6.11 there exists hi ∈ Cc(Ω) such that

hi ≺ Vi,
n∑
i=1

hi(x) = 1 on spt(f).

Now note that for each i,

f(x)hi(x) ≤ hi(x)(ti + ε).

(If x ∈ Vi, this follows from (6.26). If x /∈ Vi both sides equal 0.) Therefore,

Λf = Λ(
n∑
i=1

fhi) ≤ Λ(
n∑
i=1

hi(ti + ε))

=
n∑
i=1

(ti + ε)Λ(hi)

=
n∑
i=1

(|t0|+ ti + ε)Λ(hi)− |t0|Λ

(
n∑
i=1

hi

)
.

Now note that |t0|+ ti + ε ≥ 0 and so from the definition of µ and Lemma 6.19, this is no larger than

n∑
i=1

(|t0|+ ti + ε)µ(Vi)− |t0|µ(spt(f))
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≤
n∑
i=1

(|t0|+ ti + ε)(µ(Ei) + ε/n)− |t0|µ(spt(f))

≤ |t0|
n∑
i=1

µ(Ei) + |t0|ε+
n∑
i=1

tiµ(Ei) + ε(|t0|+ |b|)

+ε
n∑
i=1

µ(Ei) + ε2 − |t0|µ(spt(f)).

From (6.25) and (6.24), the first and last terms cancel. Therefore this is no larger than

(2|t0|+ |b|+ µ(spt(f)) + ε)ε+
n∑
i=1

ti−1µ(Ei) + εµ(spt(f))

≤
∫
fdµ+ (2|t0|+ |b|+ 2µ(spt(f)) + ε)ε.

Since ε > 0 is arbitrary,

Λf ≤
∫
fdµ (6.27)

for all f ∈ Cc(Ω), f real. Hence equality holds in (6.27) because Λ(−f) ≤ −
∫
fdµ so Λ(f) ≥

∫
fdµ. Thus

Λf =
∫
fdµ for all f ∈ Cc(Ω). Just apply the result for real functions to the real and imaginary parts of f .

This proves the Lemma.
Now that we have shown that µ satisfies the conditions of the Riesz representation theorem, we show

that µ is the only measure that does so.

Lemma 6.21 The measure and σ algebra of Theorem 6.17 are unique.

Proof: If (µ1,S1) and (µ2,S2) both work, let

K ⊆ V, K ≺ f ≺ V.

Then

µ1(K) ≤
∫
fdµ1 = Λf =

∫
fdµ2 ≤ µ2(V ).

Thus µ1(K) ≤ µ2(K) because of the outer regularity of µ2. Similarly, µ1(K) ≥ µ2(K) and this shows that
µ1 = µ2 on all compact sets. It follows from inner regularity that the two measures coincide on all open sets
as well. Now let E ∈ S1, the σ algebra associated with µ1, and let En = E ∩ Ωn. By the regularity of the
measures, there exist sets G and H such that G is a countable intersection of decreasing open sets and H is
a countable union of increasing compact sets which satisfy

G ⊇ En ⊇ H, µ1(G \H) = 0.

Since the two measures agree on all open and compact sets, it follows that µ2(G) = µ1(G) and a similar
equation holds for H in place of G. Therefore µ2(G \H) = µ1(G \H) = 0. By completeness of µ2, En ∈ S2,
the σ algebra associated with µ2. Thus E ∈ S2 since E = ∪∞n=1En, showing that S1 ⊆ S2. Similarly S2 ⊆ S1.
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Since the two σ algebras are equal and the two measures are equal on every open set, regularity of these
measures shows they coincide on all measurable sets and this proves the theorem.

The following theorem is an interesting application of the Riesz representation theorem for measures
defined on subsets of Rn.

Let M be a closed subset of Rn. Then we may consider M as a metric space which has closures of balls
compact if we let the topology on M consist of intersections of open sets from the standard topology of Rn

with M or equivalently, use the usual metric on Rn restricted to M .

Proposition 6.22 Let τ be the relative topology of M consisting of intersections of open sets of Rn with M
and let B be the Borel sets of the topological space (M, τ). Then

B = S ≡{E ∩M : E is a Borel set of Rn}.

Proof: It is clear that S defined above is a σ algebra containing τ and so S ⊇ B. Now define

M≡ {E Borel in Rn such that E ∩M ∈ B} .

Then M is clearly a σ algebra which contains the open sets of Rn. Therefore, M⊇ Borel sets of Rn which
shows S ⊆ B. This proves the proposition.

Theorem 6.23 Suppose µ is a measure defined on the Borel sets of M where M is a closed subset of Rn.
Suppose also that µ is finite on compact sets. Then µ, the outer measure determined by µ, is a Radon
measure on a σ algebra containing the Borel sets of (M, τ) where τ is the relative topology described above.

Proof: Since µ is Borel and finite on compact sets, we may define a positive linear functional on Cc (M)
as

Lf ≡
∫
M

fdµ.

By the Riesz representation theorem, there exists a unique Radon measure and σ algebra, µ1 and S (µ1) respectively,
such that for all f ∈ Cc (M), ∫

M

fdµ =
∫
M

fdµ1.

Let R and E be as described in Example 5.8 and let Qr = (−r, r]n. Then if R ∈ R, it follows that R ∩Qr
has the form,

R ∩Qr =
n∏
i=1

(ai, bi].

Let fk (x1 · ··, xn) =
∏n
i=1 h

k
i (xi) where hki is given by the following graph.

ai ai + k−1
�
�
�
�
�
��

1

bi

B
B
B
B
B
BB
bi + k−1

hki

Then spt (fk) ⊆ [−r, r + 1]n ≡ K. Thus∫
K∩M

fkdµ =
∫
M

fkdµ =
∫
M

fkdµ1 =
∫
K∩M

fkdµ1.
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Since fk → XR∩Qr pointwise and both measures are finite, on K ∩ M , it follows from the dominated
convergence theorem that

µ (R ∩Qr ∩M) = µ1 (R ∩Qr ∩M)

and so it follows that this holds for R replaced with any A ∈ E . Now define

M≡{E Borel : µ (E ∩Qr ∩M) = µ1 (E ∩Qr ∩M)}.

Then E ⊆M and it is clear that M is a monotone class. By the theorem on monotone classes, it follows
that M⊇ σ (E), the smallest σ algebra containing E . This σ algebra contains the open sets because

n∏
i=1

(ai, bi) = ∪∞k=1

n∏
i=1

(ai, bi − k−1] ∈ σ (E)

and every open set can be written as a countable union of sets of the form
∏n
i=1 (ai, bi). Therefore,

M⊇ σ (E) ⊇ Borel sets ⊇M.

Thus,

µ (E ∩Qr ∩M) = µ1 (E ∩Qr ∩M)

for all E Borel. Letting r → ∞, it follows that µ (E ∩M) = µ1 (E ∩M) for all E a Borel set of Rn. By
Proposition 6.22 µ (F ) = µ1 (F ) for all F Borel in (M, τ). Consequently,

µ1 (S) ≡ inf {µ1 (E) : E ⊇ S, E ∈ S (µ1)}
= inf {µ1 (F ) : F ⊇ S, F Borel}
= inf {µ (F ) : F ⊇ S, F Borel}
= µ (S).

Therefore, by Lemma 6.6, the µ measurable sets consist of S (µ1) and µ = µ1 on S (µ1) and this shows µ is
regular as claimed. This proves the theorem.

6.3 Exercises

1. Let Ω = N, the natural numbers and let d (p, q) = |p− q| , the usual distance in R. Show that (Ω, d) is
σ compact and the closures of the balls are compact. Now let Λf ≡

∑∞
k=1 f (k) whenever f ∈ Cc (Ω) .

Show this is a well defined positive linear functional on the space Cc (Ω) . Describe the measure of the
Riesz representation theorem which results from this positive linear functional. What if Λ (f) = f (1)?
What measure would result from this functional?

2. Let F : R→ R be increasing and right continuous. Let Λf ≡
∫
fdF where the integral is the Riemann

Stieltjes integral of f . Show the measure µ from the Riesz representation theorem satisfies

µ ([a, b]) = F (b)− F (a−) , µ ((a, b]) = F (b)− F (a) ,
µ ([a, a]) = F (a)− F (a−) .

3. Let Ω be a σ compact metric space with the closed balls compact and suppose µ is a measure defined
on the Borel sets of Ω which is finite on compact sets. Show there exists a unique Radon measure, µ
which equals µ on the Borel sets.
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4. ↑ Random vectors are measurable functions, X, mapping a probability space, (Ω, P,F) to Rn. Thus
X (ω) ∈ Rn for each ω ∈ Ω and P is a probability measure defined on the sets of F , a σ algebra of
subsets of Ω. For E a Borel set in Rn, define

µ (E) ≡ P
(
X−1 (E)

)
≡ probability that X ∈ E.

Show this is a well defined measure on the Borel sets of Rn and use Problem 3 to obtain a Radon
measure, λX defined on a σ algebra of sets of Rn including the Borel sets such that for E a Borel set,
λX (E) =Probability that (X ∈E) .

5. Let (X, dX) and (Y, dY ) be metric spaces and make X × Y into a metric space in the following way.

dX×Y ((x, y) , (x1, y1)) ≡ max (dX (x, x1) , dY (y, y1)) .

Show this is a metric space.

6. ↑ Show (X × Y, dX×Y ) is also a σ compact metric space having closed balls compact if both X and Y
are σ compact metric spaces having the closed balls compact. Let

A ≡ {E × F : E is a Borel set in X,F is a Borel set in Y } .

Show σ (A) , the smallest σ algebra containing A contains the Borel sets. Hint: Show every open set
in a σ compact metric space can be obtained as a countable union of compact sets. Next show this
implies every open set can be obtained as a countable union of open sets of the form U × V where U
is open in X and V is open in Y.

7. ↑ Let µ and ν be Radon measures on X and Y respectively. Define for

f ∈ Cc (X × Y ) ,

the linear functional Λ given by the iterated integral,

Λf ≡
∫
X

∫
Y

f (x, y) dνdµ.

Show this is well defined and yields a positive linear functional on Cc (X × Y ) . Let µ× ν be the Radon
measure representing Λ. Show for f ≥ 0 and Borel measurable, that∫

Y

∫
X

f (x, y) dµdν =
∫
X

∫
Y

f (x, y) dνdµ =
∫
X×Y

fd (µ× ν)



Lebesgue Measure

7.1 Lebesgue measure

In this chapter, n dimensional Lebesgue measure and many of its properties are obtained from the Riesz
representation theorem. This is done by using a positive linear functional familiar to anyone who has had a
course in calculus. The positive linear functional is

Λf ≡
∫ ∞
−∞
· · ·
∫ ∞
−∞

f(x1, · · ·, xn)dx1 · · · dxn (7.1)

for f ∈ Cc(Rn). This is the ordinary Riemann iterated integral and we need to observe that it makes sense.

Lemma 7.1 Let f ∈ Cc(Rn) for n ≥ 2. Then

h(xn) ≡
∫ ∞
−∞
· · ·
∫ ∞
−∞

f(x1 · · · xn−1xn)dx1 · · · dxn−1

is well defined and h ∈ Cc(R).

Proof: Assume this is true for all 2 ≤ k ≤ n− 1. Then fixing xn,

xn−1 →
∫ ∞
−∞
· · ·
∫ ∞
−∞

f(x1 · · · xn−2, xn−1, xn)dx1 · · · dxn−2

is a function in Cc(R). Therefore, it makes sense to write

h(xn) ≡
∫ ∞
−∞

∫ ∞
−∞
· · ·
∫ ∞
−∞

f(x1 · · · xn−2, xn−1, xn)dx1 · · · dxn−1.

We need to verify h ∈ Cc(R). Since f vanishes whenever |x| is large enough, it follows h(xn) = 0 whenever
|xn| is large enough. It only remains to show h is continuous. But f is uniformly continuous, so if ε > 0 is
given there exists a δ such that

|f(x1)− f(x)| < ε

whenever |x1 − x| < δ. Thus, letting |xn − x̄n| < δ,

|h(xn)− h(x̄n)| ≤

∫ ∞
−∞
· · ·
∫ ∞
−∞
|f(x1 · · · xn−1, xn)− f(x1 · · · xn−1, x̄n)|dx1 · · · dxn−1

113
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≤ ε(b− a)n−1

where spt(f) ⊆ [a, b]n ≡ [a, b] × · · · × [a, b]. This argument also shows the lemma is true for n = 2. This
proves the lemma.

From Lemma 7.1 it is clear that (7.1) makes sense and also that Λ is a positive linear functional for
n = 1, 2, · · ·.

Definition 7.2 mn is the unique Radon measure representing Λ. Thus for all f ∈ Cc(Rn),

Λf =
∫
fdmn.

Let R =
∏n
i=1[ai, bi], R0 =

∏n
i=1(ai, bi). What are mn(R) and mn(R0)? We show that both of these

equal
∏n
i=1(bi − ai). To see this is the case, let k be large enough that

ai + 1/k < bi − 1/k

for i = 1, · · ·, n. Consider functions gki and fki having the following graphs.

ai + 1/kai

�
�
�
�
�
��

1
B
B
B
B
B
BBbi − 1/k

bi

fki

ai − 1/k ai

�
�
�
�
�
��

1
B
B
B
B
B
BB

bi bi + 1/k

gki

Let

gk(x) =
n∏
i=1

gki (xi), fk(x) =
n∏
i=1

fki (xi).

Then

n∏
i=1

(bi − ai + 2/k) ≥ Λgk =
∫
gkdmn ≥ mn(R) ≥ mn(R0)

≥
∫
fkdmn = Λfk ≥

n∏
i=1

(bi − ai − 2/k).
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Letting k →∞, it follows that

mn(R) = mn(R0) =
n∏
i=1

(bi − ai)

as expected.
We say R is a half open box if

R =
n∏
i=1

[ai, ai + r).

Lemma 7.3 Every open set in Rn is the countable disjoint union of half open boxes of the form

n∏
i=1

(ai, ai + 2−k]

where ai = l2−k for some integers, l, k.

Proof: Let

Ck = {All half open boxes
n∏
i=1

(ai, ai + 2−k] where

ai = l2−k for some integer l.}

Thus Ck consists of a countable disjoint collection of boxes whose union is Rn. This is sometimes called a
tiling of Rn. Note that each box has diameter 2−k

√
n. Let U be open and let B1 ≡ all sets of C1 which are

contained in U . If B1, · · ·,Bk have been chosen, Bk+1 ≡ all sets of Ck+1 contained in

U \ ∪(∪ki=1Bi).

Let B∞ = ∪∞i=1Bi. We claim ∪B∞ = U . Clearly ∪B∞ ⊆ U . If p ∈ U, let k be the smallest integer such that
p is contained in a box from Ck which is also a subset of U . Thus

p ∈ ∪Bk ⊆ ∪B∞.

Hence B∞ is the desired countable disjoint collection of half open boxes whose union is U . This proves the
lemma.

Lebesgue measure is translation invariant. This means roughly that if you take a Lebesgue measurable
set, and slide it around, it remains Lebesgue measurable and the measure does not change.

Theorem 7.4 Lebesgue measure is translation invariant, i.e.,

mn(v+E) = mn(E),

for E Lebesgue measurable.

Proof: First note that if E is Borel, then so is v + E. To show this, let

S = {E ∈ Borel sets such that v + E is Borel}.

Then from Lemma 7.3, S contains the open sets and is easily seen to be a σ algebra, so S = Borel sets. Now
let E be a Borel set. Choose V open such that

mn(V ) < mn(E ∩B(0, k)) + ε, V ⊇ E ∩B(0, k).



116 LEBESGUE MEASURE

Then

mn(v + E ∩B(0, k)) ≤ mn(v + V ) = mn(V )

≤ mn(E ∩B(0, k)) + ε.

The equal sign is valid because the conclusion of Theorem 7.4 is clearly true for all open sets thanks to
Lemma 7.3 and the simple observation that the theorem is true for boxes. Since ε is arbitrary,

mn(v + E ∩B(0, k)) ≤ mn(E ∩B(0, k)).

Letting k →∞,

mn(v + E) ≤ mn(E).

Since v is arbitrary,

mn(−v + (v + E)) ≤ mn(E + v).

Hence

mn(v + E) ≤ mn(E) ≤ mn(v + E)

proving the theorem in the case where E is Borel. Now suppose that mn(S) = 0. Then there exists E ⊇ S, E
Borel, and mn(E) = 0.

mn(E+v) = mn(E) = 0

Now S + v ⊆ E + v and so by completeness of the measure, S + v is Lebesgue measurable and has measure
zero. Thus,

mn (S) = mn (S + v) .

Now let F be an arbitrary Lebesgue measurable set and let Fr = F ∩B (0, r). Then there exists a Borel set
E, E ⊇ Fr, and mn(E \ Fr) = 0. Then since

(E + v) \ (Fr + v) = (E \ Fr) + v,

it follows

mn((E + v) \ (Fr + v)) = mn((E \ Fr) + v) = mn(E \ Fr) = 0.

By completeness of mn, Fr + v is Lebesgue measurable and mn(Fr + v) = mn(E + v). Hence

mn(Fr) = mn(E) = mn(E + v) = mn(Fr + v).

Letting r →∞, we obtain

mn(F ) = mn(F + v)

and this proves the theorem.
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7.2 Iterated integrals

The positive linear functional used to define Lebesgue measure was an iterated integral. Of course one could
take the iterated integral in another order. What would happen to the resulting Radon measure if another
order was used? This question will be considered in this section. First, here is a simple lemma.

Lemma 7.5 If µ and ν are two Radon measures defined on σ algebras, Sµ and Sν , of subsets of Rn and if
µ (V ) = ν (V ) for all V open, then µ = ν and Sµ = Sν .

Proof: Let µ and ν be the outer measures determined by µ and ν. Then if E is a Borel set,

µ (E) = inf {µ (V ) : V ⊇ E and V is open}
= inf {ν (V ) : V ⊇ E and V is open} = ν (E).

Now if S is any subset of Rn,

µ (S) ≡ inf {µ (E) : E ⊇ S,E ∈ Sµ}

= inf {µ (F ) : F ⊇ S, F is Borel}

= inf {ν (F ) : F ⊇ S, F is Borel}

= inf {ν (E) : E ⊇ S,E ∈ Sν} ≡ ν (S)

where the second and fourth equalities follow from the outer regularity which is assumed to hold for both
measures. Therefore, the two outer measures are identical and so the measurable sets determined in the sense
of Caratheodory are also identical. By Lemma 6.6 of Chapter 6 this implies both of the given σ algebras are
equal and µ = ν.

Lemma 7.6 If µ and ν are two Radon measures on Rn and µ = ν on every half open box, then µ = ν.

Proof: From Lemma 7.3, µ(U) = ν(U) for all U open. Therefore, by Lemma 7.5, the two measures
coincide with their respective σ algebras.

Corollary 7.7 Let {1, 2, · · ·, n} = {k1, k2, · · ·, kn} and the ki are distinct. For f ∈ Cc(Rn) let

Λ̃f =
∫ ∞
−∞
· · ·
∫ ∞
−∞

f(x1, · · ·, xn)dxk1 · · · dxkn ,

an iterated integral in a different order. Then for all f ∈ Cc(Rn),

Λf = Λ̃f,

and if m̃n is the Radon measure representing Λ̃ and mn is the Radon measure representing mn, then mn =
m̃n.

Proof: Let m̃n be the Radon measure representing Λ̃. Then clearly mn = m̃n on every half open box.
By Lemma 7.6, mn = m̃n. Thus,

Λf =
∫
fdmn =

∫
fdm̃n = Λ̃f.

This Corollary 7.7 is pretty close to Fubini’s theorem for Riemann integrable functions. Now we will
generalize it considerably by allowing f to only be Borel measurable. To begin with, we consider the question
of existence of the iterated integrals for XE where E is a Borel set.
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Lemma 7.8 Let E be a Borel set and let {k1, k2, · · ·, kn} distinct integers from {1, · · ·, n} and if Qk ≡∏n
i=1(−p, p]. Then for each r = 2, · · ·, n− 1, the function,

xkr+1 →

r integrals︷ ︸︸ ︷∫
· · ·
∫
XE∩Qp (x1, · · ·, xn) dm (xk1) · · · dm (xkr ) (7.2)

is Lebesgue measurable. Thus we can add another iterated integral and write

∫ r integrals︷ ︸︸ ︷∫
· · ·
∫
XE∩Qp (x1, · · ·, xn) dm (xk1) · · · dm (xkr ) dm

(
xkr+1

)
.

Here the notation dm (xki) means we integrate the function of xki with respect to one dimensional Lebesgue
measure.

Proof: If E is an element of E , the algebra of Example 5.8, we leave the conclusion of this lemma to
the reader. If M is the collection of Borel sets such that (7.2) holds, then the dominated convergence and
monotone convergence theorems show that M is a monotone class. Therefore, M equals the Borel sets by
the monotone class theorem. This proves the lemma.

The following lemma is just a generalization of this one.

Lemma 7.9 Let f be any nonnegative Borel measurable function. Then for each r = 2, · · ·, n − 1, the
function,

xkr+1 →

r integrals︷ ︸︸ ︷∫
· · ·
∫
f (x1, · · ·, xn) dm (xk1) · · · dm (xkr ) (7.3)

is one dimensional Lebesgue measurable.

Proof: Letting p→∞ in the conclusion of Lemma 7.8 we see the conclusion of this lemma holds without
the intersection with Qp. Thus, if s is a nonnegative Borel measurable function (7.3) holds with f replaced
with s. Now let sn be an increasing sequence of nonnegative Borel measurable functions which converge
pointwise to f. Then by the monotone convergence theorem applied r times,

lim
n→∞

r integrals︷ ︸︸ ︷∫
· · ·
∫
sn (x1, · · ·, xn) dm (xk1) · · · dm (xkr )

=

r integrals︷ ︸︸ ︷∫
· · ·
∫
f (x1, · · ·, xn) dm (xk1) · · · dm (xkr )

and so we may draw the desired conclusion because the given function of xkr+1 is a limit of a sequence of
measurable functions of this variable.

To summarize this discussion, we have shown that if f is a nonnegative Borel measurable function, we
may take the iterated integrals in any order and everything which needs to be measurable in order for the
expression to make sense, is. The next lemma shows that different orders of integration in the iterated
integrals yield the same answer.

Lemma 7.10 Let E be any Borel set. Then∫
Rn

XE (x) dmn =
∫
· · ·
∫
XE (x1, · · ·, xn) dm (x1) · · · dm (xn)
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=
∫
· · ·
∫
XE (x1, · · ·, xn) dm (xk1) · · · dm (xkn) (7.4)

where {k1, · · ·, kn} = {1, · · ·, n} and everything which needs to be measurable is. Here the notation involving
the iterated integrals refers to one-dimensional Lebesgue integrals.

Proof: Let Qk = (−k, k]n and let

M≡ {Borel sets, E, such that (7.4) holds for E ∩Qk

and there are no measurability problems} .

If E is the algebra of Example 5.8, we see easily that for all such sets, A of E , (7.4) holds for A ∩Qk and so
M ⊇ E . Now the theorem on monotone classes implies M ⊇ σ (E) which, by Lemma 7.3, equals the Borel
sets. Therefore, M = Borel sets. Letting k →∞, and using the monotone convergence theorem, yields the
conclusion of the lemma.

The next theorem is referred to as Fubini’s theorem. Although a more abstract version will be presented
later, the version in the next theorem is particularly useful when dealing with Lebesgue measure.

Theorem 7.11 Let f ≥ 0 be Borel measurable. Then everything which needs to be measurable in order to
write the following formulae is measurable, and∫

Rn

f (x) dmn =
∫
· · ·
∫
f (x1, · · ·, xn) dm (x1) · · · dm (xn)

=
∫
· · ·
∫
f (x1, · · ·, xn) dm (xk1) · · · dm (xkn)

where {k1, · · ·, kn} = {1, · · ·, n}.

Proof: This follows from the previous lemma since the conclusion of this lemma holds for nonnegative
simple functions in place of XE and we may obtain f as the pointwise limit of an increasing sequence of
nonnegative simple functions. The conclusion follows from the monotone convergence theorem.

Corollary 7.12 Suppose f is complex valued and for some

{k1, · · ·, kn} = {1, · · ·, n},

it follows that ∫
· · ·
∫
|f (x1, · · ·, xn)| dm (xk1) · · · dm (xkn) <∞. (7.5)

Then f ∈ L1 (Rn,mn) and if {l1, · · ·, ln} = {1, · · ·, n}, then∫
Rn

fdmn =
∫
· · ·
∫
f (x1, · · ·, xn) dm (xl1) · · · dm (xln). (7.6)

Proof: Applying Theorem 7.11 to the positive and negative parts of the real and imaginary parts of
f, (7.5) implies all these integrals are finite and all iterated integrals taken in any order are equal for these
functions. Therefore, the definition of the integral implies (7.6) holds.
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7.3 Change of variables

In this section we show that if F ∈ L (Rn,Rn) , then mn (F (E)) = ∆Fmn (E) whenever E is Lebesgue
measurable. The constant ∆F will also be shown to be |det (F )|. In order to prove this theorem, we recall
Theorem 2.29 which is listed here for convenience.

Theorem 7.13 Let F ∈ L (Rn,Rm) where m ≥ n. Then there exists R ∈ L (Rn,Rm) and U ∈ L (Rn,Rn)
such that U = U∗, all eigenvalues of U are nonnegative,

U2 = F ∗F, R∗R = I, F = RU,

and |Rx| = |x|.

The following corollary follows as a simple consequence of this theorem.

Corollary 7.14 Let F ∈ L (Rn,Rm) and suppose n ≥ m. Then there exists a symmetric nonnegative
element of L(Rm,Rm), U, and an element of L(Rn,Rm), R, such that

F = UR, RR∗ = I.

Proof: We recall that if M,L ∈ L(Rs,Rp), then L∗∗ = L and (ML)∗ = L∗M∗. Now apply Theorem
2.29 to F ∗ ∈ L(Rm,Rn). Thus,

F ∗ = R∗U

where R∗ and U satisfy the conditions of that theorem. Then

F = UR

and RR∗ = R∗∗R∗ = I. This proves the corollary.
The next few lemmas involve the consideration of F (E) where E is a measurable set. They show that

F (E) is Lebesgue measurable. We will have occasion to establish similar theorems in other contexts later
in the book. In each case, the overall approach will be to show the mapping in question takes sets of
measure zero to sets of measure zero and then to exploit the continuity of the mapping and the regularity
and completeness of some measure to obtain the final result. The next lemma gives the first part of this
procedure here. First we give a simple definition.

Definition 7.15 Let F ∈ L (Rn,Rm) . We define ||F || ≡ max {|F (x)| : |x| ≤ 1} . This number exists because
the closed unit ball is compact.

Now we note that from this definition, if v is any nonzero vector, then

|F (v)| =
∣∣∣∣F ( v

|v|
|v|
)∣∣∣∣ = |v|F

(
v
|v|

)
≤ ||F || |v| .

Lemma 7.16 Let F ∈ L (Rn,Rn), and suppose E is a measurable set having finite measure. Then

mn (F (E)) ≤
(
2 ||F ||

√
n
)n
mn (E)

where mn (·) refers to the outer measure,

mn (S) ≡ inf {mn (E) : E ⊇ S and E is measurable} .
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Proof: Let ε > 0 be given and let E ⊆ V, an open set with mn (V ) < mn (E) + ε. Then let V = ∪∞i=1Qi
where Qi is a half open box all of whose sides have length 2−l for some l ∈ N and Qi ∩Qj = ∅ if i 6= j. Then
diam (Qi) =

√
nai where ai is the length of the sides of Qi. Thus, if yi is the center of Qi, then

B (Fyi, ||F ||diam (Qi)) ⊇ FQi.

Let Q∗i denote the cube with sides of length 2 ||F ||diam (Qi) and center at Fyi. Then

Q∗i ⊇ B (Fyi, ||F ||diam (Qi)) ⊇ FQi

and so

mn (F (E)) ≤ mn (F (V )) ≤
∞∑
i=1

(2 ||F ||diam (Qi))
n

≤
(
2 ||F ||

√
n
)n ∞∑

i=1

(mn (Qi)) =
(
2 ||F ||

√
n
)n
mn (V )

≤
(
2 ||F ||

√
n
)n (mn (E) + ε).

Since ε > 0 is arbitrary, this proves the lemma.

Lemma 7.17 If E is Lebesgue measurable, then F (E) is also Lebesgue measurable.

Proof: First note that if K is compact, F (K) is also compact and is therefore a Borel set. Also, if V is
an open set, it can be written as a countable union of compact sets, {Ki} , and so

F (V ) = ∪∞i=1F (Ki)

which shows that F (V ) is a Borel set also. Now take any Lebesgue measurable set, E, which is bounded
and use regularity of Lebesgue measure to obtain open sets, Vi, and compact sets, Ki, such that

Ki ⊆ E ⊆ Vi,

Vi ⊇ Vi+1, Ki ⊆ Ki+1, Ki ⊆ E ⊆ Vi, and mn (Vi \Ki) < 2−i. Let

Q ≡ ∩∞i=1F (Vi), P ≡ ∪∞i=1F (Ki).

Thus both Q and P are Borel sets (hence Lebesgue) measurable. Observe that

Q \ P ⊆ ∩i,j (F (Vi) \F (Kj))

⊆ ∩∞i=1F (Vi) \ F (Ki) ⊆ ∩∞i=1F (Vi \Ki)

which means, by Lemma 7.16,

mn (Q \ P ) ≤ mn (F (Vi \Ki)) ≤
(
2 ||F ||

√
n
)n 2−i

which implies Q \ P is a set of Lebesgue measure zero since i is arbitrary. Also,

P ⊆ F (E) ⊆ Q.

By completeness of Lebesgue measure, this shows F (E) is Lebesgue measurable.
If E is not bounded but is measurable, consider E ∩B (0, k). Then

F (E) = ∪∞k=1F (E ∩B (0, k))

and, thus, F (E) is measurable. This proves the lemma.
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Lemma 7.18 Let Q0 ≡ [0, 1)n and let ∆F ≡ mn (F (Q0)). Then if Q is any half open box whose sides are
of length 2−k, k ∈ N, and F is one to one, it follows

mn (FQ) = mn (Q) ∆F

and if F is not one to one we can say

mn (FQ) ≥ mn (Q) ∆F.

Proof: There are
(
2k
)n ≡ l nonintersecting half open boxes, Qi, each having measure

(
2−k

)n whose
union equals Q0. If F is one to one, translation invariance of Lebesgue measure and the assumption F is
linear imply

(
2k
)n
mn (F (Q)) =

l∑
i=1

mn (F (Qi)) =

mn

(
∪li=1F (Qi)

)
= mn (F (Q0)) = ∆F. (∗)

Therefore,

mn (F (Q)) =
(
2−k

)n
∆F = mn (Q) ∆F.

If F is not one to one, the sets F (Qi) are not necessarily disjoint and so the second equality sign in (∗)
should be ≥. This proves the lemma.

Theorem 7.19 If E is any Lebesgue measurable set, then

mn (F (E)) = ∆Fmn (E) .

If R∗R = I and R preserves distances, then

∆R = 1.

Also, if F,G ∈ L (Rn,Rn) , then

∆ (FG) = ∆F∆G. (7.7)

Proof: Let V be any open set and let {Qi} be half open disjoint boxes of the sort discussed earlier whose
union is V and suppose first that F is one to one. Then

mn (F (V )) =
∞∑
i=1

mn (F (Qi)) = ∆F
∞∑
i=1

mn (Qi) = ∆Fmn (V ). (7.8)

Now let E be an arbitrary bounded measurable set and let Vi be a decreasing sequence of open sets containing
E with

i−1 ≥ mn (Vi \ E).

Then let S ≡ ∩∞i=1F (Vi)

S \ F (E) = ∩∞i=1 (F (Vi) \ F (E)) ⊆ ∩∞i=1F (Vi \ E)

and so from Lemma 7.16,

mn (S \ F (E)) ≤ lim sup
i→∞

mn (F (Vi \ E))
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≤ lim sup
i→∞

(
2 ||F ||

√
n
)n
i−1 = 0.

Thus

mn (F (E)) = mn (S) = lim
i→∞

mn (F (Vi))

= lim
i→∞

∆Fmn (Vi) = ∆Fmn (E) . (7.9)

If E is not bounded, apply the above to E ∩B (0, k) and let k →∞.
To see the second claim of the theorem,

∆Rmn (B (0, 1)) = mn (RB (0, 1)) = mn (B (0, 1)) .

Now suppose F is not one to one. Then let {v1, · · ·,vn} be an orthonormal basis of Rn such that for
some r < n, {v1, · · ·,vr} is an orthonormal basis for F (Rn). Let Rvi ≡ ei where the ei are the standard
unit basis vectors. Then RF (Rn) ⊆ span (e1, · · ·, er) and so by what we know about the Lebesgue measure
of boxes, whose sides are parallel to the coordinate axes,

mn (RF (Q)) = 0

whenever Q is a box. Thus,

mn (RF (Q)) = ∆Rmn (F (Q)) = 0

and this shows that in the case where F is not one to one, mn (F (Q)) = 0 which shows from Lemma 7.18
that mn (F (Q)) = ∆Fmn (Q) even if F is not one to one. Therefore, (7.8) continues to hold even if F is
not one to one and this implies (7.9). (7.7) follows from this. This proves the theorem.

Lemma 7.20 Suppose U = U∗ and U has all nonnegative eigenvalues, {λi}. Then

∆U =
n∏
i=1

λi.

Proof: Suppose U0 ≡
∑n
i=1 λiei ⊗ ei. Note that

Q0 =

{
n∑
i=1

tiei : ti ∈ [0, 1)

}
.

Thus

U0 (Q0) =

{
n∑
i=1

λitiei : ti ∈ [0, 1)

}

and so

∆U0 ≡ mn (U0Q0) =
n∏
i=1

λi.

Now by linear algebra, since U = U∗,

U =
n∑
i=1

λivi ⊗ vi
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where {vi} is an orthonormal basis of eigenvectors. Define R ∈ L (Rn,Rn) such that

Rvi = ei.

Then R preserves distances and RUR∗ = U0 where U0 is given above. Therefore, if E is any measurable set,

n∏
i=1

λimn (E) = ∆U0mn (E) = mn (U0 (E)) = mn (RUR∗ (E))

= ∆R∆U∆R∗mn(E) = ∆Umn (E).

Hence
∏n
i=1 λi = ∆U as claimed. This proves the theorem.

Theorem 7.21 Let F ∈ L (Rn,Rn). Then ∆F = |det (F )|. Thus

mn (F (E)) = |det (F )|mn (E)

for all E Lebesgue measurable.

Proof: By Theorem 2.29, F = RU where R and U are described in that theorem. Then

∆F = ∆R∆U = ∆U = det (U).

Now F ∗F = U2 and so (det (U))2 = det
(
U2
)

= det (F ∗F ) = (det (F ))2. Therefore,

det (U) = |detF |

and this proves the theorem.

7.4 Polar coordinates

One of the most useful of all techniques in establishing estimates which involve integrals taken with respect
to Lebesgue measure on Rn is the technique of polar coordinates. This section presents the polar coordinate
formula. To begin with we give a general lemma.

Lemma 7.22 Let X and Y be topological spaces. Then if E is a Borel set in X and F is a Borel set in Y,
then E × F is a Borel set in X × Y .

Proof: Let E be an open set in X and let

SE≡{F Borel in Y such that E × F is Borel in X × Y } .

Then SE contains the open sets and is clearly closed with respect to countable unions. Let F ∈ SE . Then

E × FC ∪ E × F = E × Y = a Borel set.

Therefore, since E × F is Borel, it follows E × FC is Borel. Therefore, SE is a σ algebra. It follows SE =
Borel sets, and so, we have shown- open × Borel = Borel. Now let F be a fixed Borel set in Y and define

SF≡{E Borel in X such that E × F is Borel in X × Y }.

The same argument which was just used shows SF is a σ algebra containing the open sets. Therefore, SF =
the Borel sets, and this proves the lemma since F was an arbitrary Borel set.



7.4. POLAR COORDINATES 125

Now we define the unit sphere in Rn, Sn−1, by

Sn−1 ≡ {w ∈Rn : |w| = 1}.

Then Sn−1 is a compact metric space using the usual metric on Rn. We define a map

θ : Sn−1 × (0,∞)→ R
n \ {0}

by

θ (w,ρ) ≡ ρw.

It is clear that θ is one to one and onto with a continuous inverse. Therefore, if B1 is the set of Borel sets
in Sn−1 × (0,∞), and B are the Borel sets in Rn \ {0}, it follows

B = {θ (F ) : F ∈ B1}. (7.10)

Observe also that the Borel sets of Sn−1 satisfy the conditions of Lemma 5.6 with Z defined as Sn−1and
the same is true of the sets (a, b] ∩ (0,∞) where 0 ≤ a, b ≤ ∞ if Z is defined as (0,∞). By Corollary 5.7,
finite disjoint unions of sets of the form{

E × I : E is Borel in Sn−1

and I = (a, b] ∩ (0,∞) where 0 ≤ a, b ≤ ∞}

form an algebra of sets, A. It is also clear that σ (A) contains the open sets and so σ (A) = B1 because every
set in A is in B1 thanks to Lemma 7.22. Let Ar ≡ Sn−1 × (0, r] and let

M≡
{
F ∈ B1 :

∫
Rn

Xθ(F∩Ar)dmn

=
∫

(0,∞)

∫
Sn−1

Xθ(F∩Ar) (ρw) ρn−1dσdm

}
,

where for E a Borel set in Sn−1,

σ (E) ≡ nmn (θ (E × (0, 1))). (7.11)

E
0 6

θ (E × (0, 1))

Then if F ∈ A, say F = E × (a, b], we can show F ∈M. This follows easily from the observation that∫
Rn

Xθ(F )dmn =
∫
Rn

Xθ(E×(0,b]) (y) dmn −
∫
Rn

Xθ(E×(0,a]) (y) dmn

= mn (θ(E × (0, 1)) bn −mn (θ(E × (0, 1)) an = σ (E)
(bn − an)

n
,
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a consequence of the change of variables theorem applied to y =ax, and∫
(0,∞)

∫
Sn−1

Xθ(E×(a,b]) (ρw) ρn−1dσdm =
∫ b

a

∫
E

ρn−1dσdρ

= σ (E)
(bn − an)

n
.

Since it is clear that M is a monotone class, it follows from the monotone class theorem that M = B1.
Letting r →∞, we may conclude that for all F ∈ B1,∫

Rn

Xθ(F )dmn =
∫

(0,∞)

∫
Sn−1

Xθ(F ) (ρw) ρn−1dσdm.

By (7.10), if A is any Borel set in Rn, then A \ {0} = θ (F ) for some F ∈ B1. Thus∫
Rn

XAdmn =
∫
Rn

Xθ(F )dmn =

∫
(0,∞)

∫
Sn−1

Xθ(F ) (ρw) ρn−1dσdm =
∫

(0,∞)

∫
Sn−1

XA (ρw) ρn−1dσdm. (7.12)

With this preparation, it is easy to prove the main result which is the following theorem.

Theorem 7.23 Let f ≥ 0 and f is Borel measurable on Rn. Then∫
Rn

f (y) dmn =
∫

(0,∞)

∫
Sn−1

f (ρw) ρn−1dσdm (7.13)

where σ is defined by (7.11) and y =ρw, for w ∈Sn−1.

Proof: From (7.12), (7.13) holds for f replaced with a nonnegative simple function. Now the monotone
convergence theorem applied to a sequence of simple functions increasing to f yields the desired conclusion.

7.5 The Lebesgue integral and the Riemann integral

We assume the reader is familiar with the Riemann integral of a function of one variable. It is natural to ask
how this is related to the Lebesgue integral where the Lebesgue integral is taken with respect to Lebesgue
measure. The following gives the essential result.

Lemma 7.24 Suppose f is a non negative Riemann integrable function defined on [a, b] . Then X[a,b]f is
Lebesgue measurable and

∫ b
a
fdx =

∫
fX[a,b]dm where the first integral denotes the usual Riemann integral

and the second integral denotes the Lebesgue integral taken with respect to Lebesgue measure.

Proof: Since f is Riemann integral, there exist step functions, un and ln of the form
n∑
i=1

ciX[ti−1,ti) (t)

such that un ≥ f ≥ ln and ∫ b

a

undx ≥
∫ b

a

fdx ≥
∫ b

a

lndx,∣∣∣∣∣
∫ b

a

undx−
∫ b

a

lndx

∣∣∣∣∣ ≤ 1
2n
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Here
∫ b
a
undx is an upper sum and

∫ b
a
lndx is a lower sum. We also note that these step functions are Borel

measurable simple functions and so
∫ b
a
undx =

∫
undm with a similar formula holding for ln. Replacing ln with

max (l1, · · ·, ln) if necessary, we may assume that the functions, ln are increasing and similarly, we may assume
the un are decreasing. Therefore, we may define a Borel measurable function, g, by g (x) = limn→∞ ln (x)
and a Borel measurable function, h (x) by h (x) = limn→∞ un (x) . We claim that f (x) = g (x) a.e. To see
this note that h (x) ≥ f (x) ≥ g (x) for all x and by the dominated convergence theorem, we can say that

0 = lim
n→∞

∫
[a,b]

(un − vn) dm

=
∫

[a,b]

(h− g) dm

Therefore, h = g a.e. and so off a Borel set of measure zero, f = g = h. By completeness of Lebesgue
measure, it follows that f is Lebesgue measurable and that both the Lebesgue integral,

∫
[a,b]

fdm and the

Riemann integral,
∫ b
a
fdx are contained in the interval of length 2−n,[∫ b

a

lndx,

∫ b

a

undx

]

showing that these two integrals are equal.

7.6 Exercises

1. If A is the algebra of sets of Example 5.8, show σ (A), the smallest σ algebra containing the algebra,
is the Borel sets.

2. Consider the following nested sequence of compact sets, {Pn}. The set Pn consists of 2n disjoint closed
intervals contained in [0, 1]. The first interval, P1, equals [0, 1] and Pn is obtained from Pn−1 by deleting
the open interval which is the middle third of each closed interval in Pn. Let P = ∩∞n=1Pn. Show

P 6= ∅, m(P ) = 0, P ∼ [0, 1].

(There is a 1-1 onto mapping of [0, 1] to P.) The set P is called the Cantor set.

3. ↑ Consider the sequence of functions defined in the following way. We let f1 (x) = x on [0, 1]. To get
from fn to fn+1, let fn+1 = fn on all intervals where fn is constant. If fn is nonconstant on [a, b],
let fn+1(a) = fn(a), fn+1(b) = fn(b), fn+1 is piecewise linear and equal to 1

2 (fn(a) + fn(b)) on the
middle third of [a, b]. Sketch a few of these and you will see the pattern. Show

{fn} converges uniformly on [0, 1]. (a.)

If f(x) = limn→∞ fn(x), show that

f(0) = 0, f(1) = 1, f is continuous,

and

f ′(x) = 0 for all x /∈ P (b.)

where P is the Cantor set of Problem 2. This function is called the Cantor function.
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4. Suppose X,Y are two locally compact, σ compact, metric spaces. Let A be the collection of finite
disjoint unions of sets of the form E × F where E and F are Borel sets. Show that A is an algebra
and that the smallest σ algebra containing A, σ (A), contains the Borel sets of X × Y . Hint: Show
X × Y , with the usual product topology, is a σ compact metric space. Next show every open set can
be written as a countable union of compact sets. Using this, show every open set can be written as a
countable union of open sets of the form U × V where U is an open set in X and V is an open set in
Y .

5. ↑ Suppose X,Y are two locally compact, σ compact, metric spaces and let µ and ν be Radon measures
on X and Y respectively. Define for f ∈ Cc (X × Y ),

Λf ≡
∫
X

∫
Y

f (x, y) dνdµ.

Show this is well defined and is a positive linear functional on

Cc (X × Y ) .

Let (µ× ν)be the measure representing Λ. Show that for f ≥ 0, and f Borel measurable,∫
X×Y

fd (µ× ν) =
∫
X

∫
Y

f (x, y) dvdµ =
∫
Y

∫
X

f (x, y) dµdν.

Hint: First show, using the dominated convergence theorem, that if E × F is the Cartesian product
of two Borel sets each of whom have finite measure, then

(µ× ν) (E × F ) = µ (E) ν (F ) =
∫
X

∫
Y

XE×F (x, y) dµdν.

6. Let f :Rn→ R be defined by f (x) ≡
(

1 + |x|2
)k

. Find the values of k for which f is in L1 (Rn). Hint:
This is easy and reduces to a one-dimensional problem if you use the formula for integration using
polar coordinates.

7. Let B be a Borel set in Rn and let v be a nonzero vector in Rn. Suppose B has the following property.
For each x ∈ Rn, m({t : x + tv ∈ B}) = 0. Then show mn(B) = 0. Note the condition on B says
roughly that B is thin in one direction.

8. Let f (y) = X(0,1] (y) sin(1/y)√
|y|

and let g (y) = X(0,1] (y) 1√
y . For which values of x does it make sense to

write the integral
∫
R
f (x− y) g (y) dy?

9. If f : Rn → [0,∞] is Lebesgue measurable, show there exists g : Rn → [0,∞] such that g = f a.e. and
g is Borel measurable.

10. ↑ Let f ∈ L1(R), g ∈ L1(R). Whereever the integral makes sense, define

(f ∗ g)(x) ≡
∫
R

f(x− y)g(y)dy.

Show the above integral makes sense for a.e. x and that if we define f ∗ g (x) ≡ 0 at every point where
the above integral does not make sense, it follows that |(f ∗ g)(x)| <∞ a.e. and

||f ∗ g||L1 ≤ ||f ||L1 ||g||L1 . Here ||f ||L1 ≡
∫
|f |dx.

Hint: If f is Lebesgue measurable, there exists g Borel measurable with g(x) = f(x) a.e.
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11. ↑ Let f : [0,∞) → R be in L1(R,m). The Laplace transform is given by f̂(x) =
∫∞

0
e−xtf(t)dt. Let

f, g be in L1(R,m), and let h(x) =
∫ x

0
f(x− t)g(t)dt. Show h ∈ L1, and ĥ = f̂ ĝ.

12. Show limA→∞
∫ A

0
sin x
x dx = π

2 . Hint: Use 1
x =

∫∞
0
e−xtdt and Fubini’s theorem. This limit is some-

times called the Cauchy principle value. Note that the function sin (x) /x is not in L1 so we are not
finding a Lebesgue integral.

13. Let D consist of functions, g ∈ Cc (Rn) which are of the form

g (x) ≡
n∏
i=1

gi (xi)

where each gi ∈ Cc (R). Show that if f ∈ Cc (Rn) , then there exists a sequence of functions, {gk} in
D which satisfies

lim
k→∞

sup {|f (x)− gk (x)| : x ∈ Rn} = 0. (*)

Now for g ∈ D given as above, let

Λ0 (g) ≡
∫
· · ·
∫ n∏

i=1

gi (xi) dm (x1) · · · dm (xn),

and define, for arbitrary f ∈ Cc (Rn) ,

Λf ≡ lim
k→∞

Λ0gk

where * holds. Show this is a well-defined positive linear functional which yields Lebesgue measure.
Establish all theorems in this chapter using this as a basis for the definition of Lebesgue measure. Note
this approach is arguably less fussy than the presentation in the chapter. Hint: You might want to
use the Stone Weierstrass theorem.

14. If f : Rn → [0,∞] is Lebesgue measurable, show there exists g : Rn → [0,∞] such that g = f a.e. and
g is Borel measurable.

15. Let E be countable subset of R. Show m(E) = 0. Hint: Let the set be {ei}∞i=1 and let ei be the center
of an open interval of length ε/2i.

16. ↑ If S is an uncountable set of irrational numbers, is it necessary that S has a rational number as a
limit point? Hint: Consider the proof of Problem 15 when applied to the rational numbers. (This
problem was shown to me by Lee Earlbach.)
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Product Measure

There is a general procedure for constructing a measure space on a σ algebra of subsets of the Cartesian
product of two given measure spaces. This leads naturally to a discussion of iterated integrals. In calculus,
we learn how to obtain multiple integrals by evaluation of iterated integrals. We are asked to believe that
the iterated integrals taken in the different orders give the same answer. The following simple example shows
that sometimes when iterated integrals are performed in different orders, the results differ.

Example 8.1 Let 0 < δ1 < δ2 < · · · < δn · ·· < 1, limn→∞ δn = 1. Let gn be a real continuous function with
gn = 0 outside of (δn, δn+1) and

∫ 1

0
gn(x)dx = 1 for all n. Define

f(x, y) =
∞∑
n=1

(gn(x)− gn+1(x))gn(y).

Then you can show the following:
a.) f is continuous on [0, 1)× [0, 1)
b.)

∫ 1

0

∫ 1

0
f(x, y)dydx = 1 ,

∫ 1

0

∫ 1

0
f(x, y)dxdy = 0.

Nevertheless, it is often the case that the iterated integrals are equal and give the value of an appropriate
multiple integral. The best theorems of this sort are to be found in the theory of Lebesgue integration and
this is what will be discussed in this chapter.

Definition 8.2 A measure space (X,F, µ) is said to be σ finite if

X = ∪∞n=1Xn, Xn ∈ F, µ(Xn) <∞.

In the rest of this chapter, unless otherwise stated, (X,S, µ) and (Y,F, λ) will be two σ finite measure
spaces. Note that a Radon measure on a σ compact, locally compact space gives an example of a σ finite
space. In particular, Lebesgue measure is σ finite.

Definition 8.3 A measurable rectangle is a set A × B ⊆ X × Y where A ∈ S, B ∈ F. An elementary set
will be any subset of X × Y which is a finite union of disjoint measurable rectangles. S × F will denote the
smallest σ algebra of sets in P(X × Y ) containing all elementary sets.

Example 8.4 It follows from Lemma 5.6 or more easily from Corollary 5.7 that the elementary sets form
an algebra.

Definition 8.5 Let E ⊆ X × Y,

Ex = {y ∈ Y : (x, y) ∈ E},

Ey = {x ∈ X : (x, y) ∈ E}.

These are called the x and y sections.
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x
X

Y

Ex

Theorem 8.6 If E ∈ S × F, then Ex ∈ F and Ey ∈ S for all x ∈ X and y ∈ Y .

Proof: Let

M = {E ⊆ S × F such that Ex ∈ F,

Ey ∈ S for all x ∈ X and y ∈ Y.}

Then M contains all measurable rectangles. If Ei ∈M,

(∪∞i=1Ei)x = ∪∞i=1(Ei)x ∈ F.

Similarly, (∪∞i=1Ei)
y ∈ S.M is thus closed under countable unions. If E ∈M,(

EC
)
x

= (Ex)C ∈ F.

Similarly,
(
EC
)y ∈ S. ThusM is closed under complementation. ThereforeM is a σ-algebra containing the

elementary sets. Hence, M⊇ S ×F. But M⊆ S ×F. Therefore M = S × F and the theorem is proved.
It follows from Lemma 5.6 that the elementary sets form an algebra because clearly the intersection of

two measurable rectangles is a measurable rectangle and

(A×B) \ (A0 ×B0) = (A \A0)×B ∪ (A ∩A0)× (B \B0),

an elementary set. We use this in the next theorem.

Theorem 8.7 If (X,S, µ) and (Y,F, λ) are both finite measure spaces (µ(X), λ(Y ) < ∞), then for every
E ∈ S × F,

a.) x→ λ(Ex) is µ measurable, y → µ(Ey) is λ measurable
b.)

∫
X
λ(Ex)dµ =

∫
Y
µ(Ey)dλ.

Proof: Let M = {E ∈ S × F such that both a.) and b.) hold}. Since µ and λ are both finite, the
monotone convergence and dominated convergence theorems imply thatM is a monotone class. ClearlyM
contains the algebra of elementary sets. By the monotone class theorem, M⊇ S ×F.

Theorem 8.8 If (X,S, µ) and (Y,F, λ) are both σ-finite measure spaces, then for every E ∈ S × F,
a.) x→ λ(Ex) is µ measurable, y → µ(Ey) is λ measurable.
b.)

∫
X
λ(Ex)dµ =

∫
Y
µ(Ey)dλ.

Proof: Let X = ∪∞n=1Xn, Y = ∪∞n=1Yn where,

Xn ⊆ Xn+1, Yn ⊆ Yn+1, µ (Xn) <∞, λ(Yn) <∞.
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Let

Sn = {A ∩Xn : A ∈ S}, Fn = {B ∩ Yn : B ∈ F}.

Thus (Xn,Sn, µ) and (Yn,Fn, λ) are both finite measure spaces.
Claim: If E ∈ S × F, then E ∩ (Xn × Yn) ∈ Sn ×Fn.
Proof: Let Mn = {E ∈ S × F : E ∩ (Xn × Yn) ∈ Sn ×Fn}. Clearly Mn contains the algebra of ele-

mentary sets. It is also clear that Mn is a monotone class. Thus Mn = S × F.
Now let E ∈ S × F. By Theorem 8.7,∫

Xn

λ((E ∩ (Xn × Yn))x)dµ =
∫
Yn

µ((E ∩ (Xn × Yn))y)dλ (8.1)

where the integrands are measurable. Now

(E ∩ (Xn × Yn))x = ∅

if x /∈ Xn and a similar observation holds for the second integrand in (8.1). Therefore,∫
X

λ((E ∩ (Xn × Yn))x)dµ =
∫
Y

µ((E ∩ (Xn × Yn))y)dλ.

Then letting n→∞, we use the monotone convergence theorem to get b.). The measurability assertions of
a.) are valid because the limit of a sequence of measurable functions is measurable.

Definition 8.9 For E ∈ S × F and (X,S, µ), (Y,F, λ) σ-finite, (µ× λ)(E) ≡
∫
X
λ(Ex)dµ =

∫
Y
µ(Ey)dλ.

This definition is well defined because of Theorem 8.8. We also have the following theorem.

Theorem 8.10 If A ∈ S, B ∈ F, then (µ×λ)(A×B) = µ(A)λ(B), and µ×λ is a measure on S × F called
product measure.

The proof of Theorem 8.10 is obvious and is left to the reader. Use the Monotone Convergence theorem.
The next theorem is one of several theorems due to Fubini and Tonelli. These theorems all have to do with
interchanging the order of integration in a multiple integral. The main ideas are illustrated by the next
theorem which is often referred to as Fubini’s theorem.

Theorem 8.11 Let f : X × Y → [0,∞] be measurable with respect to S × F and suppose µ and λ are
σ-finite. Then ∫

X×Y
fd(µ× λ) =

∫
X

∫
Y

f(x, y)dλdµ =
∫
Y

∫
X

f(x, y)dµdλ (8.2)

and all integrals make sense.

Proof: For E ∈ S × F, we note∫
Y

XE(x, y)dλ = λ(Ex),
∫
X

XE(x, y)dµ = µ(Ey).

Thus from Definition 8.9, (8.2) holds if f = XE . It follows that (8.2) holds for every nonnegative sim-
ple function. By Theorem 5.31, there exists an increasing sequence, {fn}, of simple functions converging
pointwise to f . Then ∫

Y

f(x, y)dλ = lim
n→∞

∫
Y

fn(x, y)dλ,
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X

f(x, y)dµ = lim
n→∞

∫
X

fn(x, y)dµ.

This follows from the monotone convergence theorem. Since

x→
∫
Y

fn(x, y)dλ

is measurable with respect to S, it follows that x →
∫
Y
f(x, y)dλ is also measurable with respect to S. A

similar conclusion can be drawn about y →
∫
X
f(x, y)dµ. Thus the two iterated integrals make sense. Since

(8.2) holds for fn, another application of the Monotone Convergence theorem shows (8.2) holds for f . This
proves the theorem.

Corollary 8.12 Let f : X×Y → C be S × F measurable. Suppose either
∫
X

∫
Y
|f | dλdµ or

∫
Y

∫
X
|f | dµdλ <

∞. Then f ∈ L1(X × Y, µ× λ) and∫
X×Y

fd(µ× λ) =
∫
X

∫
Y

fdλdµ =
∫
Y

∫
X

fdµdλ (8.3)

with all integrals making sense.

Proof : Suppose first that f is real-valued. Apply Theorem 8.11 to f+and f−. (8.3) follows from
observing that f = f+ − f−; and that all integrals are finite. If f is complex valued, consider real and
imaginary parts. This proves the corollary.

How can we tell if f is S × F measurable? The following theorem gives a convenient way for many
examples.

Theorem 8.13 If X and Y are topological spaces having a countable basis of open sets and if S and F both
contain the open sets, then S × F contains the Borel sets.

Proof: We need to show S × F contains the open sets in X × Y . If B is a countable basis for the
topology of X and if C is a countable basis for the topology of Y , then

{B × C : B ∈ B, C ∈ C}

is a countable basis for the topology of X×Y . (Remember a basis for the topology of X×Y is the collection
of sets of the form U × V where U is open in X and V is open in Y .) Thus every open set is a countable
union of sets B × C where B ∈ B and C ∈ C. Since B × C is a measurable rectangle, it follows that every
open set in X × Y is in S × F. This proves the theorem.

The importance of this theorem is that we can use it to assert that a function is product measurable if
it is Borel measurable. For an example of how this can sometimes be done, see Problem 5 in this chapter.

Theorem 8.14 Suppose S and F are Borel, µ and λ are regular on S and F respectively, and S × F is
Borel. Then µ × λ is regular on S × F. (Recall Theorem 8.13 for a sufficient condition for S × F to be
Borel.)

Proof: Let µ(Xn) <∞, λ(Yn) <∞, and Xn ↑ X,Yn ↑ Y . Let Rn = Xn × Yn and define

Gn = {S ∈ S × F : µ× λ is regular on S ∩Rn}.

By this we mean that for S ∈ Gn

(µ× λ)(S ∩Rn) = inf{(µ× λ)(V ) : V is open and V ⊇ S ∩Rn}
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and

(µ× λ)(S ∩Rn) =

sup{(µ× λ)(K) : K is compact and K ⊆ S ∩Rn}.

If P ×Q is a measurable rectangle, then

(P ×Q) ∩Rn = (P ∩Xn)× (Q ∩ Yn).

Let Kx ⊆ (P ∩Xn) and Ky ⊆ (Q ∩ Yn) be such that

µ(Kx) + ε > µ(P ∩Xn)

and

λ(Ky) + ε > λ(Q ∩ Yn).

By Theorem 3.30 Kx ×Ky is compact and from the definition of product measure,

(µ× λ)(Kx ×Ky) = µ(Kx)λ(Ky)

≥ µ(P ∩Xn)λ(Q ∩ Yn)− ε(λ(Q ∩ Yn) + µ(P ∩Xn)) + ε2.

Since ε is arbitrary, this verifies that (µ × λ) is inner regular on S ∩ Rn whenever S is an elementary set.
Similarly, (µ×λ) is outer regular on S∩Rn whenever S is an elementary set. Thus Gn contains the elementary
sets.

Next we show that Gn is a monotone class. If Sk ↓ S and Sk ∈ Gn, let Kk be a compact subset of Sk ∩Rn
with

(µ× λ)(Kk) + ε2−k > (µ× λ)(Sk ∩Rn).

Let K = ∩∞k=1Kk. Then

S ∩Rn \K ⊆ ∪∞k=1(Sk ∩Rn \Kk).

Therefore

(µ× λ)(S ∩Rn \K) ≤
∞∑
k=1

(µ× λ)(Sk ∩Rn \Kk)

≤
∞∑
k=1

ε2−k = ε.

Now let Vk ⊇ Sk ∩Rn, Vk is open and

(µ× λ)(Sk ∩Rn) + ε > (µ× λ)(Vk).

Let k be large enough that

(µ× λ)(Sk ∩Rn)− ε < (µ× λ)(S ∩Rn).

Then (µ×λ)(S ∩Rn) + 2ε > (µ×λ)(Vk). This shows Gn is closed with respect to intersections of decreasing
sequences of its elements. The consideration of increasing sequences is similar. By the monotone class
theorem, Gn = S × F.
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Now let S ∈ S × F and let l < (µ × λ)(S). Then l < (µ × λ)(S ∩ Rn) for some n. It follows from the
first part of this proof that there exists a compact subset of S ∩Rn,K, such that (µ× λ)(K) > l. It follows
that (µ× λ) is inner regular on S × F. To verify that the product measure is outer regular on S × F, let Vn
be an open set such that

Vn ⊇ S ∩Rn, (µ× λ)(Vn \ (S ∩Rn)) < ε2−n.

Let V = ∪∞n=1Vn. Then V ⊇ S and

V \ S ⊆ ∪∞n=1Vn \ (S ∩Rn).

Thus,

(µ× λ)(V \ S) ≤
∞∑
n=1

ε2−n = ε

and so

(µ× λ)(V ) ≤ ε+ (µ× λ)(S).

This proves the theorem.

8.1 Measures on infinite products

It is important in some applications to consider measures on infinite, even uncountably many products.
In order to accomplish this, we first give a simple and fundamental theorem of Caratheodory called the
Caratheodory extension theorem.

Definition 8.15 Let E be an algebra of sets of Ω and let µ0 be a finite measure on E. By this we mean
that µ0 is finitely additive and if Ei, E are sets of E with the Ei disjoint and

E = ∪∞i=1Ei,

then

µ0 (E) =
∞∑
i=1

µ (Ei)

while µ0 (Ω) <∞.

In this definition, µ0 is trying to be a measure and acts like one whenever possible. Under these conditions,
we can show that µ0 can be extended uniquely to a complete measure, µ, defined on a σ algebra of sets
containing E and such that µ agrees with µ0 on E . We will prove the following important theorem which is
the main result in this section.

Theorem 8.16 Let µ0 be a measure on an algebra of sets, E, which satisfies µ0 (Ω) <∞. Then there exists
a complete measure space (Ω,S, µ) such that

µ (E) = µ0 (E)

for all E ∈ E. Also if ν is any such measure which agrees with µ0 on E, then ν = µ on σ (E) , the σ algebra
generated by E.
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Proof: We define an outer measure as follows.

µ (S) ≡ inf

{ ∞∑
i=1

µ0 (Ei) : S ⊆ ∪∞i=1Ei, Ei ∈ E

}

Claim 1: µ is an outer measure.
Proof of Claim 1: Let S ⊆ ∪∞i=1Si and let Si ⊆ ∪∞j=1Eij , where

µ (Si) +
ε

2i
≥
∞∑
j=1

µ (Eij) .

Then

µ (S) ≤
∑
i

∑
j

µ (Eij) =
∑
i

(
µ (Si) +

ε

2i
)

=
∑
i

µ (Si) + ε.

Since ε is arbitrary, this shows µ is an outer measure as claimed.
By the Caratheodory procedure, there exists a unique σ algebra, S, consisting of the µ measurable sets

such that

(Ω,S, µ)

is a complete measure space. It remains to show µ extends µ0.
Claim 2: If S is the σ algebra of µ measurable sets, S ⊇ E and µ = µ0 on E .
Proof of Claim 2: First we observe that if A ∈ E , then µ (A) ≤ µ0 (A) by definition. Letting

µ (A) + ε >
∞∑
i=1

µ0 (Ei) , ∪∞i=1Ei⊇A,

it follows

µ (A) + ε >
∞∑
i=1

µ0 (Ei ∩A) ≥ µ0 (A)

since A = ∪∞i=1Ei ∩A. Therefore, µ = µ0 on E .
Next we need show E ⊆ S. Let A ∈ E and let S ⊆ Ω be any set. There exist sets {Ei} ⊆ E such that

∪∞i=1Ei ⊇ S but

µ (S) + ε >

∞∑
i=1

µ (Ei) .

Then

µ (S) ≤ µ (S ∩A) + µ (S \A)

≤ µ (∪∞i=1Ei \A) + µ (∪∞i=1 (Ei ∩A))

≤
∞∑
i=1

µ (Ei\A) +
∞∑
i=1

µ (Ei ∩A) =
∞∑
i=1

µ (Ei) < µ (S) + ε.

Since ε is arbitrary, this shows A ∈ S.
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With these two claims, we have established the existence part of the theorem. To verify uniqueness, Let

M≡ {E ∈ σ (E) : µ (E) = ν (E)} .

Then M is given to contain E and is obviously a monotone class. Therefore by the theorem on monotone
classes, M = σ (E) and this proves the lemma.

With this result we are ready to consider the Kolmogorov theorem about measures on infinite product
spaces. One can consider product measure for infinitely many factors. The Caratheodory extension theorem
above implies an important theorem due to Kolmogorov which we will use to give an interesting application
of the individual ergodic theorem. The situation involves a probability space, (Ω,S, P ), an index set, I
possibly infinite, even uncountably infinite, and measurable functions, {Xt}t∈I , Xt : Ω → R. These
measurable functions are called random variables in this context. It is convenient to consider the topological
space

[−∞,∞]I ≡
∏
t∈I

[−∞,∞]

with the product topology where a subbasis for the topology of [−∞,∞] consists of sets of the form [−∞, b)
and (a,∞] where a, b ∈ R. Thus [−∞,∞] is a compact set with respect to this topology and by Tychonoff’s
theorem, so is [−∞,∞]I .

Let J ⊆ I. Then if E ≡
∏
t∈I Et, we define

γJE ≡
∏
t∈I

Ft

where

Ft =
{
Et if t ∈ J
[−∞,∞] if t /∈ J

Thus γJE leaves alone Et for t ∈ J and changes the other Et into [−∞,∞] . Also we define for J a finite
subset of I,

πJx ≡
∏
t∈J

xt

so πJ is a continuous mapping from [−∞,∞]I to [−∞,∞]J .

πJE ≡
∏
t∈J

Et.

Note that for J a finite subset of I, ∏
t∈J

[−∞,∞] = [−∞,∞]J

is a compact metric space with respect to the metric,

d (x,y) = max {dt (xt, yt) : t ∈ J} ,

where

dt (x, y) ≡ |arctan (x)− arctan (y)| , for x, y ∈ [−∞,∞] .
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We leave this assertion as an exercise for the reader. You can show that this is a metric and that the metric
just described delivers the usual product topology which will prove the assertion. Now we define for J a
finite subset of I,

RJ ≡

{
E =

∏
t∈I

Et : γJE = E, Et a Borel set in [−∞,∞]J
}

R ≡ ∪{RJ : J ⊆ I, and J finite}

Thus R consists of those sets of [−∞,∞]I for which every slot is filled with [−∞,∞] except for a finite set,
J ⊆ I where the slots are filled with a Borel set, Et. We define E as finite disjoint unions of sets of R. In
fact E is an algebra of sets.

Lemma 8.17 The sets, E defined above form an algebra of sets of

[−∞,∞]I .

Proof: Clearly ∅ and [−∞,∞]I are both in E . Suppose A,B ∈ R. Then for some finite set, J,

γJA = A, γJB = B.

Then

γJ (A \B) = A \B ∈ E ,γJ (A ∩B) = A ∩B ∈ R.

By Lemma 5.6 this shows E is an algebra.
Let XJ = (Xt1 , · · ·, Xtm) where {t1, · · ·, tm} = J. We may define a Radon probability measure, λXJ

on
a σ algebra of sets of [−∞,∞]J as follows. For E a Borel set in [−∞,∞]J ,

λ̂XJ
(E) ≡ P ({ω : XJ (ω) ∈ E}).

(Remember the random variables have values in R so they do not take the value ±∞.) Now since λ̂XJ
is

a probability measure, it is certainly finite on the compact sets of [−∞,∞]J . Also note that if B denotes
the Borel sets of [−∞,∞]J , then B ≡

{
E ∩ (−∞,∞) : E ∈ B

}
is a σ algebra of sets of (−∞,∞)J which

contains the open sets. Therefore, B contains the Borel sets of (−∞,∞)J and so we can apply Theorem 6.23
to conclude there is a unique Radon measure extending λ̂XJ

which will be denoted as λX.
For E ∈ R, with γJE = E we define

λJ (E) ≡ λXJ
(πJE)

Theorem 8.18 (Kolmogorov) There exists a complete probability measure space,(
[−∞,∞]I ,S, λ

)
such that if E ∈ R and γJE = E,

λ (E) = λJ (E) .

The measure is unique on σ (E) , the smallest σ algebra containing E . If A ⊆ [−∞,∞]I is a set having
measure 1, then

λJ (πJA) = 1

for every finite J ⊆ I.
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Proof: We first describe a measure, λ0 on E and then extend this measure using the Caratheodory
extension theorem. If E ∈ R is such that γJ (E) = E, then λ0 is defined as

λ0 (E) ≡ λJ (E) .

Note that if J ⊆ J1 and γJ (E) = E and γJ1
(E) = E, then λJ (E) = λJ1 (E) because

X−1
J1

(πJ1E) = X−1
J1

πJE∩
∏
J1\J

[−∞,∞]

 = X−1
J (πJE) .

Therefore λ0 is finitely additive on E and is well defined. We need to verify that λ0 is actually a measure on
E . Let An ↓ ∅ where An ∈ E and γJn (An) = An. We need to show that

λ0 (An) ↓ 0.

Suppose to the contrary that

λ0 (An) ↓ ε > 0.

By regularity of the Radon measure, λXJn
, there exists a compact set,

Kn ⊆ πJn An

such that

λXJn
((πJnAn) \Kn) <

ε

2n+1
. (8.4)

Claim: We can assume Hn ≡ π−1
Jn

Kn is in E in addition to (8.4).
Proof of the claim: Since An ∈ E , we know An is a finite disjoint union of sets of R. Therefore, it

suffices to verify the claim under the assumption that An ∈ R. Suppose then that

πJn (An) =
∏
t∈Jn

Et

where the Et are Borel sets. Let Kt be defined by

Kt ≡

xt : for some y =
∏

s 6=t,s∈Jn

ys, xt × y ∈ Kn

 .

Then using the compactness of Kn, it is easy to see that Kt is a closed subset of [−∞,∞] and is therefore,
compact. Now let

K′n ≡
∏
t∈Jn

Kt.

It follows K′n ⊇ Kn is a compact subset of
∏
t∈Jn Et = πJnAn and π−1

Jn
K′n ∈ R ⊆ E . It follows we could

have picked K′n. This proves the claim.
Let Hn ≡ π−1

Jn
(Kn) . By the Tychonoff theorem, Hn is compact in [−∞,∞]I because it is a closed subset

of [−∞,∞]I , a compact space. (Recall that πJ is continuous.) Also Hn is a set of E . Thus,

λ0 (An \Hn) = λXJn
((πJnAn) \Kn) <

ε

2n+1
.
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It follows {Hn} has the finite intersection property for if ∩mk=1Hk = ∅, then

ε ≤ λ0 (Am \ ∩mk=1Hk) ≤
m∑
k=1

λ0 (Ak \Hk) <
∞∑
k=1

ε

2k+1
=
ε

2
,

a contradiction. Now since these sets have the finite intersection property, it follows

∩∞k=1Ak ⊇ ∩∞k=1Hk 6= ∅,

a contradiction.
Now we show this implies λ0 is a measure. If {Ei} are disjoint sets of E with

E = ∪∞i=1Ei, E,Ei ∈ E ,

then E \ ∪ni=1Ei decreases to the empty set and so

λ0 (E \ ∪ni=1Ei) = λ0 (E)−
n∑
i=1

λ0 (Ei)→ 0.

Thus λ0 (E) =
∑∞
k=1 λ0 (Ek) . Now an application of the Caratheodory extension theorem proves the main

part of the theorem. It remains to verify the last assertion.
To verify this assertion, let A be a set of measure 1. We note that π−1

J (πJA) ⊇ A, γJ
(
π−1
J (πJA)

)
=

π−1
J (πJA) , and πJ

(
π−1
J (πJA)

)
= πJA. Therefore,

1 = λ (A) ≤ λ
(
π−1
J (πJA)

)
= λJ

(
πJ
(
π−1
J (πJA)

))
= λJ (πJA) ≤ 1.

This proves the theorem.

8.2 A strong ergodic theorem

Here we give an application of the individual ergodic theorem, Theorem 5.51. Let Z denote the integers and
let {Xn}n∈Z be a sequence of real valued random variables defined on a probability space, (Ω,F , P ). Let
T : [−∞,∞]Z → [−∞,∞]Z be defined by

T (x)n = xn+1, where x =
∏
n∈Z

{xn}

Thus T slides the sequence to the left one slot. By the Kolmogorov theorem there exists a unique measure, λ
defined on σ (E) the smallest σ algebra of sets of [−∞,∞]Z, which contains E , the algebra of sets described in
the proof of Kolmogorov’s theorem. We give conditions next which imply that the mapping, T, just defined
satisfies the conditions of Theorem 5.51.

Definition 8.19 We say the sequence of random variables, {Xn}n∈Z is stationary if

λ(Xn,···,Xn+p) = λ(X0,···,Xp)

for every n ∈ Z and p ≥ 0.

Theorem 8.20 Let {Xn} be stationary and let T be the shift operator just described. Also let λ be the
measure of the Kolmogorov existence theorem defined on σ (E), the smallest σ algebra of sets of [−∞,∞]Z

containing E . Then T is one to one and

T−1A, TA ∈ σ (E) whenever A ∈ σ (E)

λ (TA) = λ
(
T−1A

)
= λ (A) for all A ∈ σ (E)

and T is ergodic.
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Proof: It is obvious that T is one to one. We need to show T and T−1 map σ (E) to σ (E). It is clear
both these maps take E to E . Let F ≡

{
E ∈ σ (E) : T−1 (E) ∈ σ (E)

}
then F is a σ algebra and so it equals

σ (E) . If E ∈ R with γJE = E, and J = {n, n+ 1, · · ·, n+ p} , then

πJE =
n+p∏
j=n

Ej , Ek = [−∞,∞] , k /∈ J.

Then

TE = F =
∏
n∈Z

Fn

where Fk−1 = Ek. Therefore,

λ (E) = λ(Xn,···,Xn+p) (En × · · · × En+p) ,

and

λ (TE) = λ(Xn−1,···,Xn+p−1) (En × · · · × En+p) .

By the assumption these random variables are stationary, λ (TE) = λ (E) . A similar assertion holds for T−1.
It follows by a monotone class argument that this holds for all E ∈ σ (E) . It is routine to verify T is ergodic.
This proves the theorem.

Next we give an interesting lemma which we use in what follows.

Lemma 8.21 In the context of Theorem 8.20 suppose A ∈ σ (E) and λ (A) = 1. Then there exists Σ ∈ F
such that P (Σ) = 1 and

Σ=

{
ω ∈ Ω :

∞∏
k=−∞

Xk (ω) ∈ A

}

Proof: Let Jn ≡ {−n, · · ·, n} and let Σn ≡ {ω : XJn (ω) ∈ πJn (A)} . Here

XJn (ω) ≡ (X−n (ω) , · · ·, Xn (ω)) .

Then from the definition of πJn , we see that

A = ∩∞n=1π
−1
Jn

(πJnA)

and the sets, π−1
Jn

(πJnA) are decreasing in n. Let Σ ≡ ∩nΣn. Then if ω ∈ Σ,

n∏
k=−n

Xk (ω) ∈ πJnA

for all n and so for each n, we have

∞∏
k=−∞

Xk (ω) ∈ π−1
Jn

(πJnA)

and consequently,

∞∏
k=−∞

Xk (ω) ∈ ∩nπ−1
Jn

(πJnA) = A
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showing that

Σ ⊆

{
ω ∈ Ω :

∞∏
k=−∞

Xk (ω) ∈ A

}

Now suppose
∏∞
k=−∞Xk (ω) ∈ A. We need to verify that ω ∈ Σ. We know

n∏
k=−n

Xk (ω) ∈ πJnA

for each n and so ω ∈ Σn for each n. Therefore, ω ∈ ∩∞n=1Σn. This proves the lemma.
The following theorem is the main result.

Theorem 8.22 Let {Xi}i∈Z be stationary and let J = {0, · · ·, p}. Then if f ◦ πJ is a function in L1 (λ) , it
follows that

lim
k→∞

1
k

k∑
i=1

f (Xn+i−1 (ω) , · · ·, Xn+p+i−1 (ω)) = m

in L1 (P ) where

m ≡
∫
f (X0, · · ·, Xp) dP

and for a.e. ω ∈ Ω.

Proof: Let f ∈ L1 (λ) where f is σ (E) measurable. Then by Theorem 5.51 it follows that

1
n
Snf ≡

1
n

n∑
k=1

f
(
T k−1 (·)

)
→
∫
f (x) dλ ≡ m

pointwise λ a.e. and in L1 (λ) .
Now suppose f is of the form, f (x) = f (πJ (x)) where J is a finite subset of Z,

J = {n, n+ 1, · · ·, n+ p} .

Thus,

m =
∫
f (πJx) dλ(Xn,···,Xn+p) =

∫
f (Xn, · · ·, Xn+p) dP.

(To verify the equality between the two integrals, verify for simple functions and then take limits.) Now

1
k
Skf (x) =

1
k

k∑
i=1

f
(
T i−1 (x)

)
=

1
k

k∑
i=1

f
(
πJ
(
T i−1 (x)

))
=

1
k

k∑
i=1

f (xn+i−1, · · ·, xn+p+i−1) .
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Also, by the assumption that the sequence of random variables is stationary,∫
Ω

∣∣∣∣1kSkf (Xn (ω) , · · ·, Xn+p (ω))−m
∣∣∣∣ dP =

∫
Ω

∣∣∣∣∣1k
k∑
i=1

f (Xn+i−1 (ω) , · · ·, Xn+p+i−1 (ω))−m

∣∣∣∣∣ dP =

∫
RJ

∣∣∣∣∣1k
k∑
i=1

f (xn+i−1, · · ·, xn+p+i−1)−m

∣∣∣∣∣ dλ(Xn,···,Xn+p) =

=
∫ ∣∣∣∣1kSkf (πJ (·))−m

∣∣∣∣ dλ =
∫ ∣∣∣∣1kSkf (·)−m

∣∣∣∣ dλ
and this last expression converges to 0 as k →∞ from the above.

By the individual ergodic theorem, we know that

1
k
Skf (x)→ m

pointwise a.e. with respect to λ, say for x ∈ A where λ (A) = 1. Now by Lemma 8.21, there exists a set of
measure 1 in F , Σ, such that for all ω ∈ Σ,

∏∞
k=−∞Xk (ω) ∈ A. Therefore, for such ω,

1
k
Skf (πJ (X (ω))) =

1
k

k∑
i=1

f (Xn+i−1 (ω) , · · ·, Xn+p+i−1 (ω))

converges to m. This proves the theorem.
An important example of a situation in which the random variables are stationary is the case when they

are identically distributed and independent.

Definition 8.23 We say the random variables, {Xj}∞j=−∞ are independent if whenever J = {i1, · · ·, im} is
a finite subset of I, and

{
Eij
}m
j=1

are Borel sets in [−∞,∞] ,

λXJ

 m∏
j=1

Eij

 =
n∏
j=1

λXij
(
Eij
)
.

We say the random variables, {Xj}∞j=−∞ are identically distributed if whenever i, j ∈ Z and E ⊆ [−∞,∞]
is a Borel set,

λXi (E) = λXj (E) .

As a routine lemma we obtain the following.

Lemma 8.24 Suppose {Xj}∞j=−∞ are independent and identically distributed. Then {Xj}∞j=−∞ are station-
ary.

The following corollary is called the strong law of large numbers.
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Corollary 8.25 Suppose {Xj}∞j=−∞ are independent and identically distributed random variables which are
in L1 (Ω, P ). Then

lim
k→∞

1
k

k∑
i=1

Xi−1 (·) = m ≡
∫
R

X0 (ω) dP (8.5)

a.e. and in L1 (P ) .

Proof: Let

f (x) = f (π0 (x)) = x0

so f (x) = π0 (x) . ∫
|f (x)| dλ =

∫
R

|x| dλX0 =
∫
R

|X0 (ω)| dP <∞.

Therefore, from the above strong ergodic theorem, we obtain (8.5).

8.3 Exercises

1. Let A be an algebra of sets in P(Z) and suppose µ and ν are two finite measures on σ(A), the
σ-algebra generated by A. Show that if µ = ν on A, then µ = ν on σ(A).

2. ↑ Extend Problem 1 to the case where µ, ν are σ finite with

Z = ∪∞n=1Zn, Zn ∈ A

and µ(Zn) <∞.

3. Show limA→∞
∫ A

0
sin x
x dx = π

2 . Hint: Use 1
x =

∫∞
0
e−xtdt and Fubini’s theorem. This limit is some-

times called the Cauchy principle value. Note that the function sin (x) /x is not in L1 so we are not
finding a Lebesgue integral.

4. Suppose g : Rn → R has the property that g is continuous in each variable. Can we conclude that g is
continuous? Hint: Consider

g (x, y) ≡
{ xy

x2+y2 if (x, y) 6= (0, 0) ,
0 if (x, y) = (0, 0) .

5. Suppose g : Rn → R is continuous in every variable. Show that g is the pointwise limit of some
sequence of continuous functions. Conclude that if g is continuous in each variable, then g is Borel
measurable. Give an example of a Borel measurable function on Rn which is not continuous in each
variable. Hint: In the case of n = 2 let

ai ≡
i

n
, i ∈ Z

and for (x, y) ∈ [ai−1, ai)× R, we let

gn (x, y) ≡ ai − x
ai − ai−1

g (ai−1, y) +
x− ai−1

ai − ai−1
g (ai, y).

Show gn converges to g and is continuous. Now use induction to verify the general result.
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6. Show (R2,m ×m,S × S) where S is the set of Lebesgue measurable sets is not a complete measure
space. Show there exists A ∈ S × S and E ⊆ A such that (m×m)(A) = 0, but E /∈ S × S.

7. Recall that for

E ∈ S × F, (µ× λ)(E) =
∫
X

λ(Ex)dµ =
∫
Y

µ(Ey)dλ.

Why is µ× λ a measure on S × F?

8. Suppose G (x) = G (a)+
∫ x
a
g (t) dt where g ∈ L1 and suppose F (x) = F (a)+

∫ x
a
f (t) dt where f ∈ L1.

Show the usual formula for integration by parts holds,∫ b

a

fGdx = FG|ba −
∫ b

a

Fgdx.

Hint: You might try replacing G (x) with G (a) +
∫ x
a
g (t) dt in the first integral on the left and then

using Fubini’s theorem.

9. Let f : Ω→ [0,∞) be measurable where (Ω,S, µ) is a σ finite measure space. Let φ : [0,∞)→ [0,∞)
satisfy: φ is increasing. Show∫

X

φ(f(x))dµ =
∫ ∞

0

φ′(t)µ(x : f(x) > t)dt.

The function t→ µ(x : f(x) > t) is called the distribution function. Hint:∫
X

φ(f(x))dµ =
∫
X

∫
R

X[0,f(x))φ
′(t)dtdx.

Now try to use Fubini’s theorem. Be sure to check that everything is appropriately measurable. In
doing so, you may want to first consider f(x) a nonnegative simple function. Is it necessary to assume
(Ω,S, µ) is σ finite?

10. In the Kolmogorov extension theorem, could Xt be a random vector with values in an arbitrary locally
compact Hausdorff space?

11. Can you generalize the strong ergodic theorem to the case where the random variables have values not
in R but Rk for some k?



Fourier Series

9.1 Definition and basic properties

A Fourier series is an expression of the form

∞∑
k=−∞

cke
ikx

where we understand this symbol to mean

lim
n→∞

n∑
k=−n

cke
ikx.

Obviously such a sequence of partial sums may or may not converge at a particular value of x.
These series have been important in applied math since the time of Fourier who was an officer in

Napolean’s army. He was interested in studying the flow of heat in cannons and invented the concept
to aid him in his study. Since that time, Fourier series and the mathematical problems related to their con-
vergence have motivated the development of modern methods in analysis. As recently as the mid 1960’s a
problem related to convergence of Fourier series was solved for the first time and the solution of this problem
was a big surprise. In this chapter, we will discuss the classical theory of convergence of Fourier series. We
will use standard notation for the integral also. Thus,∫ b

a

f (x) dx ≡
∫
X[a,b] (x) f (x) dm.

Definition 9.1 We say a function, f defined on R is a periodic function of period T if f (x+ T ) = f (x)
for all x.

Fourier series are useful for representing periodic functions and no other kind of function. To see this,
note that the partial sums are periodic of period 2π. Therefore, it is not reasonable to expect to represent a
function which is not periodic of period 2π on R by a series of the above form. However, if we are interested
in periodic functions, there is no loss of generality in studying only functions which are periodic of period
2π. Indeed, if f is a function which has period T, we can study this function in terms of the function,
g (x) ≡ f

(
Tx
2π

)
and g is periodic of period 2π.

Definition 9.2 For f ∈ L1 (−π, π) and f periodic on R, we define the Fourier series of f as

∞∑
k=−∞

cke
ikx, (9.1)

147
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where

ck ≡
1

2π

∫ π

−π
f (y) e−ikydy. (9.2)

We also define the nth partial sum of the Fourier series of f by

Sn (f) (x) ≡
n∑

k=−n

cke
ikx. (9.3)

It may be interesting to see where this formula came from. Suppose then that

f (x) =
∞∑

k=−∞

cke
ikx

and we multiply both sides by e−imx and take the integral,
∫ π
−π, so that∫ π

−π
f (x) e−imxdx =

∫ π

−π

∞∑
k=−∞

cke
ikxe−imxdx.

Now we switch the sum and the integral on the right side even though we have absolutely no reason to
believe this makes any sense. Then we get∫ π

−π
f (x) e−imxdx =

∞∑
k=−∞

ck

∫ π

−π
eikxe−imxdx

= cm

∫ π

−π
1dx = 2πck

because
∫ π
−π e

ikxe−imxdx = 0 if k 6= m. It is formal manipulations of the sort just presented which suggest
that Definition 9.2 might be interesting.

In case f is real valued, we see that ck = c−k and so

Snf (x) =
1

2π

∫ π

−π
f (y) dy +

n∑
k=1

2 Re
(
cke

ikx
)
.

Letting ck ≡ αk + iβk

Snf (x) =
1

2π

∫ π

−π
f (y) dy +

n∑
k=1

2 [αk cos kx− βk sin kx]

where

ck =
1

2π

∫ π

−π
f (y) e−ikydy =

1
2π

∫ π

−π
f (y) (cos ky − i sin ky) dy

which shows that

αk =
1

2π

∫ π

−π
f (y) cos (ky) dy, βk =

−1
2π

∫ π

−π
f (y) sin (ky) dy

Therefore, letting ak = 2αk and bk = −2βk, we see that

ak =
1
π

∫ π

−π
f (y) cos (ky) dy, bk =

1
π

∫ π

−π
f (y) sin (ky) dy
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and

Snf (x) =
a0

2
+

n∑
k=1

ak cos kx+ bk sin kx (9.4)

This is often the way Fourier series are presented in elementary courses where it is only real functions which
are to be approximated. We will stick with Definition 9.2 because it is easier to use.

The partial sums of a Fourier series can be written in a particularly simple form which we present next.

Snf (x) =
n∑

k=−n

cke
ikx

=
n∑

k=−n

(
1

2π

∫ π

−π
f (y) e−ikydy

)
eikx

=
∫ π

−π

1
2π

n∑
k=−n

(
eik(x−y)

)
f (y) dy

≡
∫ π

−π
Dn (x− y) f (y) dy. (9.5)

The function,

Dn (t) ≡ 1
2π

n∑
k=−n

eikt

is called the Dirichlet Kernel

Theorem 9.3 The function, Dn satisfies the following:

1.
∫ π
−πDn (t) dt = 1

2. Dn is periodic of period 2π

3. Dn (t) = (2π)−1 sin(n+ 1
2 )t

sin( t2 ) .

Proof: Part 1 is obvious because 1
2π

∫ π
−π e

−ikydy = 0 whenever k 6= 0 and it equals 1 if k = 0. Part 2 is
also obvious because t→ eikt is periodic of period 2π. It remains to verify Part 3.

2πDn (t) =
n∑

k=−n

eikt, 2πeitDn (t) =
n∑

k=−n

ei(k+1)t =
n+1∑

k=−n+1

eikt

and so subtracting we get

2πDn (t)
(
1− eit

)
= e−int − ei(n+1)t.

Therefore,

2πDn (t)
(
e−it/2 − eit/2

)
= e−i(n+ 1

2 )t − ei(n+ 1
2 )t

and so

2πDn (t)
(
−2i sin

t

2

)
= −2i sin

(
n+

1
2

)
t
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which establishes Part 3. This proves the theorem.
It is not reasonable to expect a Fourier series to converge to the function at every point. To see this,

change the value of the function at a single point in (−π, π) and extend to keep the modified function
periodic. Then the Fourier series of the modified function is the same as the Fourier series of the original
function and so if pointwise convergence did take place, it no longer does. However, it is possible to prove
an interesting theorem about pointwise convergence of Fourier series. This is done next.

9.2 Pointwise convergence of Fourier series

The following lemma will make possible a very easy proof of the very important Riemann Lebesgue lemma,
the big result which makes possible the study of pointwise convergence of Fourier series.

Lemma 9.4 Let f ∈ L1 (a, b) where (a, b) is some interval, possibly an infinite interval like (−∞,∞) and
let ε > 0. Then there exists an interval of finite length, [a1, b1] ⊆ (a, b) and a function, g ∈ Cc (a1, b1) such
that also g′ ∈ Cc (a1, b1) which has the property that∫ b

a

|f − g| dx < ε (9.6)

Proof: Without loss of generality we may assume that f (x) ≥ 0 for all x since we can always consider the
positive and negative parts of the real and imaginary parts of f. Letting a < an < bn < b with limn→∞ an = a
and limn→∞ bn = b, we may use the dominated convergence theorem to conclude

lim
n→∞

∫ b

a

∣∣f (x)− f (x)X[an,bn] (x)
∣∣ dx = 0.

Therefore, there exist c > a and d < b such that if h = fX(c,d), then∫ b

a

|f − h| dx < ε

4
. (9.7)

Now from Theorem 5.31 on the pointwise convergence of nonnegative simple functions to nonnegative mea-
surable functions and the monotone convergence theorem, there exists a simple function,

s (x) =
p∑
i=1

ciXEi (x)

with the property that ∫ b

a

|s− h| dx < ε

4
(9.8)

and we may assume each Ei ⊆ (c, d) . Now by regularity of Lebesgue measure, there are compact sets, Ki

and open sets, Vi such that Ki ⊆ Ei ⊆ Vi, Vi ⊆ (c, d) , and m (Vi \Ki) < α, where α is a positive number
which is arbitrary. Now we let Ki ≺ ki ≺ Vi. Thus ki is a continuous function whose support is contained in
Vi, which is nonnegative, and equal to one on Ki. Then let

g1 (x) ≡
p∑
i=1

ciki (x) .

We see that g1 is a continuous function whose support is contained in the compact set, [c, d] ⊆ (a, b) . Also,∫ b

a

|g1 − s| dx ≤
p∑
i=1

cim (Vi \Ki) < α

p∑
i=1

ci.
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Choosing α small enough, we may assume ∫ b

a

|g1 − s| dx <
ε

4
. (9.9)

Now choose r small enough that [c− r, d+ r] ⊆ (a, b) and for 0 < h < r, let

gh (x) ≡ 1
2h

∫ x+h

x−h
g1 (t) dt.

Then gh is a continuous function whose derivative is also continuous and for which both gh and g′h have
support in [c− r, d+ r] ⊆ (a, b) . Now let [a1, b1] ≡ [c− r, d+ r] .∫ b

a

|g1 − gh| dx ≤
∫ b1

a1

1
2h

∫ x+h

x−h
|g1 (x)− g1 (t)| dtdx

<
ε

4 (b1 − a1)
(b1 − a1) =

ε

4
(9.10)

whenever h is small enough due to the uniform continuity of g1. Let g = gh for such h. Using (9.7) - (9.10),
we obtain ∫ b

a

|f − g| dx ≤
∫ b

a

|f − h| dx+
∫ b

a

|h− s| dx+
∫ b

a

|s− g1| dx

+
∫ b

a

|g1 − g| dx <
ε

4
+
ε

4
+
ε

4
+
ε

4
= ε.

This proves the lemma.
With this lemma, we are ready to prove the Riemann Lebesgue lemma.

Lemma 9.5 (Riemann Lebesgue) Let f ∈ L1 (a, b) where (a, b) is some interval, possibly an infinite interval
like (−∞,∞). Then

lim
α→∞

∫ b

a

f (t) sin (αt+ β) dt = 0. (9.11)

Proof: Let ε > 0 be given and use Lemma 9.4 to obtain g such that g and g′ are both continuous, the
support of both g and g′are contained in [a1, b1] , and∫ b

a

|g − f | dx < ε

2
. (9.12)

Then ∣∣∣∣∣
∫ b

a

f (t) sin (αt+ β) dt

∣∣∣∣∣ ≤
∣∣∣∣∣
∫ b

a

f (t) sin (αt+ β) dt−
∫ b

a

g (t) sin (αt+ β) dt

∣∣∣∣∣
+

∣∣∣∣∣
∫ b

a

g (t) sin (αt+ β) dt

∣∣∣∣∣
≤

∫ b

a

|f − g| dx+

∣∣∣∣∣
∫ b

a

g (t) sin (αt+ β) dt

∣∣∣∣∣
<

ε

2
+

∣∣∣∣∣
∫ b1

a1

g (t) sin (αt+ β) dt

∣∣∣∣∣ .
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We integrate the last term by parts obtaining∫ b1

a1

g (t) sin (αt+ β) dt =
− cos (αt+ β)

α
g (t) |b1a1

+
∫ b1

a1

cos (αt+ β)
α

g′ (t) dt,

an expression which converges to zero since g′ is bounded. Therefore, taking α large enough, we see∣∣∣∣∣
∫ b

a

f (t) sin (αt+ β) dt

∣∣∣∣∣ < ε

2
+
ε

2
= ε

and this proves the lemma.

9.2.1 Dini’s criterion

Now we are ready to prove a theorem about the convergence of the Fourier series to the midpoint of the
jump of the function. The condition given for convergence in the following theorem is due to Dini. [3].

Theorem 9.6 Let f be a periodic function of period 2π which is in L1 (−π, π) . Suppose at some x, we have
f (x+) and f (x−) both exist and that the function

y → f (x− y)− f (x−) + f (x+ y)− f (x+)
y

(9.13)

is in L1 (0, δ) for some δ > 0. Then

lim
n→∞

Snf (x) =
f (x+) + f (x−)

2
. (9.14)

Proof:

Snf (x) =
∫ π

−π
Dn (x− y) f (y) dy

We change variables x− y → y and use the periodicity of f and Dn to write this as

Snf (x) =
∫ π

−π
Dn (y) f (x− y)

=
∫ π

0

Dn (y) f (x− y) dy +
∫ 0

−π
Dn (y) f (x− y) dy

=
∫ π

0

Dn (y) [f (x− y) + f (x+ y)] dy

=
∫ π

0

1
π

sin
((
n+ 1

2

)
y
)

sin
(
y
2

) [
f (x− y) + f (x+ y)

2

]
dy. (9.15)

Also

f (x+) + f (x−) =
∫ π

−π
Dn (y) [f (x+) + f (x−)] dy

= 2
∫ π

0

Dn (y) [f (x+) + f (x−)] dy

=
∫ π

0

1
π

sin
((
n+ 1

2

)
y
)

sin
(
y
2

) [f (x+) + f (x−)] dy
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and so ∣∣∣∣Snf (x)− f (x+) + f (x−)
2

∣∣∣∣ =

∣∣∣∣∣
∫ π

0

1
π

sin
((
n+ 1

2

)
y
)

sin
(
y
2

) [
f (x− y)− f (x−) + f (x+ y)− f (x+)

2

]
dy

∣∣∣∣∣ . (9.16)

Now the function

y → f (x− y)− f (x−) + f (x+ y)− f (x+)
2 sin

(
y
2

) (9.17)

is in L1 (0, π) . To see this, note the numerator is in L1 because f is. Therefore, this function is in L1 (δ, π)
where δ is given in the Hypotheses of this theorem because sin

(
y
2

)
is bounded below by sin

(
δ
2

)
for such y.

The function is in L1 (0, δ) because

f (x− y)− f (x−) + f (x+ y)− f (x+)
2 sin

(
y
2

) =
f (x− y)− f (x−) + f (x+ y)− f (x+)

y

y

2 sin
(
y
2

) ,
and y/2 sin

(
y
2

)
is bounded on [0, δ] . Thus the function in (9.17) is in L1 (0, π) as claimed. It follows from

the Riemann Lebesgue lemma, that (9.16) converges to zero as n→∞. This proves the theorem.
The following corollary is obtained immediately from the above proof with minor modifications.

Corollary 9.7 Let f be a periodic function of period 2π which is in L1 (−π, π) . Suppose at some x, we have
the function

y → f (x− y) + f (x+ y)− 2s
y

(9.18)

is in L1 (0, δ) for some δ > 0. Then

lim
n→∞

Snf (x) = s. (9.19)

As pointed out by Apostol, [3], this is a very remarkable result because even though the Fourier coeficients
depend on the values of the function on all of [−π, π] , the convergence properties depend in this theorem on
very local behavior of the function. Dini’s condition is rather like a very weak smoothness condition on f at
the point, x. Indeed, in elementary treatments of Fourier series, the assumption given is that the one sided
derivatives of the function exist. The following corollary gives an easy to check condition for the Fourier
series to converge to the mid point of the jump.

Corollary 9.8 Let f be a periodic function of period 2π which is in L1 (−π, π) . Suppose at some x, we have
f (x+) and f (x−) both exist and there exist positive constants, K and δ such that whenever 0 < y < δ

|f (x− y)− f (x−)| ≤ Kyθ, |f (x+ y)− f (x+)| < Kyθ (9.20)

where θ ∈ (0, 1]. Then

lim
n→∞

Snf (x) =
f (x+) + f (x−)

2
. (9.21)

Proof: The condition (9.20) clearly implies Dini’s condition, (9.13).
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9.2.2 Jordan’s criterion

We give a different condition under which the Fourier series converges to the mid point of the jump. In order
to prove the theorem, we need to give some introductory lemmas which are interesting for their own sake.

Lemma 9.9 Let G be an increasing function defined on [a, b] . Thus G (x) ≤ G (y) whenever x < y. Then
G (x−) = G (x+) = G (x) for every x except for a countable set of exceptions.

Proof: We let S ≡ {x ∈ [a, b] : G (x+) > G (x−)} . Then there is a rational number in each interval,
(G (x−) , G (x+)) and also, since G is increasing, these intervals are disjoint. It follows that there are only
contably many such intervals. Therefore, S is countable and if x /∈ S, we have G (x+) = G (x−) showing
that G is continuous on SC and the claimed equality holds.

The next lemma is called the second mean value theorem for integrals.

Lemma 9.10 Let G be an increasing function defined on [a, b] and let f be a continuous function defined
on [a, b] . Then there exists t0 ∈ [a, b] such that∫ b

a

G (s) f (s) ds = G (a)
(∫ t0

a

f (s) ds
)

+G (b−)

(∫ b

t0

f (s) ds

)
. (9.22)

Proof: Letting h > 0 we define

Gh (t) ≡ 1
h2

∫ t

t−h

∫ s

s−h
G (r) drds

where we understand G (x) = G (a) for all x < a. Thus Gh (a) = G (a) for all h. Also, from the funda-
mental theorem of calculus, we see that G′h (t) ≥ 0 and is a continuous function of t. Also it is clear that
limh→∞Gh (t) = G (t−) for all t ∈ [a, b] . Letting F (t) ≡

∫ t
a
f (s) ds,∫ b

a

Gh (s) f (s) ds = F (t)Gh (t) |ba −
∫ b

a

F (t)G′h (t) dt. (9.23)

Now letting m = min {F (t) : t ∈ [a, b]} and M = max {F (t) : t ∈ [a, b]} , since G′h (t) ≥ 0, we have

m

∫ b

a

G′h (t) dt ≤
∫ b

a

F (t)G′h (t) dt ≤M
∫ b

a

G′h (t) dt.

Therefore, if
∫ b
a
G′h (t) dt 6= 0,

m ≤
∫ b
a
F (t)G′h (t) dt∫ b
a
G′h (t) dt

≤M

and so by the intermediate value theorem from calculus,

F (th) =

∫ b
a
F (t)G′h (t) dt∫ b
a
G′h (t) dt

for some th ∈ [a, b] . Therefore, substituting for
∫ b
a
F (t)G′h (t) dt in (9.23) we have∫ b

a

Gh (s) f (s) ds = F (t)Gh (t) |ba −

[
F (th)

∫ b

a

G′h (t) dt

]
= F (b)Gh (b)− F (th)Gh (b) + F (th)Gh (a)

=

(∫ b

th

f (s) ds

)
Gh (b) +

(∫ th

a

f (s) ds
)
G (a) .
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Now selecting a subsequence, still denoted by h which converges to zero, we can assume th → t0 ∈ [a, b].
Therefore, using the dominated convergence theorem, we may obtain the following from the above lemma.∫ b

a

G (s) f (s) ds =
∫ b

a

G (s−) f (s) ds

=

(∫ b

t0

f (s) ds

)
G (b−) +

(∫ t0

a

f (s) ds
)
G (a) .

and this proves the lemma.

Definition 9.11 Let f : [a, b]→ C be a function. We say f is of bounded variation if

sup

{
n∑
i=1

|f (ti)− f (ti−1)| : a = t0 < · · · < tn = b

}
≡ V (f, [a, b]) <∞

where the sums are taken over all possible lists, {a = t0 < · · · < tn = b} . The symbol, V (f, [a, b]) is known
as the total variation on [a, b] .

Lemma 9.12 A real valued function, f, defined on an interval, [a, b] is of bounded variation if and only if
there are increasing functions, H and G defined on [a, b] such that f (t) = H (t) − G (t) . A complex valued
function is of bounded variation if and only if the real and imaginary parts are of bounded variation.

Proof: For f a real valued function of bounded variation, we may define an increasing function, H (t) ≡
V (f, [a, t]) and then note that

f (t) = H (t)−

G(t)︷ ︸︸ ︷
[H (t)− f (t)].

It is routine to verify that G (t) is increasing. Conversely, if f (t) = H (t) − G (t) where H and G are
increasing, we can easily see the total variation for H is just H (b) −H (a) and the total variation for G is
G (b)−G (a) . Therefore, the total variation for f is bounded by the sum of these.

The last claim follows from the observation that

|f (ti)− f (ti−1)| ≥ max (|Re f (ti)− Re f (ti−1)| , |Im f (ti)− Im f (ti−1)|)

and

|Re f (ti)− Re f (ti−1)|+ |Im f (ti)− Im f (ti−1)| ≥ |f (ti)− f (ti−1)| .

With this lemma, we can now prove the Jordan criterion for pointwise convergence of the Fourier series.

Theorem 9.13 Suppose f is 2π periodic and is in L1 (−π, π) . Suppose also that for some δ > 0, f is of
bounded variation on [x− δ, x+ δ] . Then

lim
n→∞

Snf (x) =
f (x+) + f (x−)

2
. (9.24)

Proof: First note that from Definition 9.11, limy→x−Re f (y) exists because Re f is the difference of two
increasing functions. Similarly this limit will exist for Im f by the same reasoning and limits of the form
limy→x+ will also exist. Therefore, the expression on the right in (9.24) exists. If we can verify (9.24) for
real functions which are of bounded variation on [x− δ, x+ δ] , we can apply this to the real and imaginary
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parts of f and obtain the desired result for f. Therefore, we assume without loss of generality that f is real
valued and of bounded variation on [x− δ, x+ δ] .

Snf (x)− f (x+) + f (x−)
2

=
∫ π

−π
Dn (y)

(
f (x− y)− f (x+) + f (x−)

2

)
dy

=
∫ π

0

Dn (y) [(f (x+ y)− f (x+)) + (f (x− y)− f (x−))] dy.

Now the Dirichlet kernel, Dn (y) is a constant multiple of sin ((n+ 1/2) y) / sin (y/2) and so we can apply
the Riemann Lebesgue lemma to conclude that

lim
n→∞

∫ π

δ

Dn (y) [(f (x+ y)− f (x+)) + (f (x− y)− f (x−))] dy = 0

and so it suffices to show that

lim
n→∞

∫ δ

0

Dn (y) [(f (x+ y)− f (x+)) + (f (x− y)− f (x−))] dy = 0. (9.25)

Now y → (f (x+ y)− f (x+)) + (f (x− y)− f (x−)) = h (y) is of bounded variation for y ∈ [0, δ] and
limy→0+ h (y) = 0. Therefore, we can write h (y) = H (y) − G (y) where H and G are increasing and for
F = G,H, limy→0+ F (y) = F (0) = 0. It suffices to show (9.25) holds with f replaced with either of G or H.

Letting ε > 0 be given, we choose δ1 < δ such that H (δ1) , G (δ1) < ε. Now∫ δ

0

Dn (y)G (y) dy =
∫ δ

δ1

Dn (y)G (y) dy +
∫ δ1

0

Dn (y)G (y) dy

and we see from the Riemann Lebesgue lemma that the first integral on the right converges to 0 for any
choice of δ1 ∈ (0, δ) . Therefore, we estimate the second integral on the right. Using the second mean value
theorem, Lemma 9.10, we see there exists δn ∈ [0, δ1] such that∣∣∣∣∣

∫ δ1

0

Dn (y)G (y) dy

∣∣∣∣∣ =

∣∣∣∣∣G (δ1−)
∫ δ1

δn

Dn (y) dy

∣∣∣∣∣
≤ ε

∣∣∣∣∣
∫ δ1

δn

Dn (y) dy

∣∣∣∣∣ .
Now ∣∣∣∣∣

∫ δ1

δn

Dn (y)

∣∣∣∣∣ = C

∣∣∣∣∣
∫ δ1

δn

y

sin (y/2)
sin
(
n+ 1

2

)
y

y
dt

∣∣∣∣∣
and for small δ1, y/ sin (y/2) is approximately equal to 2. Therefore, the expression on the right will be
bounded if we can show that ∣∣∣∣∣

∫ δ1

δn

sin
(
n+ 1

2

)
y

y
dt

∣∣∣∣∣
is bounded independent of choice of δn ∈ [0, δ1] . Changing variables, we see this is equivalent to showing
that ∣∣∣∣∣

∫ b

a

sin y
y

dy

∣∣∣∣∣
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is bounded independent of the choice of a, b. But this follows from the convergence of the Cauchy principle
value integral given by

lim
A→∞

∫ A

0

sin y
y

dy

which was considered in Problem 3 of Chapter 8 or Problem 12 of Chapter 7. Using the above argument for
H as well as G, this shows that there exists a constant, C independent of ε such that

lim sup
n→∞

∣∣∣∣∣
∫ δ

0

Dn (y) [(f (x+ y)− f (x+)) + (f (x− y)− f (x−))] dy

∣∣∣∣∣ ≤ Cε.
Since ε was arbitrary, this proves the theorem.

It is known that neither the Jordan criterion nor the Dini criterion implies the other.

9.2.3 The Fourier cosine series

Suppose now that f is a real valued function which is defined on the interval [0, π] . Then we can define f on
the interval, [−π, π] according to the rule, f (−x) = f (x) . Thus the resulting function, still denoted by f is
an even function. We can now extend this even function to the whole real line by requiring f (x+ 2π) = f (x)
obtaining a 2π periodic function. Note that if f is continuous, then this periodic function defined on the
whole line is also continuous. What is the Fourier series of the extended function f? Since f is an even
function, the nth coefficient is of the form

cn ≡ 1
2π

∫ π

−π
f (x) e−inxdx =

1
π

∫ π

0

f (x) cos (nx) dx if n 6= 0

c0 =
1
π

∫ π

0

f (x) dx if n = 0.

Thus c−n = cn and we see the Fourier series of f is of the form

1
π

(∫ π

0

f (x) dx
)

+
∞∑
k=1

(
2
π

∫ π

0

f (y) cos ky
)

cos kx (9.26)

= c0 +
∞∑
k=1

2ck cos kx. (9.27)

Definition 9.14 If f is a function defined on [0, π] then (9.26) is called the Fourier cosine series of f.

Observe that Fourier series of even 2π periodic functions yield Fourier cosine series.
We have the following corollary to Theorem 9.6 and Theorem 9.13.

Corollary 9.15 Let f be an even function defined on R which has period 2π and is in L1 (0, π). Then at
every point, x, where f (x+) and f (x−) both exist and the function

y → f (x− y)− f (x−) + f (x+ y)− f (x+)
y

(9.28)

is in L1 (0, δ) for some δ > 0, or for which f is of bounded variation near x we have

lim
n→∞

a0 +
n∑
k=1

ak cos kx =
f (x+) + f (x−)

2
(9.29)

Here

a0 =
1
π

∫ π

0

f (x) dx, an =
2
π

∫ π

0

f (x) cos (nx) dx. (9.30)
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There is another way of approximating periodic piecewise continuous functions as linear combinations of
the functions eiky which is clearly superior in terms of pointwise and uniform convergence. This other way
does not depend on any hint of smoothness of f near the point in question.

9.3 The Cesaro means

In this section we define the notion of the Cesaro mean and show these converge to the midpoint of the jump
under very general conditions.

Definition 9.16 We define the nth Cesaro mean of a periodic function which is in L1 (−π, π), σnf (x) by
the formula

σnf (x) ≡ 1
n+ 1

n∑
k=0

Skf (x) .

Thus the nth Cesaro mean is just the average of the first n+ 1 partial sums of the Fourier series.

Just as in the case of the Snf, we can write the Cesaro means in terms of convolution of the function
with a suitable kernel, known as the Fejer kernel. We want to find a formula for the Fejer kernel and obtain
some of its properties. First we give a simple formula which follows from elementary trigonometry.

n∑
k=0

sin
(
k +

1
2

)
y =

1
2 sin y

2

n∑
k=0

(cos ky − cos (k + 1) y)

=
1− cos ((n+ 1) y)

2 sin y
2

. (9.31)

Lemma 9.17 There exists a unique function, Fn (y) with the following properties.

1. σnf (x) =
∫ π
−π Fn (x− y) f (y) dy,

2. Fn is periodic of period 2π,

3. Fn (y) ≥ 0 and if π > |y| ≥ r > 0, then limn→∞ Fn (y) = 0,

4.
∫ π
−π Fn (y) dy = 1,

5. Fn (y) = 1−cos((n+1)y)

4π(n+1) sin2( y2 )

Proof: From the definition of σn, it follows that

σnf (x) =
∫ π

−π

[
1

n+ 1

n∑
k=0

Dk (x− y)

]
f (y) dy.

Therefore,

Fn (y) =
1

n+ 1

n∑
k=0

Dk (y) . (9.32)

That Fn is periodic of period 2π follows from this formula and the fact, established earlier that Dk is periodic
of period 2π. Thus we have established parts 1 and 2. Part 4 also follows immediately from the fact that
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∫ π
−πDk (y) dy = 1. We now establish Part 5 and Part 3. From (9.32) and (9.31),

Fn (y) =
1

2π (n+ 1)
1

sin
(
y
2

) n∑
k=0

sin
((

k +
1
2

)
y

)
=

1
2π (n+ 1) sin

(
y
2

) (1− cos ((n+ 1) y)
2 sin y

2

)
=

1− cos ((n+ 1) y)
4π (n+ 1) sin2

(
y
2

) . (9.33)

This verifies Part 5 and also shows that Fn (y) ≥ 0, the first part of Part 3. If |y| > r,

|Fn (y)| ≤ 2
4π (n+ 1) sin2

(
r
2

) (9.34)

and so the second part of Part 3 holds. This proves the lemma.
The following theorem is called Fejer’s theorem

Theorem 9.18 Let f be a periodic function with period 2π which is in L1 (−π, π) . Then if f (x+) and
f (x−) both exist,

lim
n→∞

σnf (x) =
f (x+) + f (x−)

2
. (9.35)

If f is everywhere continuous, then σnf converges uniformly to f on all of R.

Proof: As before, we may use the periodicity of f and Fn to write

σnf (x) =
∫ π

0

Fn (y) [f (x− y) + f (x+ y)] dy

=
∫ π

0

2Fn (y)
[
f (x− y) + f (x+ y)

2

]
dy.

From the formula for Fn, we see that Fn is even and so
∫ π

0
2Fn (y) dy = 1. Also

f (x−) + f (x+)
2

=
∫ π

0

2Fn (y)
[
f (x−) + f (x+)

2

]
dy.

Therefore, ∣∣∣∣σnf (x)− f (x−) + f (x+)
2

∣∣∣∣ =

∣∣∣∣∫ π

0

2Fn (y)
[
f (x−) + f (x+)

2
− f (x− y) + f (x+ y)

2

]
dy

∣∣∣∣ ≤
∫ r

0

2Fn (y) εdy +
∫ π

r

2Fn (y)Cdy

where r is chosen small enough that∣∣∣∣f (x−) + f (x+)
2

− f (x− y) + f (x+ y)
2

∣∣∣∣ < ε (9.36)
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for all 0 < y ≤ r. Now using the estimate (9.34) we obtain∣∣∣∣σnf (x)− f (x−) + f (x+)
2

∣∣∣∣ ≤ ε+ C

∫ π

r

1
π (n+ 1) sin2

(
r
2

)dy
≤ ε+

C̃

n+ 1
.

and so, letting n→∞, we obtain the desired result.
In case that f is everywhere continuous, then since it is periodic, it must also be uniformly continuous.

It follows that f (x±) = f (x) and by the uniform continuity of f, we may choose r small enough that (9.36)
holds for all x whenever y < r. Therefore, we obtain uniform convergence as claimed.

9.4 Gibb’s phenomenon

The Fourier series converges to the mid point of the jump in the function under various conditions including
those given above. However, in doing so the convergence cannot be uniform due to the discontinuity of the
function to which it converges. In this section we show there is a small bump in the partial sums of the
Fourier series on either side of the jump which does not disappear as the number of terms in the Fourier series
increases. The small bump just gets narrower. To illustrate this phenomenon, known as Gibb’s phenomenon,
we consider a function, f, which equals −1 for x < 0 and 1 for x > 0. Thus the nth partial sum of the Fourier
series is

Snf (x) =
4
π

n∑
k=1

sin ((2k − 1)x)
2k − 1

.

We consider the value of this at the point π
2n . This equals

4
π

n∑
k=1

sin
(
(2k − 1) π

2n

)
2k − 1

=
2
π

n∑
k=1

sin
(
(2k − 1) π

2n

)
(2k − 1)

(
π
2n

) π

n

which is seen to be a Riemann sum for the integral 2
π

∫ π
0

sin y
y dy. This integral is a positive constant approx-

imately equal to 1. 179. Therefore, although the value of the function equals 1 for all x > 0, we see that for
large n, the value of the nth partial sum of the Fourier series at points near x = 0 equals approximately
1.179. To illustrate this phenomenon we graph the Fourier series of this function for large n, say n = 10.
The following is the graph of the function, S10f (x) = 4

π

∑10
k=1

sin((2k−1)x)
2k−1

You see the little blip near the jump which does not disappear. So you will see this happening for even
larger n, we graph this for n = 20. The following is the graph of S20f (x) = 4

π

∑20
k=1

sin((2k−1)x)
2k−1

As you can observe, it looks the same except the wriggles are a little closer together. Nevertheless, it
still has a bump near the discontinuity.

9.5 The mean square convergence of Fourier series

We showed that in terms of pointwise convergence, Fourier series are inferior to the Cesaro means. However,
there is a type of convergence that Fourier series do better than any other sequence of linear combinations
of the functions, eikx. This convergence is often called mean square convergence. We describe this next.

Definition 9.19 We say f ∈ L2 (−π, π) if f is Lebesgue measurable and∫ π

−π
|f (x)|2 dx <∞.
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We say a sequence of functions, {fn} converges to a function, f in the mean square sense if

lim
n→∞

∫ π

−π
|fn − f |2 dx = 0.

Lemma 9.20 If f ∈ L2 (−π, π) , then f ∈ L1 (−π, π) .

Proof: We use the inequality ab ≤ a2

2 + b2

2 whenever a, b ≥ 0, which follows from the inequality
(a− b)2 ≥ 0. ∫ π

−π
|f (x)| dx ≤

∫ π

−π

|f (x)|2

2
dx+

∫ π

−π

1
2
dx <∞.

This proves the lemma.
From this lemma, we see we can at least discuss the Fourier series of a function in L2 (−π, π) . The

following theorem is the main result which shows the superiority of the Fourier series in terms of mean
square convergence.

Theorem 9.21 For ck complex numbers, the choice of ck which minimizes the expression∫ π

−π

∣∣∣∣∣f (x)−
n∑

k=−n

cke
ikx

∣∣∣∣∣
2

dx (9.37)

is for ck to equal the Fourier coefficient, αk where

αk =
1

2π

∫ π

−π
f (x) e−ikxdx. (9.38)

Also we have Bessel’s inequality,

1
2π

∫ π

−π
|f |2 dx ≥

n∑
k=−n

|αk|2 =
1

2π

∫ π

−π
|Snf |2 dx (9.39)

where αk denotes the kth Fourier coefficient,

αk =
1

2π

∫ π

−π
f (x) e−ikxdx. (9.40)

Proof: It is routine to obtain that the expression in (9.37) equals∫ π

−π
|f |2 dx−

n∑
k=−n

ck

∫ π

−π
f (x) eikxdx−

n∑
k=−n

ck

∫ π

−π
f (x) e−ikxdx+ 2π

n∑
k=−n

|ck|2

=
∫ π

−π
|f |2 dx− 2π

n∑
k=−n

ckαk − 2π
n∑

k=−n

ckαk + 2π
n∑

k=−n

|ck|2

where αk = 1
2π

∫ π
−π f (x) e−ikxdx, the kth Fourier coefficient. Now

−ckαk − ckαk + |ck|2 = |ck − αk|2 − |αk|2

Therefore,∫ π

−π

∣∣∣∣∣f (x)−
n∑

k=−n

cke
ikx

∣∣∣∣∣
2

dx = 2π

[
1

2π

∫ π

−π
|f |2 dx−

n∑
k=−n

|αk|2 +
n∑

k=−n

|αk − ck|2
]
≥ 0.
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It is clear from this formula that the minimum occurs when αk = ck and that Bessel’s inequality holds. It
only remains to verify the equal sign in (9.39).

1
2π

∫ π

−π
|Snf |2 dx =

1
2π

∫ π

−π

(
n∑

k=−n

αke
ikx

)(
n∑

l=−n

αle
−ilx

)
dx

=
1

2π

∫ π

−π

n∑
k=−n

|αk|2 dx =
n∑

k=−n

|αk|2 .

This proves the theorem.
This theorem has shown that if we measure the distance between two functions in the mean square sense,

d (f, g) =
(∫ π

−π
|f − g|2 dx

)1/2

,

then the partial sums of the Fourier series do a better job approximating the given function than any other
linear combination of the functions eikx for −n ≤ k ≤ n. We show now that

lim
n→∞

∫ π

−π
|f (x)− Snf (x)|2 dx = 0

whenever f ∈ L2 (−π, π) . To begin with we need the following lemma.

Lemma 9.22 Let ε > 0 and let f ∈ L2 (−π, π) . Then there exists g ∈ Cc (−π, π) such that∫ π

−π
|f − g|2 dx < ε.

Proof: We can use the dominated convergence theorem to conclude

lim
r→0

∫ π

−π

∣∣f − fX(−π+r,π−r)
∣∣2 dx = 0.

Therefore, picking r small enough, we may define k ≡ fX(−π+r,π−r) and have∫ π

−π
|f − k|2 dx < ε

9
. (9.41)

Now let k = h+− h−+ i (l+ − l−) where the functions, h and l are nonnegative. We may then use Theorem
5.31 on the pointwise convergence of nonnegative simple functions to nonnegative measurable functions and
the dominated convergence theorem to obtain a nonnegative simple function, s+ ≤ h+ such that∫ π

−π

∣∣h+ − s+
∣∣2 dx < ε

144
.

Similarly, we may obtain simple functions, s−, t+, and t− such that∫ π

−π

∣∣h− − s−∣∣2 dx < ε

144
,

∫ π

−π

∣∣l+ − t+∣∣2 dx < ε

144
,

∫ π

−π

∣∣l− − t−∣∣2 dx < ε

144
.
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Letting s ≡ s+ − s− + i (t+ − t−) , and using the inequality,

(a+ b+ c+ d)2 ≤ 4
(
a2 + b2 + c2 + d2

)
,

we see that ∫ π

−π
|k − s|2 dx ≤

4
∫ π

−π

(∣∣h+ − s+
∣∣2 +

∣∣h− − s−∣∣2 +
∣∣l+ − t+∣∣2 +

∣∣l− − t−∣∣2) dx
≤ 4

( ε

144
+

ε

144
+

ε

144
+

ε

144

)
=
ε

9
. (9.42)

Let s (x) =
∑n
i=1 ciXEi (x) where the Ei are disjoint and Ei ⊆ (−π + r, π − r) . Let α > 0 be given. Using

the regularity of Lebesgue measure, we can get compact sets, Ki and open sets, Vi such that

Ki ⊆ Ei ⊆ Vi ⊆ (−π + r, π − r)

and m (Vi \Ki) < α. Then letting Ki ≺ ri ≺ Vi and g (x) ≡
∑n
i=1 ciri (x)∫ π

−π
|s− g|2 dx ≤

n∑
i=1

|ci|2m (Vi \Ki) ≤ α
n∑
i=1

|ci|2 <
ε

9
(9.43)

provided we choose α small enough. Thus g ∈ Cc (−π, π) and from (9.41) - (9.42),∫ π

−π
|f − g|2 dx ≤ 3

∫ π

−π

(
|f − k|2 + |k − s|2 + |s− g|2

)
dx < ε.

This proves the lemma.
With this lemma, we are ready to prove a theorem about the mean square convergence of Fourier series.

Theorem 9.23 Let f ∈ L2 (−π, π) . Then

lim
n→∞

∫ π

−π
|f − Snf |2 dx = 0. (9.44)

Proof: From Lemma 9.22 there exists g ∈ Cc (−π, π) such that∫ π

−π
|f − g|2 dx < ε.

Extend g to make the extended function 2π periodic. Then from Theorem 9.18, σng converges uniformly to
g on all of R. In particular, this uniform convergence occurs on (−π, π) . Therefore,

lim
n→∞

∫ π

−π
|σng − g|2 dx = 0.

Also note that σnf is a linear combination of the functions eikx for |k| ≤ n. Therefore,∫ π

−π
|σng − g|2 dx ≥

∫ π

−π
|Sng − g|2 dx
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which implies

lim
n→∞

∫ π

−π
|Sng − g|2 dx = 0.

Also from (9.39), ∫ π

−π
|Sn (g − f)|2 dx ≤

∫ π

−π
|g − f |2 dx.

Therefore, if n is large enough, this shows∫ π

−π
|f − Snf |2 dx ≤ 3

(∫ π

−π
|f − g|2 dx+

∫ π

−π
|g − Sng|2 dx

+
∫ π

−π
|Sn (g − f)|2 dx

)

≤ 3 (ε+ ε+ ε) = 9ε.

This proves the theorem.

9.6 Exercises

1. Let f be a continuous function defined on [−π, π] . Show there exists a polynomial, p such that
||p− f || < ε where ||g|| ≡ sup {|g (x)| : x ∈ [−π, π]} . Extend this result to an arbitrary interval. This is
called the Weierstrass approximation theorem. Hint: First find a linear function, ax+ b = y such that
f − y has the property that it has the same value at both ends of [−π, π] . Therefore, you may consider
this as the restriction to [−π, π] of a continuous periodic function, F. Now find a trig polynomial,
σ (x) ≡ a0 +

∑n
k=1 ak cos kx+ bk sin kx such that ||σ − F || < ε

3 . Recall (9.4). Now consider the power
series of the trig functions.

2. Show that neither the Jordan nor the Dini criterion for pointwise convergence implies the other crite-
rion. That is, find an example of a function for which Jordan’s condition implies pointwise convergence
but not Dini’s and then find a function for which Dini works but Jordan does not. Hint: You might
try considering something like y = [ln (1/x)]−1 for x > 0 to get something for which Jordan works but
Dini does not. For the other part, try something like x sin (1/x) .

3. If f ∈ L2 (−π, π) show using Bessel’s inequality that limn→∞
∫ π
−π f (x) einxdx = 0. Can this be used

to give a proof of the Riemann Lebesgue lemma for the case where f ∈ L2?

4. Let f (x) = x for x ∈ (−π, π) and extend to make the resulting function defined on R and periodic of
period 2π. Find the Fourier series of f. Verify the Fourier series converges to the midpoint of the jump
and use this series to find a nice formula for π

4 . Hint: For the last part consider x = π
2 .

5. Let f (x) = x2 on (−π, π) and extend to form a 2π periodic function defined on R. Find the Fourier
series of f. Now obtain a famous formula for π2

6 by letting x = π.

6. Let f (x) = cosx for x ∈ (0, π) and define f (x) ≡ − cosx for x ∈ (−π, 0) . Now extend this function to
make it 2π periodic. Find the Fourier series of f.
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7. Show that for f ∈ L2 (−π, π) , ∫ π

−π
f (x)Snf (x)dx = 2π

n∑
k=−n

|αk|2

where the αk are the Fourier coefficients of f. Use this and the theorem about mean square convergence,
Theorem 9.23, to show that

1
2π

∫ π

−π
|f (x)|2 dx =

∞∑
k=−∞

|αk|2 ≡ lim
n→∞

n∑
k=−n

|αk|2

8. Suppose f, g ∈ L2 (−π, π) . Show using Problem 7

1
2π

∫ π

−π
fgdx =

∞∑
k=−∞

αkβk,

where αk are the Fourier coefficients of f and βk are the Fourier coefficients of g.

9. Find a formula for
∑n
k=1 sin kx. Hint: Let Sn =

∑n
k=1 sin kx. The sin

(
x
2

)
Sn =

∑n
k=1 sin kx sin

(
x
2

)
.

Now use a Trig. identity to write the terms of this series as a difference of cosines.

10. Prove the Dirichlet formula which says that
∑q
k=p akbk = Aqbq −Ap−1bp +

∑q−1
k=pAk (bk − bk+1) . Here

Aq ≡
∑q
k=1 ak.

11. Let {an} be a sequence of positive numbers having the property that limn→∞ nan = 0 and nan ≥
(n+ 1) an+1. Show that if this is so, it follows that the series,

∑∞
k=1 an sinnx converges uniformly

on R. This is a variation of a very interesting problem found in Apostol’s book, [3]. Hint: Use
the Dirichlet formula of Problem 10 and consider the Fourier series for the 2π periodic extension of
the function f (x) = π − x on (0, 2π) . Show the partial sums for this Fourier series are uniformly
bounded for x ∈ R. To do this it might be of use to maximize the series

∑n
k=1

sin kx
k using methods

of elementary calculus. Thus you would find the maximum of this function among the points where∑n
k=1 cos (kx) = 0. This sum can be expressed in a simple closed form using techniques similar to those

in Problem 10. Then, having found the value of x at which the maximum is achieved, plug it in to∑n
k=1

sin kx
k and observe you have a Riemann sum for a certain finite integral.

12. The problem in Apostol’s book mentioned in Problem 11 is as follows. Let {ak}∞k=1 be a decreasing
sequence of nonnegative numbers which satisfies limn→∞ nan = 0. Then

∞∑
k=1

ak sin (kx)

converges uniformly on R. Hint: (Following Jones [18]) First show that for p < q, and x ∈ (0, π) ,∣∣∣∣∣∣
q∑

k=p

ak sin (kx)

∣∣∣∣∣∣ ≤ ap csc
(x

2

)
.

To do this, use summation by parts and establish the formula

q∑
k=p

sin (kx) =
cos
((
p− 1

2

)
x
)
− cos

((
q + 1

2

)
x
)

2 sin
(
x
2

) .
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Next show that if ak ≤ C
k and {ak} is decreasing, then∣∣∣∣∣

n∑
k=1

ak sin (kx)

∣∣∣∣∣ ≤ 5C.

To do this, establish that on (0, π) sinx ≥ x
π and for any integer, k, |sin (kx)| ≤ |kx| and then write

∣∣∣∣∣
n∑
k=1

ak sin (kx)

∣∣∣∣∣ ≤
m∑
k=1

ak |sin (kx)|+

This equals 0 if m=n︷ ︸︸ ︷∣∣∣∣∣
n∑

k=m+1

ak sin (kx)

∣∣∣∣∣
≤

m∑
k=1

C

k
|kx|+ am+1 csc

(x
2

)
≤ Cmx+

C

m+ 1
π

x
. (9.45)

Now consider two cases, x ≤ 1/n and x > 1/n. In the first case, let m = n and in the second, choose
m such that

n >
1
x
≥ m >

1
x
− 1.

Finally, establish the desired result by modifying ak making it equal to ap for all k ≤ p and then
writing ∣∣∣∣∣∣

q∑
k=p

ak sin (kx)

∣∣∣∣∣∣ ≤
∣∣∣∣∣
p∑
k=1

ak sin (kx)

∣∣∣∣∣+

∣∣∣∣∣
q∑

k=1

ak sin (kx)

∣∣∣∣∣ ≤ 10e (p)

where e (p) ≡ sup {nan : n ≥ p} . This will verify uniform convergence on (0, π) . Now explain why this
yields uniform convergence on all of R.

13. Suppose f (x) =
∑∞
k=1 ak sin kx and that the convergence is uniform. Is it reasonable to suppose that

f ′ (x) =
∑∞
k=1 akk cos kx? Explain.

14. Suppose |uk (x)| ≤ Kk for all x ∈ D where

∞∑
k=−∞

Kk = lim
n→∞

n∑
k=−n

Kk <∞.

Show that
∑∞
k=−∞ uk (x) converges converges uniformly on D in the sense that for all ε > 0, there

exists N such that whenever n > N,∣∣∣∣∣
∞∑

k=−∞

uk (x)−
n∑

k=−n

uk (x)

∣∣∣∣∣ < ε

for all x ∈ D. This is called the Weierstrass M test.
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15. Suppose f is a differentiable function of period 2π and suppose that both f and f ′ are in L2 (−π, π)
such that for all x ∈ (−π, π) and y sufficiently small,

f (x+ y)− f (x) =
∫ x+y

x

f ′ (t) dt.

Show that the Fourier series of f converges uniformly to f. Hint: First show using the Dini criterion
that Snf (x) → f (x) for all x. Next let

∑∞
k=−∞ cke

ikx be the Fourier series for f. Then from the
definition of ck, show that for k 6= 0, ck = 1

ik c
′
k where c′k is the Fourier coefficient of f ′. Now use the

Bessel’s inequality to argue that
∑∞
k=−∞ |c′k|

2
< ∞ and use the Cauchy Schwarz inequality to obtain∑

|ck| < ∞. Then using the version of the Weierstrass M test given in Problem 14 obtain uniform
convergence of the Fourier series to f.

16. Suppose f ∈ L2 (−π, π) and that E is a measurable subset of (−π, π) . Show that

lim
n→∞

∫
E

Snf (x) dx =
∫
E

f (x) dx.

Can you conclude that ∫
E

f (x) dx =
∞∑

k=−∞

ck

∫
E

eikxdx?
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The Frechet derivative

10.1 Norms for finite dimensional vector spaces

This chapter is on the derivative of a function defined on a finite dimensional normed vector space. In this
chapter, X and Y are finite dimensional vector spaces which have a norm. We will say a set, U ⊆ X is open
if for every p ∈ U, there exists δ > 0 such that

B (p, δ) ≡ {x : ||x− p|| < δ} ⊆ U.

Thus, a set is open if every point of the set is an interior point. To begin with we give an important inequality
known as the Cauchy Schwartz inequality.

Theorem 10.1 The following inequality holds for ai and bi ∈ C.∣∣∣∣∣
n∑
i=1

aibi

∣∣∣∣∣ ≤
(

n∑
i=1

|ai|2
)1/2( n∑

i=1

|bi|2
)1/2

. (10.1)

Proof: Let t ∈ R and define

h (t) ≡
n∑
i=1

(ai + tbi) (ai + tbi) =
n∑
i=1

|ai|2 + 2tRe
n∑
i=1

aibi + t2
n∑
i=1

|bi|2 .

Now h (t) ≥ 0 for all t ∈ R. If all bi equal 0, then the inequality (10.1) clearly holds so assume this does not
happen. Then the graph of y = h (t) is a parabola which opens up and intersects the t axis in at most one
point. Thus there is either one real zero or none. Therefore, from the quadratic formula,

4

(
Re

n∑
i=1

aibi

)2

≤ 4

(
n∑
i=1

|ai|2
)(

n∑
i=1

|bi|2
)

which shows ∣∣∣∣∣Re
n∑
i=1

aibi

∣∣∣∣∣ ≤
(

n∑
i=1

|ai|2
)1/2( n∑

i=1

|bi|2
)1/2

(10.2)

To get the desired result, let ω ∈ C be such that |ω| = 1 and

n∑
i=1

ωaibi = ω
n∑
i=1

aibi =

∣∣∣∣∣
n∑
i=1

aibi

∣∣∣∣∣ .
169



170 THE FRECHET DERIVATIVE

Then apply (10.2) replacing ai with ωai. Then∣∣∣∣∣
n∑
i=1

aibi

∣∣∣∣∣ = Re
n∑
i=1

ωaibi ≤

(
n∑
i=1

|ωai|2
)1/2( n∑

i=1

|bi|2
)1/2

=

(
n∑
i=1

|ai|2
)1/2( n∑

i=1

|bi|2
)1/2

.

This proves the theorem.
Recall that a linear space X is a normed linear space if there is a norm defined on X, ||·|| satisfying

||x|| ≥ 0, ||x|| = 0 if and only if x = 0,

||x + y|| ≤ ||x||+ ||y|| ,

||cx|| = |c| ||x||

whenever c is a scalar.

Definition 10.2 We say a normed linear space, (X, ||·||) is a Banach space if it is complete. Thus, whenever,
{xn} is a Cauchy sequence, there exists x ∈ X such that limn→∞ ||x− xn|| = 0.

Let X be a finite dimensional normed linear space with norm ||·||where the field of scalars is denoted by
F and is understood to be either R or C. Let {v1, · · ·,vn} be a basis for X. If x ∈ X, we will denote by xi
the ith component of x with respect to this basis. Thus

x =
n∑
i=1

xivi.

Definition 10.3 For x ∈ X and {v1, · · ·,vn} a basis, we define a new norm by

|x| ≡

(
n∑
i=1

|xi|2
)1/2

.

Similarly, for y ∈ Y with basis {w1, · · ·,wm}, and yi its components with respect to this basis,

|y| ≡

(
m∑
i=1

|yi|2
)1/2

For A ∈ L (X,Y ) , the space of linear mappings from X to Y,

||A|| ≡ sup{|Ax| : |x| ≤ 1}. (10.3)

We also say that a set U is an open set if for all x ∈U, there exists r > 0 such that

B (x,r) ⊆ U

where

B (x,r) ≡ {y : |y − x| < r}.

Another way to say this is that every point of U is an interior point. The first thing we will show is that
these two norms, ||·|| and |·| , are equivalent. This means the conclusion of the following theorem holds.
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Theorem 10.4 Let (X, ||·||) be a finite dimensional normed linear space and let |·| be described above relative
to a given basis, {v1, · · ·,vn}. Then |·| is a norm and there exist constants δ,∆ > 0 independent of x such
that

δ ||x|| ≤ |x| ≤∆ ||x|| . (10.4)

Proof: All of the above properties of a norm are obvious except the second, the triangle inequality. To
establish this inequality, we use the Cauchy Schwartz inequality to write

|x + y|2 ≡
n∑
i=1

|xi + yi|2 ≤
n∑
i=1

|xi|2 +
n∑
i=1

|yi|2 + 2 Re
n∑
i=1

xiyi

≤ |x|2 + |y|2 + 2

(
n∑
i=1

|xi|2
)1/2( n∑

i=1

|yi|2
)1/2

= |x|2 + |y|2 + 2 |x| |y| = (|x|+ |y|)2

and this proves the second property above.
It remains to show the equivalence of the two norms. By the Cauchy Schwartz inequality again,

||x|| ≡

∣∣∣∣∣
∣∣∣∣∣
n∑
i=1

xivi

∣∣∣∣∣
∣∣∣∣∣ ≤

n∑
i=1

|xi| ||vi|| ≤ |x|

(
n∑
i=1

||vi||2
)1/2

≡ δ−1 |x| .

This proves the first half of the inequality.
Suppose the second half of the inequality is not valid. Then there exists a sequence xk ∈ X such that∣∣xk∣∣ > k

∣∣∣∣xk∣∣∣∣ , k = 1, 2, · · ·.

Then define

yk ≡ xk

|xk|
.

It follows ∣∣yk∣∣ = 1,
∣∣yk∣∣ > k

∣∣∣∣yk∣∣∣∣ . (10.5)

Letting yki be the components of yk with respect to the given basis, it follows the vector(
yk1 , · · ·, ykn

)
is a unit vector in Fn. By the Heine Borel theorem, there exists a subsequence, still denoted by k such that(

yk1 , · · ·, ykn
)
→ (y1, · · ·, yn) .

It follows from (10.5) and this that for

y =
n∑
i=1

yivi,

0 = lim
k→∞

∣∣∣∣yk∣∣∣∣ = lim
k→∞

∣∣∣∣∣
∣∣∣∣∣
n∑
i=1

yki vi

∣∣∣∣∣
∣∣∣∣∣ =

∣∣∣∣∣
∣∣∣∣∣
n∑
i=1

yivi

∣∣∣∣∣
∣∣∣∣∣

but not all the yi equal zero. This contradicts the assumption that {v1, · · ·,vn} is a basis and this proves
the second half of the inequality.
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Corollary 10.5 If (X, ||·||) is a finite dimensional normed linear space with the field of scalars F = C or R,
then X is complete.

Proof: Let {xk} be a Cauchy sequence. Then letting the components of xk with respect to the given
basis be

xk1 , · · ·, xkn,

it follows from Theorem 10.4, that (
xk1 , · · ·, xkn

)
is a Cauchy sequence in Fn and so (

xk1 , · · ·, xkn
)
→ (x1, · · ·, xn) ∈ Fn.

Thus,

xk =
n∑
i=1

xki vi →
n∑
i=1

xivi ∈ X.

This proves the corollary.

Corollary 10.6 Suppose X is a finite dimensional linear space with the field of scalars either C or R and
||·|| and |||·||| are two norms on X. Then there exist positive constants, δ and ∆, independent of x ∈X such
that

δ |||x||| ≤ ||x|| ≤ ∆ |||x||| .

Thus any two norms are equivalent.

Proof: Let {v1, · · ·,vn} be a basis for X and let |·| be the norm taken with respect to this basis which
was described earlier. Then by Theorem 10.4, there are positive constants δ1,∆1, δ2,∆2, all independent of
x ∈X such that

δ2 |||x||| ≤ |x| ≤ ∆2 |||x||| ,

δ1 ||x|| ≤ |x| ≤ ∆1 ||x|| .

Then

δ2 |||x||| ≤ |x| ≤ ∆1 ||x|| ≤
∆1

δ1
|x| ≤ ∆1∆2

δ1
|||x|||

and so

δ2

∆1
|||x||| ≤ ||x|| ≤ ∆2

δ1
|||x|||

which proves the corollary.

Definition 10.7 Let X and Y be normed linear spaces with norms ||·||X and ||·||Y respectively. Then
L (X,Y ) denotes the space of linear transformations, called bounded linear transformations, mapping X to
Y which have the property that

||A|| ≡ sup {||Ax||Y : ||x||X ≤ 1} <∞.

Then ||A|| is referred to as the operator norm of the bounded linear transformation, A.
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We leave it as an easy exercise to verify that ||·|| is a norm on L (X,Y ) and it is always the case that

||Ax||Y ≤ ||A|| ||x||X .

Theorem 10.8 Let X and Y be finite dimensional normed linear spaces of dimension n and m respectively
and denote by ||·|| the norm on either X or Y . Then if A is any linear function mapping X to Y, then
A ∈ L (X,Y ) and (L (X,Y ) , ||·||) is a complete normed linear space of dimension nm with

||Ax|| ≤ ||A|| ||x|| .

Proof: We need to show the norm defined on linear transformations really is a norm. Again the first
and third properties listed above for norms are obvious. We need to show the second and verify ||A|| <∞.
Letting {v1, · · ·,vn} be a basis and |·| defined with respect to this basis as above, there exist constants
δ,∆ > 0 such that

δ ||x|| ≤ |x| ≤ ∆ ||x|| .

Then,

||A+B|| ≡ sup{||(A+B) (x)|| : ||x|| ≤ 1}
≤ sup{||Ax|| : ||x|| ≤ 1}+ sup{||Bx|| : ||x|| ≤ 1}
≡ ||A||+ ||B|| .

Next we verify that ||A|| <∞. This follows from

||A (x)|| =

∣∣∣∣∣
∣∣∣∣∣A
(

n∑
i=1

xivi

)∣∣∣∣∣
∣∣∣∣∣ ≤

n∑
i=1

|xi| ||A (vi)||

≤ |x|

(
n∑
i=1

||A (vi)||2
)1/2

≤ ∆ ||x||

(
n∑
i=1

||A (vi)||2
)1/2

<∞.

Thus ||A|| ≤ ∆
(∑n

i=1 ||A (vi)||2
)1/2

.

Next we verify the assertion about the dimension of L (X,Y ) . Let the two sets of bases be

{v1, · · ·,vn} and {w1, · · ·,wm}

for X and Y respectively. Let wi ⊗ vk ∈ L (X,Y ) be defined by

wi ⊗ vkvl ≡
{

0 if l 6= k
wi if l = k

and let L ∈ L (X,Y ) . Then

Lvr =
m∑
j=1

djrwj

for some djk. Also

m∑
j=1

n∑
k=1

djkwj ⊗ vk (vr) =
m∑
j=1

djrwj .
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It follows that

L =
m∑
j=1

n∑
k=1

djkwj ⊗ vk

because the two linear transformations agree on a basis. Since L is arbitrary this shows

{wi ⊗ vk : i = 1, · · ·,m, k = 1, · · ·, n}

spans L (X,Y ) . If ∑
i,k

dikwi ⊗ vk = 0,

then

0 =
∑
i,k

dikwi ⊗ vk (vl) =
m∑
i=1

dilwi

and so, since {w1, · · ·,wm} is a basis, dil = 0 for each i = 1, · · ·,m. Since l is arbitrary, this shows dil = 0
for all i and l. Thus these linear transformations form a basis and this shows the dimension of L (X,Y ) is
mn as claimed. By Corollary 10.5 (L (X,Y ) , ||·||) is complete. If x 6= 0,

||Ax|| 1
||x||

=
∣∣∣∣∣∣∣∣A x
||x||

∣∣∣∣∣∣∣∣ ≤ ||A||
This proves the theorem.

An interesting application of the notion of equivalent norms on Rn is the process of giving a norm on a
finite Cartesian product of normed linear spaces.

Definition 10.9 Let Xi, i = 1, · · ·, n be normed linear spaces with norms, ||·||i . For

x ≡ (x1, · · ·, xn) ∈
n∏
i=1

Xi

define θ :
∏n
i=1Xi → R

n by

θ (x) ≡ (||x1||1 , · · ·, ||xn||n)

Then if ||·|| is any norm on Rn, we define a norm on
∏n
i=1Xi, also denoted by ||·|| by

||x|| ≡ ||θx|| .

The following theorem follows immediately from Corollary 10.6.

Theorem 10.10 Let Xi and ||·||i be given in the above definition and consider the norms on
∏n
i=1Xi

described there in terms of norms on Rn. Then any two of these norms on
∏n
i=1Xi obtained in this way are

equivalent.

For example, we may define

||x||1 ≡
n∑
i=1

|xi| ,

||x||∞ ≡ max {||xi||i , i = 1, · · ·, n} ,

or

||x||2 =

(
n∑
i=1

||xi||2i

)1/2

and all three are equivalent norms on
∏n
i=1Xi.
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10.2 The Derivative

Let U be an open set in X, a normed linear space and let f : U → Y be a function.

Definition 10.11 We say a function g is o (v) if

lim
||v||→0

g (v)
||v||

= 0 (10.6)

We say a function f : U → Y is differentiable at x ∈ U if there exists a linear transformation L ∈ L (X,Y )
such that

f (x + v) = f (x) + Lv + o (v)

This linear transformation L is the definition of Df (x) , the derivative sometimes called the Frechet deriva-
tive.

Note that in finite dimensional normed linear spaces, it does not matter which norm we use in this
definition because of Theorem 10.4 and Corollary 10.6. The definition means that the error,

f (x + v)− f (x)− Lv

converges to 0 faster than ||v|| . The term o (v) is notation that is descriptive of the behavior in (10.6) and
it is only this behavior that concerns us. Thus,

o (v) = o (v) + o (v) , o (tv) = o (v) , ko (v) = o (v)

and other similar observations hold. This notation is both sloppy and useful because it neglects details which
are not important.

Theorem 10.12 The derivative is well defined.

Proof: Suppose both L1 and L2 work in the above definition. Then let v be any vector and let t be a
real scalar which is chosen small enough that tv + x ∈ U. Then

f (x + tv) = f (x) + L1tv + o (tv) , f (x + tv) = f (x) + L2tv + o (tv) .

Therefore, subtracting these two yields

(L2 − L1) (tv) = o (t) .

Note that o (tv) = o (t) for fixed v. Therefore, dividing by t yields

(L2 − L1) (v) =
o (t)
t
.

Now let t→ 0 to conclude that (L2 − L1) (v) = 0. This proves the theorem.

Lemma 10.13 Let f be differentiable at x. Then f is continuous at x and in fact, there exists K > 0 such
that whenever ||v|| is small enough,

||f (x + v)− f (x)|| ≤ K ||v||
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Proof:

f (x + v)− f (x) = Df (x) v + o (v) .

Let ||v|| be small enough that

||o (v)|| ≤ ||v||

Then

||f (x + v)− f (x)|| ≤ ||Df (x) v||+ ||v||
≤ (||Df (x)||+ 1) ||v||

This proves the lemma with K = ||Df (x)||+ 1.

Theorem 10.14 (The chain rule) Let X,Y, and Z be normed linear spaces, and let U ⊆ X be an open set
and let V ⊆ Y also be an open set. Suppose f : U → V is differentiable at x and suppose g : V → Z is
differentiable at f (x) . Then g ◦ f is differentiable at x and

D (g ◦ f) (x) = D (g (f (x)))D (f (x)) .

Proof: This follows from a computation. Let B (x,r) ⊆ U and let r also be small enough that for

||v|| ≤ r,

f (x + v) ∈ V. For such v, using the definition of differentiability of g and f ,

g (f (x + v))− g (f (x)) =

Dg (f (x)) (f (x + v)− f (x)) + o (f (x + v)− f (x))
= Dg (f (x)) [Df (x) v + o (v)] + o (f (x + v)− f (x))
= D (g (f (x)))D (f (x)) v + o (v) + o (f (x + v)− f (x)) . (10.7)

Now by Lemma 10.13, letting ε > 0, it follows that for ||v|| small enough,

||o (f (x + v)− f (x))|| ≤ ε ||f (x + v)− f (x)|| ≤ εK ||v|| .

Since ε > 0 is arbitrary, this shows o (f (x + v)− f (x)) = o (v) . By (10.7), this shows

g (f (x + v))− g (f (x)) = D (g (f (x)))D (f (x)) v + o (v)

which proves the theorem.
We have defined the derivative as a linear transformation. This means that we can consider the matrix

of the linear transformation with respect to various bases on X and Y . In the case where X = R
n and

Y = R
m,we shall denote the matrix taken with respect to the standard basis vectors ei, the vector with a

1 in the ith slot and zeros elsewhere, by Jf (x) . Thus, if the components of v with respect to the standard
basis vectors are vi, ∑

j

Jf (x)ij vj = πi (Df (x) v) (10.8)

where πi is the projection onto the ith component of a vector in Y = R
m. What are the entries of Jf (x)?

Letting

f (x) =
m∑
i=1

fi (x) ei,
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fi (x + v)− fi (x) = πi (Df (x) v) + o (v) .

Thus, letting t be a small scalar,

fi (x+tej)− fi (x) = tπi (Df (x) ej) + o (t) .

Dividing by t, and letting t→ 0,

∂fi (x)
∂xj

= πi (Df (x) ej) .

Thus, from (10.8),

Jf (x)ij =
∂fi (x)
∂xj

. (10.9)

This proves the following theorem

Theorem 10.15 In the case where X = R
n and Y = R

m, if f is differentiable at x then all the partial
derivatives

∂fi (x)
∂xj

exist and if Jf (x) is the matrix of the linear transformation with respect to the standard basis vectors, then
the ijth entry is given by (10.9).

What if all the partial derivatives of f exist? Does it follow that f is differentiable? Consider the following
function. f : R2 → R.

f (x, y) =
{ xy

x2+y2 if (x, y) 6= (0, 0)
0 if (x, y) = (0, 0)

.

Then from the definition of partial derivatives, this function has both partial derivatives at (0, 0). However
f is not even continuous at (0, 0) which may be seen by considering the behavior of the function along the
line y = x and along the line x = 0. By Lemma 10.13 this implies f is not differentiable.

Lemma 10.16 Suppose X = R
n, f : U → R and all the partial derivatives of f exist and are continuous

in U . Then f is differentiable in U .

Proof: Let B (x, r) ⊆ U and let ||v|| < r. Then,

f (x + v)− f (x) =
n∑
i=1

f
x +

i∑
j=1

vjej

− f
x +

i−1∑
j=1

vjej


where

0∑
i=1

vjej ≡ 0.

By the one variable mean value theorem,

f (x + v)− f (x) =
n∑
i=1

∂f
(
x +

∑i−1
j=1 vjej + θiviei

)
∂xi

vi
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where θj ∈ [0, 1] . Therefore,

f (x + v)− f (x) =
n∑
i=1

∂f (x)
∂xi

vi +

n∑
i=1

∂f
(
x +

∑i−1
j=1 vjej + θiviei

)
∂xi

− ∂f (x)
∂xi

 vi.

Consider the last term.∣∣∣∣∣∣
n∑
i=1

∂f
(
x +

∑i−1
j=1 vjej + θjvjej

)
∂xi

− ∂f (x)
∂xi

 vi

∣∣∣∣∣∣ ≤
(

n∑
i=1

|vi|2
)1/2

·

 n∑
i=1

∣∣∣∣∣∣
∂f

(
x +

∑i−1
j=1 vjej + θjvjej

)
∂xi

− ∂f (x)
∂xi

∣∣∣∣∣∣
2


1/2

and so it follows from continuity of the partial derivatives that this last term is o (v) . Therefore, we define

Lv ≡
n∑
i=1

∂f (x)
∂xi

vi

where

v =
n∑
i=1

viei.

Then L is a linear transformation which satisfies the conditions needed for it to equal Df (x) and this proves
the lemma.

Theorem 10.17 Suppose X = R
n, Y = R

m and f : U → Y and suppose the partial derivatives,

∂fi
∂xj

all exist and are continuous in U. Then f is differentiable in U.

Proof: From Lemma 10.16,

fi (x + v)− fi (x) = Dfi (x) v+o (v) .

Letting

(Df (x) v)i≡Dfi (x) v,

we see that

f (x + v)− f (x) = Df (x) v+o (v)

and this proves the theorem.
When all the partial derivatives exist and are continuous we say the function is a C1 function. More

generally, we give the following definition.
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Definition 10.18 In the case where X and Y are normed linear spaces, and U ⊆ X is an open set, we say
f : U → Y is C1 (U) if f is differentiable and the mapping

x→Df (x) ,

is continuous as a function from U to L (X,Y ) .

The following is an important abstract generalization of the concept of partial derivative defined above.

Definition 10.19 Let X and Y be normed linear spaces. Then we can make X × Y into a normed linear
space by defining a norm,

||(x,y)|| ≡ max (||x||X , ||y||Y ) .

Now let g : U ⊆ X×Y → Z, where U is an open set and X , Y, and Z are normed linear spaces, and denote
an element of X × Y by (x,y) where x ∈ X and y ∈ Y. Then the map x → g (x,y) is a function from the
open set in X,

{x : (x,y) ∈ U}

to Z. When this map is differentiable, we denote its derivative by

D1g (x,y) , or sometimes by Dxg (x,y) .

Thus,

g (x + v,y)− g (x,y) = D1g (x,y) v + o (v) .

A similar definition holds for the symbol Dyg or D2g.

The following theorem will be very useful in much of what follows. It is a version of the mean value
theorem.

Theorem 10.20 Suppose X and Y are Banach spaces, U is an open subset of X and f : U → Y has the
property that Df (x) exists for all x in U and that, x+t (y − x) ∈ U for all t ∈ [0, 1] . (The line segment
joining the two points lies in U.) Suppose also that for all points on this line segment,

||Df (x+t (y − x))|| ≤M.

Then

||f (y)− f (x)|| ≤M ||y − x|| .

Proof: Let

S ≡ {t ∈ [0, 1] : for all s ∈ [0, t] ,

||f (x + s (y − x))− f (x)|| ≤ (M + ε) s ||y − x||} .

Then 0 ∈ S and by continuity of f , it follows that if t ≡ supS, then t ∈ S and if t < 1,

||f (x + t (y − x))− f (x)|| = (M + ε) t ||y − x|| . (10.10)

If t < 1, then there exists a sequence of positive numbers, {hk}∞k=1 converging to 0 such that

||f (x + (t+ hk) (y − x))− f (x)|| > (M + ε) (t+ hk) ||y − x||



180 THE FRECHET DERIVATIVE

which implies that

||f (x + (t+ hk) (y − x))− f (x + t (y − x))||

+ ||f (x + t (y − x))− f (x)|| > (M + ε) (t+ hk) ||y − x|| .

By (10.10), this inequality implies

||f (x + (t+ hk) (y − x))− f (x + t (y − x))|| > (M + ε)hk ||y − x||

which yields upon dividing by hk and taking the limit as hk → 0,

||Df (x + t (y − x)) (y − x)|| > (M + ε) ||y − x|| .

Now by the definition of the norm of a linear operator,

M ||y − x|| ≥ ||Df (x + t (y − x))|| ||y − x|| > (M + ε) ||y − x|| ,

a contradiction. Therefore, t = 1 and so

||f (x + (y − x))− f (x)|| ≤ (M + ε) ||y − x|| .

Since ε > 0 is arbitrary, this proves the theorem.
The next theorem is a version of the theorem presented earlier about continuity of the partial derivatives

implying differentiability, presented in a more general setting. In the proof of this theorem, we will take

||(u,v)|| ≡ max (||u||X , ||v||Y )

and always we will use the operator norm for linear maps.

Theorem 10.21 Let g, U,X, Y, and Z be given as in Definition 10.19. Then g is C1 (U) if and only if D1g
and D2g both exist and are continuous on U. In this case we have the formula,

Dg (x,y) (u,v) = D1g (x,y) u+D2g (x,y) v.

Proof: Suppose first that g ∈ C1 (U) . Then if (x,y) ∈ U,

g (x + u,y)− g (x,y) = Dg (x,y) (u,0) + o (u) .

Therefore, D1g (x,y) u =Dg (x,y) (u,0) . Then

||(D1g (x,y)−D1g (x′,y′)) (u)|| =

||(Dg (x,y)−Dg (x′,y′)) (u,0)|| ≤

||Dg (x,y)−Dg (x′,y′)|| ||(u,0)|| .

Therefore,

||D1g (x,y)−D1g (x′,y′)|| ≤ ||Dg (x,y)−Dg (x′,y′)|| .

A similar argument applies for D2g and this proves the continuity of the function, (x,y) → Dig (x,y) for
i = 1, 2. The formula follows from

Dg (x,y) (u,v) = Dg (x,y) (u,0) +Dg (x,y) (0,v)
≡ D1g (x,y) u+D2g (x,y) v.
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Now suppose D1g (x,y) and D2g (x,y) exist and are continuous.

g (x + u,y + v)− g (x,y) = g (x + u,y + v)− g (x,y + v)

+g (x,y + v)− g (x,y)

= g (x + u,y)− g (x,y) + g (x,y + v)− g (x,y) +

[g (x + u,y + v)− g (x + u,y)− (g (x,y + v)− g (x,y))]

= D1g (x,y) u +D2g (x,y) v + o (v) + o (u) +

[g (x + u,y + v)− g (x + u,y)− (g (x,y + v)− g (x,y))] . (10.11)

Let h (x,u) ≡ g (x + u,y + v)− g (x + u,y) . Then the expression in [ ] is of the form,

h (x,u)− h (x,0) .

Also

Duh (x,u) = D1g (x + u,y + v)−D1g (x + u,y)

and so, by continuity of (x,y)→ D1g (x,y) ,

||Duh (x,u)|| < ε

whenever ||(u,v)|| is small enough. By Theorem 10.20, there exists δ > 0 such that if ||(u,v)|| < δ, the
norm of the last term in (10.11) satisfies the inequality,

||g (x + u,y + v)− g (x + u,y)− (g (x,y + v)− g (x,y))|| < ε ||u|| . (10.12)

Therefore, this term is o ((u,v)) . It follows from (10.12) and (10.11) that

g (x + u,y + v) =

g (x,y) +D1g (x,y) u +D2g (x,y) v+o (u) + o (v) + o ((u,v))

= g (x,y) +D1g (x,y) u +D2g (x,y) v + o ((u,v))

Showing that Dg (x,y) exists and is given by

Dg (x,y) (u,v) = D1g (x,y) u +D2g (x,y) v.

The continuity of (x,y) → Dg (x,y) follows from the continuity of (x,y) → Dig (x,y) . This proves the
theorem.
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10.3 Higher order derivatives

If f : U → Y, then

x→Df (x)

is a mapping from U to L (X,Y ) , a normed linear space.

Definition 10.22 The following is the definition of the second derivative.

D2f (x) ≡ D (Df (x)) .

Thus,

Df (x + v)−Df (x) = D2f (x) v+o (v) .

This implies

D2f (x) ∈ L (X,L (X,Y )) , D2f (x) (u) (v) ∈ Y,

and the map

(u,v)→ D2f (x) (u) (v)

is a bilinear map having values in Y. The same pattern applies to taking higher order derivatives. Thus,

D3f (x) ≡ D
(
D2f (x)

)
and we can consider D3f (x) as a tri linear map. Also, instead of writing

D2f (x) (u) (v) ,

we sometimes write

D2f (x) (u,v) .

We say f is Ck (U) if f and its first k derivatives are all continuous. For example, for f to be C2 (U) ,

x→D2f (x)

would have to be continuous as a map from U to L (X,L (X,Y )) . The following theorem deals with the
question of symmetry of the map D2f .

This next lemma is a finite dimensional result but a more general result can be proved using the Hahn
Banach theorem which will also be valid for an infinite dimensional setting. We leave this to the interested
reader who has had some exposure to functional analysis. We are primarily interested in finite dimensional
situations here, although most of the theorems and proofs given so far carry over to the infinite dimensional
case with no change.

Lemma 10.23 If z ∈Y, there exists L ∈ L (Y,F) such that

Lz = |z|2 , |L| ≤ |z| .

Here |z|2 ≡
∑m
i=1 |zi|

2 where z =
∑m
i=1 ziwi, for {w1, · · ·,wm}a basis for Y and

|L| ≡ sup {|Lx| : |x| ≤ 1} ,

the operator norm for L with respect to this norm.
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Proof of the lemma: Let

Lx ≡
m∑
i=1

xizi

where
∑m
i=1 zi wi = z. Then

L (z) ≡
m∑
i=1

zizi =
m∑
i=1

|zi|2 = |z|2 .

Also

|Lx| =

∣∣∣∣∣
m∑
i=1

xizi

∣∣∣∣∣ ≤ |x| |z|
and so |L| ≤ |z| . This proves the lemma.

Actually, the following lemma is valid but its proof involves the Hahn Banach theorem. Infinite dimen-
sional versions of the following theorem will need this version of the lemma.

Lemma 10.24 If z ∈ (Y, || ||) a normed linear space, there exists L ∈ L (Y,F) such that

Lz = ||z||2 , ||L|| ≤ ||z|| .

Theorem 10.25 Suppose f : U ⊆ X → Y where X and Y are normed linear spaces, D2f (x) exists for all
x ∈U and D2f is continuous at x ∈U. Then

D2f (x) (u) (v) = D2f (x) (v) (u) .

Proof: Let B (x,r) ⊆ U and let t, s ∈ (0, r/2]. Now let L ∈ L (Y,F) and define

∆ (s, t) ≡ ReL
st
{f (x+tu+sv)− f (x+tu)− (f (x+sv)− f (x))}. (10.13)

Let h (t) = ReL (f (x+sv+tu)− f (x+tu)) . Then by the mean value theorem,

∆ (s, t) =
1
st

(h (t)− h (0)) =
1
st
h′ (αt) t

=
1
s

(ReLDf (x+sv+αtu) u− ReLDf (x+αtu) u) .

Applying the mean value theorem again,

∆ (s, t) = ReLD2f (x+βsv+αtu) (v) (u)

where α, β ∈ (0, 1) . If the terms f (x+tu) and f (x+sv) are interchanged in (10.13), ∆ (s, t) is also unchanged
and the above argument shows there exist γ, δ ∈ (0, 1) such that

∆ (s, t) = ReLD2f (x+γsv+δtu) (u) (v) .

Letting (s, t)→ (0, 0) and using the continuity of D2f at x,

lim
(s,t)→(0,0)

∆ (s, t) = ReLD2f (x) (u) (v) = ReLD2f (x) (v) (u) .

By Lemma 10.23, there exists L ∈ L (Y,F) such that for some norm on Y, |·| ,

L
(
D2f (x) (u) (v)−D2f (x) (v) (u)

)
=
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∣∣D2f (x) (u) (v)−D2f (x) (v) (u)
∣∣2

and

|L| ≤
∣∣D2f (x) (u) (v)−D2f (x) (v) (u)

∣∣ .
For this L,

0 = ReL
(
D2f (x) (u) (v)−D2f (x) (v) (u)

)
= L

(
D2f (x) (u) (v)−D2f (x) (v) (u)

)
=
∣∣D2f (x) (u) (v)−D2f (x) (v) (u)

∣∣2
and this proves the theorem in the case where the vector spaces are finite dimensional. We leave the general
case to the reader. Use the second version of the above lemma, the one which depends on the Hahn Banach
theorem in the last step of the proof where an auspicious choice is made for L.

Consider the important special case when X = R
n and Y = R. If ei are the standard basis vectors, what

is

D2f (x) (ei) (ej)?

To see what this is, use the definition to write

D2f (x) (ei) (ej) = t−1s−1D2f (x) (tei) (sej)

= t−1s−1 (Df (x+tei)−Df (x) + o (t)) (sej)

= t−1s−1 (f (x+tei + sej)− f (x+tei)

+o (s)− (f (x+sej)− f (x) + o (s)) + o (t) s) .

First let s→ 0 to get

t−1

(
∂f

∂xj
(x+tei)−

∂f

∂xj
(x) + o (t)

)
and then let t→ 0 to obtain

D2f (x) (ei) (ej) =
∂2f

∂xi∂xj
(x) (10.14)

Thus the theorem asserts that in this special case the mixed partial derivatives are equal at x if they are
defined near x and continuous at x.

10.4 Implicit function theorem

The following lemma is very useful.
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Lemma 10.26 Let A ∈ L (X,X) where X is a Banach space, (complete normed linear space), and suppose
||A|| ≤ r < 1. Then

(I −A)−1 exists (10.15)

and ∣∣∣∣∣∣(I −A)−1
∣∣∣∣∣∣ ≤ (1− r)−1

. (10.16)

Furthermore, if

I ≡
{
A ∈ L (X,X) : A−1 exists

}
the map A→ A−1 is continuous on I and I is an open subset of L (X,X) .

Proof: Consider

Bk ≡
k∑
i=0

Ai.

Then if N < l < k,

||Bk −Bl|| ≤
k∑

i=N

∣∣∣∣Ai∣∣∣∣ ≤ k∑
i=N

||A||i ≤ rN

1− r
.

It follows Bk is a Cauchy sequence and so it converges to B ∈ L (X,X) . Also,

(I −A)Bk = I −Ak+1 = Bk (I −A)

and so

I = lim
k→∞

(I −A)Bk = (I −A)B, I = lim
k→∞

Bk (I −A) = B (I −A) .

Thus

(I −A)−1 = B =
∞∑
i=0

Ai.

It follows ∣∣∣∣∣∣(I −A)−1
∣∣∣∣∣∣ ≤ ∞∑

i=1

∣∣∣∣Ai∣∣∣∣ ≤ ∞∑
i=0

||A||i =
1

1− r
.

To verify the continuity of the inverse map, let A ∈ I. Then

B = A
(
I −A−1 (A−B)

)
and so if

∣∣∣∣A−1 (A−B)
∣∣∣∣ < 1 it follows B−1 =

(
I −A−1 (A−B)

)−1
A−1 which shows I is open. Now for

such B this close to A, ∣∣∣∣B−1 −A−1
∣∣∣∣ =

∣∣∣∣∣∣(I −A−1 (A−B)
)−1

A−1 −A−1
∣∣∣∣∣∣

=
∣∣∣∣∣∣((I −A−1 (A−B)

)−1 − I
)
A−1

∣∣∣∣∣∣
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=

∣∣∣∣∣
∣∣∣∣∣
∞∑
k=1

(
A−1 (A−B)

)k
A−1

∣∣∣∣∣
∣∣∣∣∣ ≤

∞∑
k=1

∣∣∣∣A−1 (A−B)
∣∣∣∣k ∣∣∣∣A−1

∣∣∣∣

=

∣∣∣∣A−1 (A−B)
∣∣∣∣

1− ||A−1 (A−B)||
∣∣∣∣A−1

∣∣∣∣
which shows that if ||A−B|| is small, so is

∣∣∣∣B−1 −A−1
∣∣∣∣ . This proves the lemma.

The next theorem is a very useful result in many areas. It will be used in this section to give a short
proof of the implicit function theorem but it is also useful in studying differential equations and integral
equations. It is sometimes called the uniform contraction principle.

Theorem 10.27 Let (Y, ρ) and (X, d) be complete metric spaces and suppose for each (x, y) ∈ X × Y,
T (x, y) ∈ X and satisfies

d (T (x, y) , T (x′, y)) ≤ rd (x, x′) (10.17)

where 0 < r < 1 and also

d (T (x, y) , T (x, y′)) ≤Mρ (y, y′) . (10.18)

Then for each y ∈ Y there exists a unique “fixed point” for T (·, y) , x ∈ X, satisfying

T (x, y) = x (10.19)

and also if x (y) is this fixed point,

d (x (y) , x (y′)) ≤ M

1− r
ρ (y, y′) . (10.20)

Proof: First we show there exists a fixed point for the mapping, T (·, y) . For a fixed y, let g (x) ≡ T (x, y) .
Now pick any x0 ∈ X and consider the sequence,

x1 = g (x0) , xk+1 = g (xk) .

Then by (10.17),

d (xk+1, xk) = d (g (xk) , g (xk−1)) ≤ rd (xk, xk−1) ≤

r2d (xk−1, xk−2) ≤ · · · ≤ rkd (g (x0) , x0) .

Now by the triangle inequality,

d (xk+p, xk) ≤
p∑
i=1

d (xk+i, xk+i−1)

≤
p∑
i=1

rk+i−1d (x0, g (x0)) ≤ rkd (x0, g (x0))
1− r

.

Since 0 < r < 1, this shows that {xk}∞k=1 is a Cauchy sequence. Therefore, it converges to a point in X,x.
To see x is a fixed point,

x = lim
k→∞

xk = lim
k→∞

xk+1 = lim
k→∞

g (xk) = g (x) .
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This proves (10.19). To verify (10.20),

d (x (y) , x (y′)) = d (T (x (y) , y) , T (x (y′) , y′)) ≤

d (T (x (y) , y) , T (x (y) , y′)) + d (T (x (y) , y′) , T (x (y′) , y′))

≤Mρ (y, y′) + rd (x (y) , x (y′)) .

Thus (1− r) d (x (y) , x (y′)) ≤Mρ (y, y′) . This also shows the fixed point for a given y is unique. This proves
the theorem.

The implicit function theorem is one of the most important results in Analysis. It provides the theoretical
justification for such procedures as implicit differentiation taught in Calculus courses and has surprising
consequences in many other areas. It deals with the question of solving, f (x,y) = 0 for x in terms of y
and how smooth the solution is. We give a proof of this theorem next. The proof we give will apply with
no change to the case where the linear spaces are infinite dimensional once the necessary changes are made
in the definition of the derivative. In a more general setting one assumes the derivative is what is called
a bounded linear transformation rather than just a linear transformation as in the finite dimensional case.
Basically, this means we assume the operator norm is defined. In the case of finite dimensional spaces, this
boundedness of a linear transformation can be proved. We will use the norm for X × Y given by,

||(x,y)|| ≡ max {||x|| , ||y||} .

Theorem 10.28 (implicit function theorem) Let X,Y, Z be complete normed linear spaces and suppose U
is an open set in X × Y. Let f : U → Z be in C1 (U) and suppose

f (x0,y0) = 0, D1f (x0,y0)−1 ∈ L (Z,X) . (10.21)

Then there exist positive constants, δ, η, such that for every y ∈ B (y0, η) there exists a unique x (y) ∈
B (x0, δ) such that

f (x (y) ,y) = 0. (10.22)

Futhermore, the mapping, y→ x (y) is in C1 (B (y0, η)) .

Proof: Let T (x,y) ≡ x−D1f (x0,y0)−1 f (x,y) . Therefore,

D1T (x,y) = I −D1f (x0,y0)−1
D1f (x,y) . (10.23)

by continuity of the derivative and Theorem 10.21, it follows that there exists δ > 0 such that if ||(x− x0,y − y0)|| <
δ, then

||D1T (x,y)|| < 1
2
,

∣∣∣∣∣∣D1f (x0,y0)−1
∣∣∣∣∣∣ ||D2f (x,y)|| < M (10.24)

where M >
∣∣∣∣∣∣D1f (x0,y0)−1

∣∣∣∣∣∣ ||D2f (x0,y0)|| . By Theorem 10.20, whenever x,x′ ∈ B (x0, δ) and y ∈
B (y0, δ) ,

||T (x,y)−T (x′,y)|| ≤ 1
2
||x− x′|| . (10.25)
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Solving (10.23) for D1f (x,y) ,

D1f (x,y) = D1f (x0,y0) (I −D1T (x,y)) .

By Lemma 10.26 and (10.24), D1f (x,y)−1 exists and∣∣∣∣∣∣D1f (x,y)−1
∣∣∣∣∣∣ ≤ 2

∣∣∣∣∣∣D1f (x0,y0)−1
∣∣∣∣∣∣ . (10.26)

Now we will restrict y some more. Let 0 < η < min
(
δ, δ

3M

)
. Then suppose x ∈ B (x0, δ) and y ∈

B (y0, η). Consider T (x,y)− x0 ≡ g (x,y) .

D1g (x,y) = I −D1f (x0,y0)−1
D1f (x,y) = D1T (x,y) ,

and

D2g (x,y) = −D1f (x0,y0)−1
D2f (x,y) .

Thus by (10.24), (10.21) saying that f (x0,y0) = 0, and Theorems 10.20 and (10.11), it follows that for such
(x,y) ,

||T (x,y)− x0|| = ||g (x,y)|| = ||g (x,y)− g (x0,y0)||

≤ 1
2
||x− x0||+M ||y − y0|| <

δ

2
+
δ

3
=

5δ
6
< δ. (10.27)

Also for such (x,yi) , i = 1, 2, we can use Theorem 10.20 and (10.24) to obtain

||T (x,y1)−T (x,y2)|| =
∣∣∣∣∣∣D1f (x0,y0)−1 (f (x,y2)− f (x,y1))

∣∣∣∣∣∣
≤M ||y2 − y1|| . (10.28)

From now on we assume ||x− x0|| < δ and ||y − y0|| < η so that (10.28), (10.26), (10.27), (10.25), and
(10.24) all hold. By (10.28), (10.25), (10.27), and the uniform contraction principle, Theorem 10.27 applied to
X ≡ B

(
x0,

5δ
6

)
and Y ≡ B (y0, η) implies that for each y ∈ B (y0, η) , there exists a unique x (y) ∈ B (x0, δ)

(actually in B
(
x0,

5δ
6

)
) such that T (x (y) ,y) = x (y) which is equivalent to

f (x (y) ,y) = 0.

Furthermore,

||x (y)− x (y′)|| ≤ 2M ||y − y′|| . (10.29)

This proves the implicit function theorem except for the verification that y→ x (y) is C1. This is shown
next. Letting v be sufficiently small, Theorem 10.21 and Theorem 10.20 imply

0 = f (x (y + v) ,y + v)− f (x (y) ,y) =

D1f (x (y) ,y) (x (y + v)− x (y)) +

+D2f (x (y) ,y) v + o ((x (y + v)− x (y) ,v)) .



10.4. IMPLICIT FUNCTION THEOREM 189

The last term in the above is o (v) because of (10.29). Therefore, by (10.26), we can solve the above equation
for x (y + v)− x (y) and obtain

x (y + v)− x (y) = −D1 (x (y) ,y)−1
D2f (x (y) ,y) v + o (v)

Which shows that y→ x (y) is differentiable on B (y0, η) and

Dx (y) = −D1 (x (y) ,y)−1
D2f (x (y) ,y) .

Now it follows from the continuity of D2f , D1f , the inverse map, (10.29), and this formula for Dx (y)that
x (·) is C1 (B (y0, η)). This proves the theorem.

The next theorem is a very important special case of the implicit function theorem known as the inverse
function theorem. Actually one can also obtain the implicit function theorem from the inverse function
theorem.

Theorem 10.29 (Inverse Function Theorem) Let x0 ∈ U, an open set in X , and let f : U → Y . Suppose

f is C1 (U) , and Df(x0)−1 ∈ L(Y,X). (10.30)

Then there exist open sets, W, and V such that

x0 ∈W ⊆ U, (10.31)

f : W → V is 1− 1 and onto, (10.32)

f−1 is C1, (10.33)

Proof: Apply the implicit function theorem to the function

F (x,y) ≡ f (x)− y

where y0 ≡ f (x0) . Thus the function y→ x (y) defined in that theorem is f−1. Now let

W ≡ B (x0, δ) ∩ f−1 (B (y0, η))

and

V ≡ B (y0, η) .

This proves the theorem.

Lemma 10.30 Let

O ≡ {A ∈ L (X,Y ) : A−1 ∈ L (Y,X)} (10.34)

and let

I : O → L (Y,X) , IA ≡ A−1. (10.35)

Then O is open and I is in Cm (O) for all m = 1, 2, · · · Also

DI (A) (B) = −I (A) (B) I (A) . (10.36)
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Proof: Let A ∈ O and let B ∈ L (X,Y ) with

||B|| ≤ 1
2

∣∣∣∣A−1
∣∣∣∣−1

.

Then ∣∣∣∣A−1B
∣∣∣∣ ≤ ∣∣∣∣A−1

∣∣∣∣ ||B|| ≤ 1
2

and so by Lemma 10.26, (
I +A−1B

)−1 ∈ L (X,X) .

Thus

(A+B)−1 =
(
I +A−1B

)−1
A−1 =

∞∑
n=0

(−1)n
(
A−1B

)n
A−1 =

[
I −A−1B + o (B)

]
A−1

which shows that O is open and also,

I (A+B)− I (A) =
∞∑
n=0

(−1)n
(
A−1B

)n
A−1 −A−1

= −A−1BA−1 + o (B)
= −I (A) (B) I (A) + o (B)

which demonstrates (10.36). It follows from this that we can continue taking derivatives of I. For ||B1||
small,

− [DI (A+B1) (B)−DI (A) (B)]

= I (A+B1) (B) I (A+B1)− I (A) (B) I (A)

= I (A+B1) (B) I (A+B1)− I (A) (B) I (A+B1) +
I (A) (B) I (A+B1)− I (A) (B) I (A)

= [I (A) (B1) I (A) + o (B1)] (B) I (A+B1)

+I (A) (B) [I (A) (B1) I (A) + o (B1)]

= [I (A) (B1) I (A) + o (B1)] (B)
[
A−1 −A−1B1A

−1
]

+
I (A) (B) [I (A) (B1) I (A) + o (B1)]

= I (A) (B1) I (A) (B) I (A) + I (A) (B) I (A) (B1) I (A) + o (B1)

and so

D2I (A) (B1) (B) =

I (A) (B1) I (A) (B) I (A) + I (A) (B) I (A) (B1) I (A)

which shows I is C2 (O) . Clearly we can continue in this way, which shows I is in Cm (O) for all m = 1, 2, · · ·
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Corollary 10.31 In the inverse or implicit function theorems, assume

f ∈ Cm (U) ,m ≥ 1.

Then

f−1 ∈ Cm (V )

in the case of the inverse function theorem. In the implicit function theorem, the function

y→ x (y)

is Cm.

Proof: We consider the case of the inverse function theorem.

Df−1 (y) = I
(
Df
(
f−1 (y)

))
.

Now by Lemma 10.30, and the chain rule,

D2f−1 (y) (B) =

−I
(
Df
(
f−1 (y)

))
(B) I

(
Df
(
f−1 (y)

))
D2f

(
f−1 (y)

)
Df−1 (y)

= −I
(
Df
(
f−1 (y)

))
(B) I

(
Df
(
f−1 (y)

))
·

D2f
(
f−1 (y)

)
I
(
Df
(
f−1 (y)

))
.

Continuing in this way we see that it is possible to continue taking derivatives up to order m. Similar
reasoning applies in the case of the implicit function theorem. This proves the corollary.

As an application of the implicit function theorem, we consider the method of Lagrange multipliers from
calculus. Recall the problem is to maximize or minimize a function subject to equality constraints. Let

x ∈Rn

and let f : U → R be a C1 function. Also let

gi (x) = 0, i = 1, · · ·,m (10.37)

be a collection of equality constraints with m < n. Now consider the system of nonlinear equations

f (x) = a

gi (x) = 0, i = 1, · · ·,m.

We say x0 is a local maximum if f (x0) ≥ f (x) for all x near x0 which also satisfies the constraints (10.37).
A local minimum is defined similarly. Let F : U × R→ R

m+1 be defined by

F (x,a) ≡


f (x)− a
g1 (x)

...
gm (x)

 . (10.38)
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Now consider the m+ 1× n Jacobian matrix,
fx1 (x0) · · · fxn (x0)
g1x1 (x0) · · · g1xn (x0)

...
...

gmx1 (x0) · · · gmxn (x0)

 .

If this matrix has rank m + 1 then it follows from the implicit function theorem that we can select m + 1
variables, xi1 , · · ·, xim+1 such that the system

F (x,a) = 0 (10.39)

specifies these m+ 1 variables as a function of the remaining n− (m+ 1) variables and a in an open set of
R
n−m. Thus there is a solution (x,a) to (10.39) for some x close to x0 whenever a is in some open interval.

Therefore, x0 cannot be either a local minimum or a local maximum. It follows that if x0 is either a local
maximum or a local minimum, then the above matrix must have rank less than m + 1 which requires the
rows to be linearly dependent. Thus, there exist m scalars,

λ1, · · ·, λm,

and a scalar µ such that

µ

 fx1 (x0)
...

fxn (x0)

 = λ1

 g1x1 (x0)
...

g1xn (x0)

+ · · ·+ λm

 gmx1 (x0)
...

gmxn (x0)

 . (10.40)

If the column vectors  g1x1 (x0)
...

g1xn (x0)

 , · · ·

 gmx1 (x0)
...

gmxn (x0)

 (10.41)

are linearly independent, then, µ 6= 0 and dividing by µ yields an expression of the form fx1 (x0)
...

fxn (x0)

 = λ1

 g1x1 (x0)
...

g1xn (x0)

+ · · ·+ λm

 gmx1 (x0)
...

gmxn (x0)

 (10.42)

at every point x0 which is either a local maximum or a local minimum. This proves the following theorem.

Theorem 10.32 Let U be an open subset of Rn and let f : U → R be a C1 function. Then if x0 ∈ U is
either a local maximum or local minimum of f subject to the constraints (10.37), then (10.40) must hold for
some scalars µ, λ1, · · ·, λm not all equal to zero. If the vectors in (10.41) are linearly independent, it follows
that an equation of the form (10.42) holds.

10.5 Taylor’s formula

First we recall the Taylor formula with the Lagrange form of the remainder. Since we will only need this on
a specific interval, we will state it for this interval.

Theorem 10.33 Let h : (−δ, 1 + δ)→ R have m+ 1 derivatives. Then there exists t ∈ [0, 1] such that

h (1) = h (0) +
m∑
k=1

h(k) (0)
k!

+
h(m+1) (t)
(m+ 1)!

.
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Now let f : U → R where U ⊆ X a normed linear space and suppose f ∈ Cm (U) . Let x ∈U and let
r > 0 be such that

B (x,r) ⊆ U.

Then for ||v|| < r we consider

f (x+tv)− f (x) ≡ h (t)

for t ∈ [0, 1] . Then

h′ (t) = Df (x+tv) (v) , h′′ (t) = D2f (x+tv) (v) (v)

and continuing in this way, we see that

h(k) (t) = D(k)f (x+tv) (v) (v) · · · (v) ≡ D(k)f (x+tv) vk.

It follows from Taylor’s formula for a function of one variable that

f (x + v) = f (x) +
m∑
k=1

D(k)f (x) vk

k!
+
D(m+1)f (x+tv) vm+1

(m+ 1)!
. (10.43)

This proves the following theorem.

Theorem 10.34 Let f : U → R and let f ∈ Cm+1 (U) . Then if

B (x,r) ⊆ U,

and ||v|| < r, there exists t ∈ (0, 1) such that (10.43) holds.

Now we consider the case where U ⊆ Rn and f : U → R is C2 (U) . Then from Taylor’s theorem, if v is
small enough, there exists t ∈ (0, 1) such that

f (x + v) = f (x) +Df (x) v+
D2f (x+tv) v2

2
.

Letting

v =
n∑
i=1

viei,

where ei are the usual basis vectors, the second derivative term reduces to

1
2

∑
i,j

D2f (x+tv) (ei) (ej) vivj =
1
2

∑
i,j

Hij (x+tv) vivj

where

Hij (x+tv) = D2f (x+tv) (ei) (ej) =
∂2f (x+tv)
∂xj∂xi

,

the Hessian matrix. From Theorem 10.25, this is a symmetric matrix. By the continuity of the second partial
derivative and this,

f (x + v) = f (x) +Df (x) v+
1
2
vTH (x) v+
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1
2
(
vT (H (x+tv)−H (x)) v

)
. (10.44)

where the last two terms involve ordinary matrix multiplication and

vT = (v1 · · · vn)

for vi the components of v relative to the standard basis.

Theorem 10.35 In the above situation, suppose Df (x) = 0. Then if H (x) has all positive eigenvalues, x
is a local minimum. If H (x) has all negative eigenvalues, then x is a local maximum. If H (x) has a positive
eigenvalue, then there exists a direction in which f has a local minimum at x, while if H (x) has a negative
eigenvalue, there exists a direction in which H (x) has a local maximum at x.

Proof: Since Df (x) = 0, formula (10.44) holds and by continuity of the second derivative, we know
H (x) is a symmetric matrix. Thus H (x) has all real eigenvalues. Suppose first that H (x) has all positive
eigenvalues and that all are larger than δ2 > 0. Then H (x) has an orthonormal basis of eigenvectors, {vi}ni=1

and if u is an arbitrary vector, we can write u =
∑n
j=1 ujvj where uj = u · vj . Thus

uTH (x) u =
n∑
j=1

ujvTj H (x)
n∑
j=1

ujvj

=
n∑
j=1

u2
jλj ≥ δ

2
n∑
j=1

u2
j = δ2 |u|2 .

From (10.44) and the continuity of H, if v is small enough,

f (x + v) ≥ f (x) +
1
2
δ2 |v|2 − 1

4
δ2 |v|2 = f (x) +

δ2

4
|v|2 .

This shows the first claim of the theorem. The second claim follows from similar reasoning. Suppose H (x)
has a positive eigenvalue λ2. Then let v be an eigenvector for this eigenvalue. Then from (10.44),

f (x+tv) = f (x) +
1
2
t2vTH (x) v+

1
2
t2
(
vT (H (x+tv)−H (x)) v

)
which implies

f (x+tv) = f (x) +
1
2
t2λ2 |v|2 +

1
2
t2
(
vT (H (x+tv)−H (x)) v

)
≥ f (x) +

1
4
t2λ2 |v|2

whenever t is small enough. Thus in the direction v the function has a local minimum at x. The assertion
about the local maximum in some direction follows similarly. This prove the theorem.

This theorem is an analogue of the second derivative test for higher dimensions. As in one dimension,
when there is a zero eigenvalue, it may be impossible to determine from the Hessian matrix what the local
qualitative behavior of the function is. For example, consider

f1 (x, y) = x4 + y2, f2 (x, y) = −x4 + y2.

Then Dfi (0, 0) = 0 and for both functions, the Hessian matrix evaluated at (0, 0) equals(
0 0
0 2

)
but the behavior of the two functions is very different near the origin. The second has a saddle point while
the first has a minimum there.
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10.6 Exercises

1. Suppose L ∈ L (X,Y ) where X and Y are two finite dimensional vector spaces and suppose L is one
to one. Show there exists r > 0 such that for all x ∈ X,

|Lx| ≥ r |x| .

Hint: Define |x|1 ≡ |Lx| , observe that |·|1 is a norm and then use the theorem proved earlier that all
norms are equivalent in a finite dimensional normed linear space.

2. Let U be an open subset of X, f : U → Y where X,Y are finite dimensional normed linear spaces and
suppose f ∈ C1 (U) and Df (x0) is one to one. Then show f is one to one near x0. Hint: Show using
the assumption that f is C1 that there exists δ > 0 such that if

x1,x2 ∈ B (x0, δ) ,

then

|f (x1)− f (x2)−Df (x0) (x1 − x2)| ≤ r

2
|x1 − x2|

then use Problem 1.

3. Suppose M ∈ L (X,Y ) where X and Y are finite dimensional linear spaces and suppose M is onto.
Show there exists L ∈ L (Y,X) such that

LMx =Px

where P ∈ L (X,X) , and P 2 = P. Hint: Let {y1 · · · yn} be a basis of Y and let Mxi = yi. Then
define

Ly =
n∑
i=1

αixi where y =
n∑
i=1

αiyi.

Show {x1, · · ·,xn} is a linearly independent set and show you can obtain {x1, · · ·,xn, · · ·,xm}, a basis
for X in which Mxj = 0 for j > n. Then let

Px ≡
n∑
i=1

αixi

where

x =
m∑
i=1

αixi.

4. Let f : U → Y, f ∈ C1 (U) , and Df (x1) is onto. Show there exists δ, ε > 0 such that f (B (x1, δ)) ⊇
B (f (x1) , ε) . Hint:Let

L ∈ L (Y,X) , LDf (x1) x =Px,

and let X1 ≡ PX where P 2 = P , x1 ∈ X1, and let U1 ≡ X1 ∩ U. Now apply the inverse function
theorem to f restricted to X1.

5. Let f : U → Y, f is C1, and Df (x) is onto for each x ∈U. Then show f maps open subsets of U onto
open sets in Y.



196 THE FRECHET DERIVATIVE

6. Suppose U ⊆ R2 is an open set and f : U → R
3 is C1. Suppose Df (s0, t0) has rank two and

f (s0, t0) =

 x0

y0

z0

 .

Show that for (s, t) near (s0, t0) , the points f (s, t) may be realized in one of the following forms.

{(x, y, φ (x, y)) : (x, y) near (x0, y0)},

{(φ (y, z) y, z) : (y, z) near (y0, z0)},

or

{(x, φ (x, z) , z, ) : (x, z) near (x0, z0)}.

7. Suppose B is an open ball in X and f : B → Y is differentiable. Suppose also there exists L ∈ L (X,Y )
such that

||Df (x)− L|| < k

for all x ∈B. Show that if x1,x2 ∈ B,

||f (x1)− f (x2)− L (x1 − x2)|| ≤ k ||x1 − x2|| .

Hint: Consider

||f (x1 + t (x2 − x1))− f (x1)− tL (x2 − x1)||

and let

S ≡ {t ∈ [0, 1] : ||f (x1 + t (x2 − x1))− f (x1)− tL (x2 − x1)|| ≤

(k + ε) t ||x2 − x1||} .

Now imitate the proof of Theorem 10.20.

8. Let f : U → Y, Df (x) exists for all x ∈U, B (x0, δ) ⊆ U, and there exists L ∈ L (X,Y ) , such that
L−1 ∈ L (Y,X) , and for all x ∈B (x0, δ)

||Df (x)− L|| < r

||L−1||
, r < 1.

Show that there exists ε > 0 and an open subset of B (x0, δ) , V, such that f : V→B (f (x0) , ε) is one
to one and onto. Also Df−1 (y) exists for each y ∈B (f (x0) , ε) and is given by the formula

Df−1 (y) =
[
Df
(
f−1 (y)

)]−1
.

Hint: Let

Ty (x) ≡ T (x,y) ≡ x− L−1 (f (x)− y)

for |y − f (x0)| < (1−r)δ
2||L−1|| , consider {Tny (x0)}. This is a version of the inverse function theorem for f

only differentiable, not C1.
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9. Denote by C ([0, T ] : Rn) the space of functions which are continuous having values in Rn and define
a norm on this linear space as follows.

||f ||λ ≡ max
{
|f (t)| eλt : t ∈ [0, T ]

}
.

Show for each λ ∈ R, this is a norm and that C ([0, T ] ;Rn) is a complete normed linear space with
this norm.

10. Let f : R× Rn → R
n be continuous and suppose f satisfies a Lipschitz condition,

|f (t,x)− f (t,y)| ≤ K |x− y|

and let x0 ∈ Rn. Show there exists a unique solution to the Cauchy problem,

x′ = f (t,x) , x (0) = x0,

for t ∈ [0, T ] . Hint: Consider the map

G : C ([0, T ] ;Rn)→ C ([0, T ] ;Rn)

defined by

Gx (t) ≡ x0 +
∫ t

0

f (s,x (s)) ds,

where the integral is defined componentwise. Show G is a contraction map for ||·||λ given in Problem 9
for a suitable choice of λ and that therefore, it has a unique fixed point in C ([0, T ] ;Rn) . Next argue,
using the fundamental theorem of calculus, that this fixed point is the unique solution to the Cauchy
problem.

11. Let (X, d) be a complete metric space and let T : X → X be a mapping which satisfies

d (Tnx, Tny) ≤ rd (x, y)

for some r < 1 whenever n is sufficiently large. Show T has a unique fixed point. Can you give another
proof of Problem 10 using this result?
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Change of variables for C1 maps

In this chapter we will give theorems for the change of variables in Lebesgue integrals in which the mapping
relating the two sets of variables is not linear. To begin with we will assume U is a nonempty open set and
h :U → V ≡ h (U) is C1, one to one, and detDh (x) 6= 0 for all x ∈ U. Note that this implies by the inverse
function theorem that V is also open. Using Theorem 3.32, there exist open sets, U1 and U2 which satisfy

∅ 6= U1 ⊆ U1 ⊆ U2 ⊆ U2 ⊆ U,

and U2 is compact. Then

0 < r ≡ dist
(
U1, U

C
2

)
≡ inf

{
||x− y|| : x ∈U1 and y ∈UC2

}
.

In this section ||·|| will be defined as

||x|| ≡ max {|xi| , i = 1, · · ·, n}

where x ≡ (x1, · · ·, xn)T . We do this because with this definition, B (x,r) is just an open n dimensional cube,∏n
i=1 (xi − r, xi + r) whose center is at x and whose sides are of length 2r. This is not the most usual norm

used and this norm has dreadful geometric properties but it is very convenient here because of the way we
can fill open sets up with little n cubes of this sort. By Corollary 10.6 there are constants δ and ∆ depending
on n such that

δ |x| ≤ ||x|| ≤ ∆ |x| .

Therefore, letting B0 (x,r) denote the ball taken with respect to the usual norm, |·| , we obtain

B (x,r) ≤ B0

(
x,δ−1r

)
≤ B

(
x,∆δ−1r

)
. (11.1)

Thus we can use this norm in the definition of differentiability.
Recall that for A ∈ L (Rn,Rn) ,

||A|| ≡ sup {||Ax|| : ||x|| ≤ 1} ,

is called the operator norm of A taken with respect to the norm ||·||. Theorem 10.8 implied ||·|| is a norm
on L (Rn,Rn) which satisfies

||Ax|| ≤ ||A|| ||x||

and is equivalent to the operator norm of A taken with respect to the usual norm, |·| because, by this
theorem, L (Rn,Rn) is a finite dimensional vector space and Corollary 10.6 implies any two norms on this
finite dimensional vector space are equivalent.

We will also write dy or dx to denote the integration with respect to Lebesgue measure. This is done
because the notation is standard and yields formulae which are easy to remember.
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Lemma 11.1 Let ε > 0 be given. There exists r1 ∈ (0, r) such that whenever x ∈U1,

||h (x + v)− h (x)−Dh (x) v||
||v||

< ε

for all ||v|| < r1.

Proof: The above expression equals∣∣∣∣∣∣∫ 1

0
(Dh (x+tv) v−Dh (x) v) dt

∣∣∣∣∣∣
||v||

which is no larger than ∫ 1

0
||Dh (x+tv)−Dh (x)|| dt ||v||

||v||
=

∫ 1

0

||Dh (x+tv)−Dh (x)|| dt. (11.2)

Now x→Dh (x) is uniformly continuous on the compact set U2. Therefore, there exists δ1 > 0 such that if
||x− y|| < δ1, then

||Dh (x)−Dh (y)|| < ε.

Let 0 < r1 < min (δ1, r) . Then if ||v|| < r1, the expression in (11.2) is smaller than ε whenever x ∈U1.
Now let Dp consist of all rectangles

n∏
i=1

(ai, bi] ∩ (−∞,∞)

where ai = l2−p or ±∞ and bi = (l + 1) 2−p or ±∞ for k, l, p integers with p > 0. The following lemma is
the key result in establishing a change of variable theorem for the above mappings, h.

Lemma 11.2 Let R ∈ Dp. Then∫
Xh(R∩U1) (y) dy ≤

∫
XR∩U1 (x) |detDh (x)| dx (11.3)

and also the integral on the left is well defined because the integrand is measurable.

Proof: The set, U1 is the countable union of disjoint sets,
{
R̃i

}∞
i=1

of rectangles, R̃j ∈ Dq where q > p

is chosen large enough that for r1 described in Lemma 11.1,

2−q < r1, ||detDh (x)| − |detDh (y)|| < ε

if ||x− y|| ≤ 2−q,x,y ∈ U1. Each of these sets,
{
R̃i

}
∞
i=1 is either a subset of R or has empty intersection

with R. Denote by {Ri}∞i=1 those which are contained in R. Thus

R ∩ U1 = ∪∞i=1Ri.
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The set, h (Ri) , is a Borel set because for

Ri ≡
n∏
i=1

(ai, bi],

h (Ri) equals

∪∞k=1h

(
n∏
i=1

[
ai + k−1, bi

])
,

a countable union of compact sets. Then h (R ∩ U1) = ∪∞i=1h (Ri) and so it is also a Borel set. Therefore,
the integrand in the integral on the left of (11.3) is measurable.∫

Xh(R∩U1) (y) dy =
∫ ∞∑

i=1

Xh(Ri) (y) dy =
∞∑
i=1

∫
Xh(Ri) (y) dy.

Now by Lemma 11.1 if xi is the center of interior(Ri) = B (xi, δ) , then since all these rectangles are chosen
so small, we have for ||v|| ≤ δ,

h (xi + v)− h (xi) = Dh (xi)
(
v+Dh (xi)

−1
o (v)

)
where ||o (v)|| < ε ||v|| . Therefore,

h (Ri) ⊆ h (xi) +Dh (xi)
(
B
(
0,δ
(

1 + ε
∣∣∣∣∣∣Dh (xi)

−1
∣∣∣∣∣∣)))

⊆ h (xi) +Dh (xi)
(
B (0,δ (1 + εC))

)
where

C = max
{∣∣∣∣∣∣Dh (x)−1

∣∣∣∣∣∣ : x ∈U1

}
.

It follows from Theorem 7.21 that

mn (h (Ri)) ≤ |detDh (xi)|mn (Ri) (1 + εC)n

and hence ∫
h(R∩U1)

dy ≤
∞∑
i=1

|detDh (xi)|mn (Ri) (1 + εC)n

=
∞∑
i=1

∫
Ri

|detDh (xi)| dx (1 + εC)n

≤
∞∑
i=1

∫
Ri

(|detDh (x)|+ ε) dx (1 + εC)n

=

( ∞∑
i=1

∫
Ri

|detDh (x)| dx

)
(1 + εC)n + εmn (U1) (1 + εC)n
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=
((∫

XR∩U1 (x) |detDh (x)| dx
)

+ εmn (U1)
)

(1 + εC)n .

Since ε is arbitrary, this proves the Lemma.
Borel measurable functions have a very nice feature. When composed with a continuous map, the result

is still Borel measurable. This is a general result described in the following lemma which we will use shortly.

Lemma 11.3 Let h be a continuous map from U to Rn and let g : Rn → (X, τ) be Borel measurable. Then
g ◦ h is also Borel measurable.

Proof: Let V ∈ τ . Then

(g ◦ h)−1 (V ) = h−1
(
g−1 (V )

)
= h−1 (Borel set) .

The conclusion of the lemma will follow if we show that h−1 (Borel set) = Borel set. Let

S ≡
{
E ∈ Borel sets : h−1 (E) is Borel

}
.

Then S is a σ algebra which contains the open sets and so it coincides with the Borel sets. This proves the
lemma.

Let Eq consist of all finite disjoint unions of sets of ∪{Dp : p ≥ q}. By Lemma 5.6 and Corollary 5.7, Eq
is an algebra. Let E ≡ ∪∞q=1Eq. Then E is also an algebra.

Lemma 11.4 Let E ∈ σ (E) . Then∫
Xh(E∩U1) (y) dy ≤

∫
XE∩U1 (x) |detDh (x)| dx (11.4)

and the integrand on the left of the inequality is measurable.

Proof: Let

M≡ {E ∈ σ (E) : (11.4) holds} .

Then from the monotone and dominated convergence theorems, M is a monotone class. By Lemma 11.2,
M contains E , it follows M equals σ (E) by the theorem on monotone classes. This proves the lemma.

Note that by Lemma 7.3 σ (E) contains the open sets and so it contains the Borel sets also. Now let
F be any Borel set and let V1 = h (U1). By the inverse function theorem, V1 is open. Thus for F a Borel
set, F ∩ V1 is also a Borel set. Therefore, since F ∩ V1 = h

(
h−1 (F ) ∩ U1

)
, we can apply (11.4) in the first

inequality below and write∫
V1

XF (y) dy ≡
∫
XF∩V1 (y) dy ≤

∫
Xh−1(F )∩U1 (x) |detDh (x)| dx

=
∫
U1

Xh−1(F ) (x) |detDh (x)| dx =
∫
U1

XF (h (x)) |detDh (x)| dx (11.5)

It follows that (11.5) holds for XF replaced with an arbitrary nonnegative Borel measurable simple function.
Now if g is a nonnegative Borel measurable function, we may obtain g as the pointwise limit of an increasing
sequence of nonnegative simple functions. Therefore, the monotone convergence theorem applies and we
may write the following inequality for all g a nonnegative Borel measurable function.∫

V1

g (y) dy ≤
∫
U1

g (h (x)) |detDh (x)| dx. (11.6)

With this preparation, we are ready for the main result in this section, the change of variables formula.
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Theorem 11.5 Let U be an open set and let h be one to one, C1, and detDh (x) 6= 0 on U. For V = h (U)
and g ≥ 0 and Borel measurable, ∫

V

g (y) dy =
∫
U

g (h (x)) |detDh (x)| dx. (11.7)

Proof: By the inverse function theorem, h−1 is also a C1 function. Therefore, using (11.6) on x = h−1 (y) ,
along with the chain rule and the property of determinants which states that the determinant of the product
equals the product of the determinants,∫

V1

g (y) dy ≤
∫
U1

g (h (x)) |detDh (x)| dx

≤
∫
V1

g (y)
∣∣detDh

(
h−1 (y)

)∣∣ ∣∣detDh−1 (y)
∣∣ dy

=
∫
V1

g (y)
∣∣detD

(
h ◦ h−1

)
(y)
∣∣ dy =

∫
V1

g (y) dy

which shows the formula (11.7) holds for U1 replacing U. To verify the theorem, let Uk be an increasing
sequence of open sets whose union is U and whose closures are compact as in Theorem 3.32. Then from the
above, (11.7) holds for U replaced with Uk and V replaced with Vk. Now (11.7) follows from the monotone
convergence theorem. This proves the theorem.

11.1 Generalizations

In this section we give some generalizations of the theorem of the last section. The first generalization will
be to remove the assumption that detDh (x) 6= 0. This is accomplished through the use of the following
fundamental lemma known as Sard’s lemma. Actually the following lemma is a special case of Sard’s lemma.

Lemma 11.6 (Sard) Let U be an open set in Rn and let h : U → R
n be C1. Let

Z ≡ {x ∈ U : detDh (x) = 0} .

Then mn (h (Z)) = 0.

Proof: Let {Uk}∞k=1 be the increasing sequence of open sets whose closures are compact and whose union
equals U which exists by Theorem 3.32 and let Zk ≡ Z ∩ Uk. We will show that h (Zk) has measure zero.
Let W be an open set contained in Uk+1 which contains Zk and satisfies

mn (Zk) + ε > mn (W )

where we will always assume ε < 1. Let

r = dist
(
Uk, U

C
k+1

)
and let r1 > 0 be the constant of Lemma 11.1 such that whenever x ∈Uk and 0 < ||v|| ≤ r1,

||h (x + v)− h (x)−Dh (x) v|| < ε ||v|| . (11.8)

Now let

W = ∪∞i=1R̃i



204 CHANGE OF VARIABLES FOR C1 MAPS

where the
{
R̃i

}
are disjoint half open cubes from Dq where q is chosen so large that for each i,

diam
(
R̃i

)
≡ sup

{
||x− y|| : x,y ∈ R̃i

}
< r1.

Denote by {Ri} those cubes which have nonempty intersection with Zk, let di be the diameter of Ri, and let
zi be a point in Ri ∩Zk. Since zi ∈ Zk, it follows Dh (zi)B (0,di) = Di where Di is contained in a subspace
of Rn having dimension p ≤ n− 1 and the diameter of Di is no larger than Ckdi where

Ck ≥ max {||Dh (x)|| : x ∈Zk}

Then by (11.8), if z ∈Ri,

h (z)− h (zi) ∈ Di +B (0, εdi)

⊆ Di +B0

(
0,εδ−1di

)
.

(Recall B0 refers to the ball taken with respect to the usual norm.) Therefore, by Theorem 2.24, there exists
an orthogonal linear transformation, Q, which preserves distances measured with respect to the usual norm
and QDi ⊆ Rn−1. Therefore, for z ∈Ri,

Qh (z)−Qh (zi) ∈ QDi +B0

(
0, εδ−1di

)
.

Refering to (11.1), it follows that

mn (h (Ri)) = |det (Q)|mn (h (Ri)) = mn (Qh (Ri))

≤ mn

(
QDi +B0

(
0, εδ−1di

))
≤ mn

(
QDi +B

(
0, εδ−1∆di

))
≤
(
Ckdi + 2εδ−1∆di

)n−1
2εδ−1∆di ≤ Ck,nmn (Ri) ε.

Therefore,

mn (h (Zk)) ≤
∞∑
i=1

m (h (Ri)) ≤ Ck,nε
∞∑
i=1

mn (Ri) ≤ Ck,nεmn (W )

≤ Ck,nε (mn (Zk) + ε) .

Since ε > 0 is arbitrary, this shows mn (h (Zk)) = 0. Now this implies

mn (h (Z)) = lim
k→∞

mn (h (Zk)) = 0

and this proves the lemma.
With Sard’s lemma it is easy to remove the assumption that detDh (x) 6= 0.

Theorem 11.7 Let U be an open set in Rn and let h be a one to one mapping from U to Rn which is C1.
Then if g ≥ 0 is a Borel measurable function,∫

h(U)

g (y) dy =
∫
U

g (h (x)) |detDh (x)| dx

and every function which needs to be measurable, is. In particular the integrand of the second integral is
Lebesgue measurable.
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Proof: We observe first that h (U) is measurable because, thanks to Theorem 3.32,

U = ∪∞i=1Ui

where Ui is compact. Therefore, h (U) = ∪∞i=1h
(
Ui
)
, a Borel set. The function, x→g (h (x)) is also

measurable from Lemma 11.3. Letting Z be described above, it follows by continuity of the derivative, Z
is a closed set. Thus the inverse function theorem applies and we may say that h (U \ Z) is an open set.
Therefore, if g ≥ 0 is a Borel measurable function,∫

h(U)

g (y) dy =
∫

h(U\Z)

g (y) dy =

∫
U\Z

g (h (x)) |detDh (x)| dx =
∫
U

g (h (x)) |detDh (x)| dx,

the middle equality holding by Theorem 11.5 and the first equality holding by Sard’s lemma. This proves
the theorem.

It is possible to extend this theorem to the case when g is only assumed to be Lebesgue measurable. We
do this next using the following lemma.

Lemma 11.8 Suppose 0 ≤ f ≤ g, g is measurable with respect to the σ algebra of Lebesgue measurable sets,
S, and g = 0 a.e. Then f is also Lebesgue measurable.

Proof: Let a ≥ 0. Then

f−1 ((a,∞]) ⊆ g−1 ((a,∞]) ⊆ {x : g (x) > 0} ,

a set of measure zero. Therefore, by completeness of Lebesgue measure, it follows f−1 ((a,∞]) is also
Lebesgue measurable. This proves the lemma.

To extend Theorem 11.7 to the case where g is only Lebesgue measurable, first suppose F is a Lebesgue
measurable set which has measure zero. Then by regularity of Lebesgue measure, there exists a Borel set,
G ⊇ F such that mn (G) = 0 also. By Theorem 11.7,

0 =
∫

h(U)

XG (y) dy =
∫
U

XG (h (x)) |detDh (x)| dx

and the integrand of the second integral is Lebesgue measurable. Therefore, this measurable function,

x→XG (h (x)) |detDh (x)| ,

is equal to zero a.e. Thus,

0 ≤ XF (h (x)) |detDh (x)| ≤ XG (h (x)) |detDh (x)|

and Lemma 11.8 implies the function x→XF (h (x)) |detDh (x)| is also Lebesgue measurable and∫
U

XF (h (x)) |detDh (x)| dx = 0.

Now let F be an arbitrary bounded Lebesgue measurable set and use the regularity of the measure to
obtain G ⊇ F ⊇ E where G and E are Borel sets with the property that mn (G \ E) = 0. Then from what
was just shown,

x→XF\E (h (x)) |detDh (x)|
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is Lebesgue measurable and ∫
U

XF\E (h (x)) |detDh (x)| dx = 0.

It follows since

XF (h (x)) |detDh (x)| = XF\E (h (x)) |detDh (x)|+ XE (h (x)) |detDh (x)|

and x→XE (h (x)) |detDh (x)| is measurable, that

x→XF (h (x)) |detDh (x)|

is measurable and so ∫
U

XF (h (x)) |detDh (x)| dx =
∫
U

XE (h (x)) |detDh (x)| dx

=
∫

h(U)

XE (y) dy =
∫

h(U)

XF (y) dy. (11.9)

To obtain the result in the case where F is an arbitrary Lebesgue measurable set, let

Fk ≡ F ∩B (0, k)

and apply (11.9) to Fk and then let k →∞ and use the monotone convergence theorem to obtain (11.9) for
a general Lebesgue measurable set, F. It follows from this formula that we may replace XF with an arbitrary
nonnegative simple function. Now if g is an arbitrary nonnegative Lebesgue measurable function, we obtain
g as a pointwise limit of an increasing sequence of nonnegative simple functions and use the monotone
convergence theorem again to obtain (11.9) with XF replaced with g. This proves the following corollary.

Corollary 11.9 The conclusion of Theorem 11.7 hold if g is only assumed to be Lebesgue measurable.

Corollary 11.10 If g ∈ L1 (h (U) ,S,mn) , then the conclusion of Theorem 11.7 holds.

Proof: Apply Corollary 11.9 to the positive and negative parts of the real and complex parts of g.
There are many other ways to prove the above results. To see some alternative presentations, see [24],

[19], or [11].
Next we give a version of this theorem which considers the case where h is only C1, not necessarily 1-1.

For

U+ ≡ {x ∈ U : |detDh (x)| > 0}

and Z the set where |detDh (x)| = 0, Lemma 11.6 implies m(h(Z)) = 0. For x ∈ U+, the inverse function
theorem implies there exists an open set Bx such that

x ∈ Bx ⊆ U+, h is 1− 1 on Bx.

Let {Bi} be a countable subset of {Bx}x∈U+ such that

U+ = ∪∞i=1Bi.

Let E1 = B1. If E1, · · ·, Ek have been chosen, Ek+1 = Bk+1 \ ∪ki=1Ei. Thus

∪∞i=1Ei = U+, h is 1− 1 on Ei, Ei ∩ Ej = ∅,

and each Ei is a Borel set contained in the open set Bi. Now we define

n(y) =
∞∑
i=1

Xh(Ei)(y) + Xh(Z)(y).

Thus n(y) ≥ 0 and is Borel measurable.
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Lemma 11.11 Let F ⊆ h(U) be measurable. Then∫
h(U)

n(y)XF (y)dy =
∫
U

XF (h(x))|detDh(x)|dx.

Proof: Using Lemma 11.6 and the Monotone Convergence Theorem or Fubini’s Theorem,∫
h(U)

n(y)XF (y)dy =
∫

h(U)

( ∞∑
i=1

Xh(Ei)(y) + Xh(Z)(y)

)
XF (y)dy

=
∞∑
i=1

∫
h(U)

Xh(Ei)(y)XF (y)dy

=
∞∑
i=1

∫
h(Bi)

Xh(Ei)(y)XF (y)dy

=
∞∑
i=1

∫
Bi

XEi(x)XF (h(x))|detDh(x)|dx

=
∞∑
i=1

∫
U

XEi(x)XF (h(x))|detDh(x)|dx

=
∫
U

∞∑
i=1

XEi(x)XF (h(x))|detDh(x)|dx

=
∫
U+

XF (h(x))|detDh(x)|dx =
∫
U

XF (h(x))|detDh(x)|dx.

This proves the lemma.

Definition 11.12 For y ∈ h(U),

#(y) ≡ |h−1(y)|.

Thus #(y) ≡ number of elements in h−1(y).

We observe that

#(y) = n(y) a.e. (11.10)

And thus # is a measurable function. This follows because n(y) = #(y) if y /∈ h(Z), a set of measure 0.

Theorem 11.13 Let g ≥ 0, g measurable, and let h be C1(U). Then∫
h(U)

#(y)g(y)dy =
∫
U

g(h(x))|detDh(x)|dx. (11.11)

Proof: From (11.10) and Lemma 11.11, (11.11) holds for all g, a nonnegative simple function. Ap-
proximating an arbitrary g ≥ 0 with an increasing pointwise convergent sequence of simple functions yields
(11.11) for g ≥ 0, g measurable. This proves the theorem.
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11.2 Exercises

1. The gamma function is defined by

Γ (α) ≡
∫ ∞

0

e−ttα−1

for α > 0. Show this is a well defined function of these values of α and verify that Γ (α+ 1) = Γ (α)α.
What is Γ (n+ 1) for n a nonnegative integer?

2. Show that
∫∞
−∞ e

−s2
2 ds =

√
2π. Hint: Denote this integral by I and observe that I2 =

∫
R2 e
−(x2+y2)/2dxdy.

Then change variables to polar coordinates, x = r cos (θ) , y = r sin θ.

3. ↑ Now that you know what the gamma function is, consider in the formula for Γ (α+ 1) the following
change of variables. t = α+ α1/2s. Then in terms of the new variable, s, the formula for Γ (α+ 1) is

e−ααα+ 1
2

∫ ∞
−
√
α

e−
√
αs

(
1 +

s√
α

)α
ds = e−ααα+ 1

2

∫ ∞
−
√
α

e
α
[
ln
(

1+ s√
α

)
− s√

α

]
ds

Show the integrand converges to e−
s2
2 . Show that then

lim
α→∞

Γ (α+ 1)
e−ααα+(1/2)

=
∫ ∞
−∞

e
−s2

2 ds =
√

2π.

Hint: You will need to obtain a dominating function for the integral so that you can use the dominated
convergence theorem. You might try considering s ∈ (−

√
α,
√
α) first and consider something like

e1−(s2/4) on this interval. Then look for another function for s >
√
α. This formula is known as

Stirling’s formula.



The Lp Spaces

12.1 Basic inequalities and properties

The Lebesgue integral makes it possible to define and prove theorems about the space of functions described
below. These Lp spaces are very useful in applications of real analysis and this chapter is about these spaces.
In what follows (Ω,S, µ) will be a measure space.

Definition 12.1 Let 1 ≤ p <∞. We define

Lp(Ω) ≡ {f : f is measurable and
∫

Ω

|f(ω)|pdµ <∞}

and

||f ||Lp ≡
(∫

Ω

|f |pdµ
) 1
p

≡ ||f ||p.

In fact || ||p is a norm if things are interpreted correctly. First we need to obtain Holder’s inequality. We
will always use the following convention for each p > 1.

1
p

+
1
q

= 1.

Often one uses p′ instead of q in this context.

Theorem 12.2 (Holder’s inequality) If f and g are measurable functions, then if p > 1,

∫
|f | |g| dµ ≤

(∫
|f |pdµ

) 1
p
(∫
|g|qdµ

) 1
q

. (12.1)

Proof: To begin with, we prove Young’s inequality.

Lemma 12.3 If 0 ≤ a, b then ab ≤ ap

p + bq

q .

209
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Proof: Consider the following picture:

b

a

x

t

x = tp−1

t = xq−1

ab ≤
∫ a

0

tp−1dt+
∫ b

0

xq−1dx =
ap

p
+
bq

q
.

Note equality occurs when ap = bq.
If either

∫
|f |pdµ or

∫
|g|pdµ equals ∞ or 0, the inequality (12.1) is obviously valid. Therefore assume

both of these are less than ∞ and not equal to 0. By the lemma,∫
|f |
||f ||p

|g|
||g||q

dµ ≤ 1
p

∫
|f |p

||f ||pp
dµ+

1
q

∫
|g|q

||g||qq
dµ = 1.

Hence, ∫
|f | |g| dµ ≤ ||f ||p ||g||q.

This proves Holder’s inequality.

Corollary 12.4 (Minkowski inequality) Let 1 ≤ p <∞. Then

||f + g||p ≤ ||f ||p + ||g||p. (12.2)

Proof: If p = 1, this is obvious. Let p > 1. We can assume ||f ||p and ||g||p < ∞ and ||f + g||p 6= 0 or
there is nothing to prove. Therefore,∫

|f + g|pdµ ≤ 2p−1

(∫
|f |p + |g|pdµ

)
<∞.

Now ∫
|f + g|pdµ ≤

∫
|f + g|p−1|f |dµ+

∫
|f + g|p−1|g|dµ

=
∫
|f + g|

p
q |f |dµ+

∫
|f + g|

p
q |g|dµ

≤ (
∫
|f + g|pdµ)

1
q (
∫
|f |pdµ)

1
p + (

∫
|f + g|pdµ)

1
q (
∫
|g|pdµ)

1
p.

Dividing both sides by (
∫
|f + g|pdµ)

1
q yields (12.2). This proves the corollary.
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This shows that if f, g ∈ Lp, then f + g ∈ Lp. Also, it is clear that if a is a constant and f ∈ Lp, then
af ∈ Lp. Hence Lp is a vector space. Also we have the following from the Minkowski inequality and the
definition of || ||p.

a.) ||f ||p ≥ 0, ||f ||p = 0 if and only if f = 0 a.e.
b.) ||af ||p = |a| ||f ||p if a is a scalar.
c.) ||f + g||p ≤ ||f ||p + ||g||p.
We see that || ||p would be a norm if ||f ||p = 0 implied f = 0. If we agree to identify all functions in Lp

that differ only on a set of measure zero, then || ||p is a norm and Lp is a normed vector space. We will do
so from now on.

Definition 12.5 A complete normed linear space is called a Banach space.

Next we show that Lp is a Banach space.

Theorem 12.6 The following hold for Lp(Ω)
a.) Lp(Ω) is complete.
b.) If {fn} is a Cauchy sequence in Lp(Ω), then there exists f ∈ Lp (Ω) and a subsequence which converges

a.e. to f ∈ Lp(Ω), and ||fn − f ||p → 0.

Proof: Let {fn} be a Cauchy sequence in Lp(Ω). This means that for every ε > 0 there exists N
such that if n,m ≥ N , then ||fn − fm||p < ε. Now we will select a subsequence. Let n1 be such that
||fn − fm||p < 2−1 whenever n,m ≥ n1. Let n2 be such that n2 > n1 and ||fn − fm||p < 2−2 whenever
n,m ≥ n2. If n1, · · ·, nk have been chosen, let nk+1 > nk and whenever n,m ≥ nk+1, ||fn − fm||p < 2−(k+1).
The subsequence will be {fnk}. Thus, ||fnk − fnk+1 ||p < 2−k. Let

gk+1 = fnk+1 − fnk .

Then by the Minkowski inequality,

∞ >
∞∑
k=1

||gk+1||p ≥
m∑
k=1

||gk+1||p ≥

∣∣∣∣∣
∣∣∣∣∣
m∑
k=1

|gk+1|

∣∣∣∣∣
∣∣∣∣∣
p

for all m. It follows that ∫ ( m∑
k=1

|gk+1|

)p
dµ ≤

( ∞∑
k=1

||gk+1||p

)p
<∞ (12.3)

for all m and so the monotone convergence theorem implies that the sum up to m in (12.3) can be replaced
by a sum up to ∞. Thus,

∞∑
k=1

|gk+1(x)| <∞ a.e. x.

Therefore,
∑∞
k=1 gk+1(x) converges for a.e. x and for such x, let

f(x) = fn1(x) +
∞∑
k=1

gk+1(x).

Note that
∑m
k=1 gk+1(x) = fnm+1(x)−fn1(x). Therefore limk→∞ fnk(x) = f(x) for all x /∈ E where µ(E) = 0.

If we redefine fnk to equal 0 on E and let f(x) = 0 for x ∈ E, it then follows that limk→∞ fnk(x) = f(x) for
all x. By Fatou’s lemma,

||f − fnk ||p ≤ lim inf
m→∞

||fnm − fnk ||p ≤
∞∑
i=k

∣∣∣∣fni+1 − fni
∣∣∣∣
p
≤ 2−(k−1).
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Therefore, f ∈ Lp(Ω) because

||f ||p ≤ ||f − fnk ||p + ||fnk ||p <∞,

and limk→∞ ||fnk − f ||p = 0. This proves b.). To see that the original Cauchy sequence converges to f in
Lp(Ω), we write

||f − fn||p ≤ ||f − fnk ||p + ||fnk − fn||p.

If ε > 0 is given, let 2−(k−1) < ε
2 . Then if n > nk,

||f − fn|| < 2−(k−1) + 2−k <
ε

2
+
ε

2
= ε.

This proves part a.) and completes the proof of the theorem.
In working with the Lp spaces, the following inequality also known as Minkowski’s inequality is very

useful.

Theorem 12.7 Let (X,S, µ) and (Y,F , λ) be σ-finite measure spaces and let f be product measurable. Then
the following inequality is valid for p ≥ 1.∫

X

(∫
Y

|f(x, y)|p dλ
) 1
p

dµ ≥
(∫

Y

(
∫
X

|f(x, y)| dµ)pdλ
) 1
p

. (12.4)

Proof: Let Xn ↑ X, Yn ↑ Y, λ(Yn) <∞, µ(Xn) <∞, and let

fm(x, y) =
{

f(x, y) if |f(x, y)| ≤ m,
m if |f(x, y)| > m.

Thus (∫
Yn

(
∫
Xk

|fm(x, y)|dµ)pdλ
) 1
p

<∞.

Let

J(y) =
∫
Xk

|fm(x, y)|dµ.

Then ∫
Yn

(∫
Xk

|fm(x, y)|dµ
)p

dλ =
∫
Yn

J(y)p−1

∫
Xk

|fm(x, y)|dµ dλ

=
∫
Xk

∫
Yn

J(y)p−1|fm(x, y)|dλ dµ

by Fubini’s theorem. Now we apply Holder’s inequality and recall p− 1 = p
q . This yields∫

Yn

(∫
Xk

|fm(x, y)|dµ
)p

dλ

≤
∫
Xk

(∫
Yn

J(y)pdλ
) 1
q
(∫

Yn

|fm(x, y)|pdλ
) 1
p

dµ

=
(∫

Yn

J(y)pdλ
) 1
q
∫
Xk

(∫
Yn

|fm(x, y)|pdλ
) 1
p

dµ
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=
(∫

Yn

(
∫
Xk

|fm(x, y)|dµ)pdλ
) 1
q
∫
Xk

(∫
Yn

|fm(x, y)|pdλ
) 1
p

dµ.

Therefore, (∫
Yn

(∫
Xk

|fm(x, y)|dµ
)p

dλ

) 1
p

≤
∫
Xk

(∫
Yn

|fm(x, y)|pdλ
) 1
p

dµ. (12.5)

To obtain (12.4) let m→∞ and use the Monotone Convergence theorem to replace fm by f in (12.5). Next
let k → ∞ and use the same theorem to replace Xk with X. Finally let n → ∞ and use the Monotone
Convergence theorem again to replace Yn with Y . This yields (12.4).

Next, we develop some properties of the Lp spaces.

12.2 Density of simple functions

Theorem 12.8 Let p ≥ 1 and let (Ω,S, µ) be a measure space. Then the simple functions are dense in
Lp (Ω).

Proof: By breaking an arbitrary function into real and imaginary parts and then considering the positive
and negative parts of these, we see that there is no loss of generality in assuming f has values in [0,∞]. By
Theorem 5.31, there is an increasing sequence of simple functions, {sn}, converging pointwise to f(x)p. Let
tn(x) = sn(x)

1
p . Thus, tn(x) ↑ f (x) . Now

|f(x)− tn(x)| ≤ |f(x)|.

By the Dominated Convergence theorem, we may conclude

0 = lim
n→∞

∫
|f(x)− tn(x)|pdµ.

Thus simple functions are dense in Lp.
Recall that for Ω a topological space, Cc(Ω) is the space of continuous functions with compact support

in Ω. Also recall the following definition.

Definition 12.9 Let (Ω,S, µ) be a measure space and suppose (Ω, τ) is also a topological space. Then
(Ω,S, µ) is called a regular measure space if the σ-algebra of Borel sets is contained in S and for all E ∈ S,

µ(E) = inf{µ(V ) : V ⊇ E and V open}

and

µ(E) = sup{µ(K) : K ⊆ E and K is compact }.

For example Lebesgue measure is an example of such a measure.

Lemma 12.10 Let Ω be a locally compact metric space and let K be a compact subset of V , an open set.
Then there exists a continuous function f : Ω → [0, 1] such that f(x) = 1 for all x ∈ K and spt(f) is a
compact subset of V .

Proof: Let K ⊆W ⊆W ⊆ V and W is compact. Define f by

f(x) =
dist(x,WC)

dist(x,K) + dist(x,WC)
.

It is not necessary to be in a metric space to do this. You can accomplish the same thing using Urysohn’s
lemma.
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Theorem 12.11 Let (Ω,S, µ) be a regular measure space as in Definition 12.9 where the conclusion of
Lemma 12.10 holds. Then Cc(Ω) is dense in Lp(Ω).

Proof: Let f ∈ Lp (Ω) and pick a simple function, s, such that ||s − f ||p < ε
2 where ε > 0 is arbitrary.

Let

s(x) =
m∑
i=1

ciXEi(x)

where c1, · · ·, cm are the distinct nonzero values of s. Thus the Ei are disjoint and µ(Ei) < ∞ for each i.
Therefore there exist compact sets, Ki and open sets, Vi, such that Ki ⊆ Ei ⊆ Vi and

m∑
i=1

|ci|µ(Vi \Ki)
1
p <

ε

2
.

Let hi ∈ Cc(Ω) satisfy

hi(x) = 1 for x ∈ Ki

spt(hi) ⊆ Vi.

Let

g =
m∑
i=1

cihi.

Then by Minkowski’s inequality,

||g − s||p ≤

(∫
Ω

(
m∑
i=1

|ci| |hi(x)−XEi(x)|)pdµ

) 1
p

≤
m∑
i=1

(∫
Ω

|ci|p|hi(x)−XEi(x)|pdµ
) 1
p

≤
m∑
i=1

|ci|µ(Vi \Ki)
1
p <

ε

2
.

Therefore,

||f − g||p ≤ ||f − s||p + ||s− g||p <
ε

2
+
ε

2
= ε.

This proves the theorem.

12.3 Continuity of translation

Definition 12.12 Let f be a function defined on U ⊆ Rn and let w ∈ Rn. Then fw will be the function
defined on w + U by

fw(x) = f(x−w).

Theorem 12.13 (Continuity of translation in Lp) Let f ∈ Lp(Rn) with µ = m, Lebesgue measure. Then

lim
||w||→0

||fw − f ||p = 0.
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Proof: Let ε > 0 be given and let g ∈ Cc(Rn) with ||g− f ||p < ε
3 . Since Lebesgue measure is translation

invariant (m(w + E) = m(E)), ||gw − fw||p = ||g − f ||p < ε
3 . Therefore

||f − fw||p ≤ ||f − g||p + ||g − gw||p + ||gw − fw||

<
2ε
3

+ ||g − gw||p.

But lim|w|→0 gw(x) = g(x) uniformly in x because g is uniformly continuous. Therefore, whenever |w| is
small enough, ||g − gw||p < ε

3 . Thus ||f − fw||p < ε whenever |w| is sufficiently small. This proves the
theorem.

12.4 Separability

Theorem 12.14 For p ≥ 1, Lp(Rn,m) is separable. This means there exists a countable set, D, such that
if f ∈ Lp(Rn) and ε > 0, there exists g ∈ D such that ||f − g||p < ε.

Proof: Let Q be all functions of the form cX[a,b) where

[a,b) ≡ [a1, b1)× [a2, b2)× · · · × [an, bn),

and both ai, bi are rational, while c has rational real and imaginary parts. Let D be the set of all finite
sums of functions in Q. Thus, D is countable. We now show that D is dense in Lp(Rn,m). To see this, we
need to show that for every f ∈ Lp(Rn), there exists an element of D, s such that ||s−f ||p < ε. By Theorem
12.11 we can assume without loss of generality that f ∈ Cc(Rn). Let Pmconsist of all sets of the form
[a,b) where ai = j2−mand bi = (j+ 1)2−m for j an integer. Thus Pmconsists of a tiling of Rn into half open
rectangles having diameters 2−mn

1
2 . There are countably many of these rectangles; so, let Pm = {[ai,bi)}

and Rn = ∪∞i=1[ai,bi). Let cmi be complex numbers with rational real and imaginary parts satisfying

|f(ai)− cmi | < 5−m,

|cmi | ≤ |f(ai)|. (12.6)

Let sm(x) =
∑∞
i=1 c

m
i X[ai,bi)

. Since f(ai) = 0 except for finitely many values of i, (12.6) implies sm ∈
D. It is also clear that, since f is uniformly continuous, limm→∞ sm(x) = f(x) uniformly in x. Hence
limx→0 ||sm − f ||p = 0.

Corollary 12.15 Let Ω be any Lebesgue measurable subset of Rn. Then Lp(Ω) is separable. Here the σ
algebra of measurable sets will consist of all intersections of Lebesgue measurable sets with Ω and the measure
will be mn restricted to these sets.

Proof: Let D̃ be the restrictions of D to Ω. If f ∈ Lp(Ω), let F be the zero extension of f to all of Rn.
Let ε > 0 be given. By Theorem 12.14 there exists s ∈ D such that ||F − s||p < ε. Thus

||s− f ||Lp(Ω) ≤ ||s− F ||Lp(Rn) < ε

and so the countable set D̃ is dense in Lp(Ω).

12.5 Mollifiers and density of smooth functions

Definition 12.16 Let U be an open subset of Rn. C∞c (U) is the vector space of all infinitely differentiable
functions which equal zero for all x outside of some compact set contained in U .
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Example 12.17 Let U = {x ∈ Rn : |x| < 2}

ψ (x) =

 exp
[(
|x|2 − 1

)−1
]

if |x| < 1,

0 if |x| ≥ 1.

Then a little work shows ψ ∈ C∞c (U). The following also is easily obtained.

Lemma 12.18 Let U be any open set. Then C∞c (U) 6= ∅.

Definition 12.19 Let U = {x ∈ Rn : |x| < 1}. A sequence {ψm} ⊆ C∞c (U) is called a mollifier (sometimes
an approximate identity) if

ψm(x) ≥ 0, ψm(x) = 0, if |x| ≥ 1
m
,

and
∫
ψm(x) = 1.

As before,
∫
f(x,y)dµ(y) will mean x is fixed and the function y→ f(x,y) is being integrated. We may

also write dx for dm(x) in the case of Lebesgue measure.

Example 12.20 Let

ψ ∈ C∞c (B(0, 1)) (B(0, 1) = {x : |x| < 1})

with ψ(x) ≥ 0 and
∫
ψdm = 1. Let ψm(x) = cmψ(mx) where cm is chosen in such a way that

∫
ψmdm = 1.

By the change of variables theorem we see that cm = mn.

Definition 12.21 A function, f , is said to be in L1
loc(R

n, µ) if f is µ measurable and if |f |XK ∈ L1(Rn, µ) for
every compact set, K. Here µ is a Radon measure on Rn. Usually µ = m, Lebesgue measure. When this is
so, we write L1

loc(R
n) or Lp(Rn), etc. If f ∈ L1

loc(R
n), and g ∈ Cc(Rn),

f ∗ g(x) ≡
∫
f(x− y)g(y)dm =

∫
f(y)g(x− y)dm.

The following lemma will be useful in what follows.

Lemma 12.22 Let f ∈ L1
loc(R

n), and g ∈ C∞c (Rn). Then f ∗ g is an infinitely differentiable function.

Proof: We look at the difference quotient for calculating a partial derivative of f ∗ g.

f ∗ g (x + tej)− f ∗ g (x)
t

=
1
t

∫
f(y)

g(x + tej − y)− g (x− y)
t

dm (y) .

Using the fact that g ∈ C∞c (Rn) , we can argue that the quotient, g(x+tej−y)−g(x−y)
t is uniformly bounded.

Therefore, there exists a dominating function for the integrand of the above integral which is of the form
C |f (y)| XK where K is a compact set containing the support of g. It follows we can take the limit of the
difference quotient above inside the integral and write

∂

∂xj
(f ∗ g) (x) =

∫
f(y)

∂

∂xj
g (x− y) dm (y) .

Now letting ∂
∂xj

g play the role of g in the above argument, we can continue taking partial derivatives of all
orders. This proves the lemma.



12.5. MOLLIFIERS AND DENSITY OF SMOOTH FUNCTIONS 217

Theorem 12.23 Let K be a compact subset of an open set, U . Then there exists a function, h ∈ C∞c (U),
such that h(x) = 1 for all x ∈ K and h(x) ∈ [0, 1] for all x.

Proof: Let r > 0 be small enough that K +B(0, 3r) ⊆ U. Let Kr = K +B(0, r).

K Kr U

Consider XKr ∗ ψmwhere ψmis a mollifier. Let m be so large that 1
m < r. Then using Lemma 12.22 it is

straightforward to verify that h = XKr ∗ ψm satisfies the desired conclusions.
Although we will not use the following corollary till later, it follows as an easy consequence of the above

theorem and is useful. Therefore, we state it here.

Corollary 12.24 Let K be a compact set in Rn and let {Ui}∞i=1 be an open cover of K. Then there exists
functions, ψk ∈ C∞c (Ui) such that ψi ≺ Ui and

∞∑
i=1

ψi (x) = 1.

If K1 is a compact subset of U1 we may also take ψ1 such that ψ1 (x) = 1 for all x ∈ K1.

Proof: This follows from a repeat of the proof of Theorem 6.11, replacing the lemma used in that proof
with Theorem 12.23.

Theorem 12.25 For each p ≥ 1, C∞c (Rn) is dense in Lp(Rn).

Proof: Let f ∈ Lp(Rn) and let ε > 0 be given. Choose g ∈ Cc(Rn) such that ||f − g||p < ε
2 . Now let

gm = g ∗ ψm where {ψm} is a mollifier.

[gm(x + hei)− gm(x)]h−1

= h−1

∫
g(y)[ψm(x + hei − y)− ψm(x− y)]dm.

The integrand is dominated by C|g(y)|h for some constant C depending on

max {|∂ψm(x)/∂xj | : x ∈ Rn, j ∈ {1, 2, · · ·, n}}.

By the Dominated Convergence theorem, the limit as h→ 0 exists and yields

∂gm(x)
∂xi

=
∫
g(y)

∂ψm(x− y)
∂xi

dy.
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Similarly, all other partial derivatives exist and are continuous as are all higher order derivatives. Conse-
quently, gm ∈ C∞c (Rn). It vanishes if x /∈ spt(g) +B(0, 1

m ).

||g − gm||p =
(∫
|g(x)−

∫
g(x− y)ψm(y)dm(y)|pdm(x)

) 1
p

≤
(∫

(
∫
|g(x)− g(x− y)|ψm(y)dm(y))pdm(x)

) 1
p

≤
∫ (∫

|g(x)− g(x− y)|pdm(x)
) 1
p

ψm(y)dm(y)

=
∫
B(0, 1

m )

||g − gy||pψm(y)dm(y)

<
ε

2

whenever m is large enough. This follows from Theorem 12.13. Theorem 12.7 was used to obtain the third
inequality. There is no measurability problem because the function

(x,y)→ |g(x)− g(x− y)|ψm(y)

is continuous so it is surely Borel measurable, hence product measurable. Thus when m is large enough,

||f − gm||p ≤ ||f − g||p + ||g − gm||p <
ε

2
+
ε

2
= ε.

This proves the theorem.

12.6 Exercises

1. Let E be a Lebesgue measurable set in R. Suppose m(E) > 0. Consider the set

E − E = {x− y : x ∈ E, y ∈ E}.

Show that E − E contains an interval. Hint: Let

f(x) =
∫
XE(t)XE(x+ t)dt.

Note f is continuous at 0 and f(0) > 0. Remember continuity of translation in Lp.

2. Give an example of a sequence of functions in Lp (R) which converges to zero in Lp but does not
converge pointwise to 0. Does this contradict the proof of the theorem that Lp is complete?

3. Let φm ∈ C∞c (Rn), φm (x) ≥ 0,and
∫
Rn
φm(y)dy = 1 with limm→∞ sup {|x| : x ∈ sup (φm)} = 0. Show

if f ∈ Lp(Rn), limm→∞ f ∗ φm = f in Lp(Rn).

4. Let φ : R→ R be convex. This means

φ(λx+ (1− λ)y) ≤ λφ(x) + (1− λ)φ(y)

whenever λ ∈ [0, 1]. Show that if φ is convex, then φ is continuous. Also verify that if x < y < z, then
φ(y)−φ(x)

y−x ≤ φ(z)−φ(y)
z−y and that φ(z)−φ(x)

z−x ≤ φ(z)−φ(y)
z−y .
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5. ↑ Prove Jensen’s inequality. If φ : R→ R is convex, µ(Ω) = 1, and f : Ω → R is in L1(Ω), then
φ(
∫

Ω
f du) ≤

∫
Ω
φ(f)dµ. Hint: Let s =

∫
Ω
f dµ and show there exists λ such that φ(s) ≤ φ(t)+λ(s−t)

for all t.

6. Let 1
p + 1

p′ = 1, p > 1, let f ∈ Lp(R), g ∈ Lp
′
(R). Show f ∗ g is uniformly continuous on R and

|(f ∗ g)(x)| ≤ ||f ||Lp ||g||Lp′ .

7. B(p, q) =
∫ 1

0
xp−1(1 − x)q−1dx,Γ(p) =

∫∞
0
e−ttp−1dt for p, q > 0. The first of these is called the beta

function, while the second is the gamma function. Show a.) Γ(p + 1) = pΓ(p); b.) Γ(p)Γ(q) =
B(p, q)Γ(p+ q).

8. Let f ∈ Cc(0,∞) and define F (x) = 1
x

∫ x
0
f(t)dt. Show

||F ||Lp(0,∞) ≤
p

p− 1
||f ||Lp(0,∞) whenever p > 1.

Hint: Use xF ′ = f − F and integrate
∫∞

0
|F (x)|pdx by parts.

9. ↑ Now suppose f ∈ Lp(0,∞), p > 1, and f not necessarily in Cc(0,∞). Note that F (x) = 1
x

∫ x
0
f(t)dt

still makes sense for each x > 0. Is the inequality of Problem 8 still valid? Why? This inequality is
called Hardy’s inequality.

10. When does equality hold in Holder’s inequality? Hint: First suppose f, g ≥ 0. This isolates the most
interesting aspect of the question.

11. ↑ Consider Hardy’s inequality of Problems 8 and 9. Show equality holds only if f = 0 a.e. Hint: If
equality holds, we can assume f ≥ 0. Why? You might then establish (p−1)

∫∞
0
F pdx = p

∫∞
0
F
p
q f dx

and use Problem 10.

12. ↑ In Hardy’s inequality, show the constant p(p − 1)−1 cannot be improved. Also show that if f > 0
and f ∈ L1, then F /∈ L1 so it is important that p > 1. Hint: Try f(x) = x−

1
pX[A−1,A].

13. A set of functions, Φ ⊆ L1, is uniformly integrable if for all ε > 0 there exists a σ > 0 such that∣∣∫
E
f du

∣∣ < ε whenever µ(E) < σ. Prove Vitali’s Convergence theorem: Let {fn} be uniformly
integrable, µ(Ω) < ∞, fn(x) → f(x) a.e. where f is measurable and |f(x)| < ∞ a.e. Then f ∈ L1

and limn→∞
∫

Ω
|fn − f |dµ = 0. Hint: Use Egoroff’s theorem to show {fn} is a Cauchy sequence in

L1 (Ω) . This yields a different and easier proof than what was done earlier.

14. ↑ Show the Vitali Convergence theorem implies the Dominated Convergence theorem for finite measure
spaces.

15. ↑ Suppose µ(Ω) <∞, {fn} ⊆ L1(Ω), and ∫
Ω

h (|fn|) dµ < C

for all n where h is a continuous, nonnegative function satisfying

lim
t→∞

h (t)
t

=∞.

Show {fn} is uniformly integrable.

16. ↑ Give an example of a situation in which the Vitali Convergence theorem applies, but the Dominated
Convergence theorem does not.
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17. ↑ Sometimes, especially in books on probability, a different definition of uniform integrability is used
than that presented here. A set of functions, S, defined on a finite measure space, (Ω,S, µ) is said to
be uniformly integrable if for all ε > 0 there exists α > 0 such that for all f ∈ S,∫

[|f |≥α]

|f | dµ ≤ ε.

Show that this definition is equivalent to the definition of uniform integrability given earlier with the
addition of the condition that there is a constant, C <∞ such that∫

|f | dµ ≤ C

for all f ∈ S. If this definition of uniform integrability is used, show that if fn (ω) → f (ω) a.e., then
it is automatically the case that |f (ω)| < ∞ a.e. so it is not necessary to check this condition in the
hypotheses for the Vitali convergence theorem.

18. We say f ∈ L∞(Ω, µ) if there exists a set of measure zero, E, and a constant C < ∞ such that
|f(x)| ≤ C for all x /∈ E.

||f ||∞ ≡ inf{C : |f(x)| ≤ C a.e.}.

Show || ||∞ is a norm on L∞(Ω, µ) provided we identify f and g if f(x) = g(x) a.e. Show L∞(Ω, µ) is
complete.

19. Suppose f ∈ L∞ ∩ L1. Show limp→∞ ||f ||Lp = ||f ||∞.

20. Suppose φ : R→ R and φ(
∫ 1

0
f(x)dx) ≤

∫ 1

0
φ(f(x))dx for every real bounded measurable f . Can it be

concluded that φ is convex?

21. Suppose µ(Ω) <∞. Show that if 1 ≤ p < q, then Lq(Ω) ⊆ Lp(Ω).

22. Show L1(R) * L2(R) and L2(R) * L1(R) if Lebesgue measure is used.

23. Show that if x ∈ [0, 1] and p ≥ 2, then

(
1 + x

2
)p + (

1− x
2

)p ≤ 1
2

(1 + xp).

Note this is obvious if p = 2. Use this to conclude the following inequality valid for all z, w ∈ C and
p ≥ 2. ∣∣∣∣z + w

2

∣∣∣∣p +
∣∣∣∣z − w2

∣∣∣∣p ≤ |z|p2
+
|w|p

2
.

Hint: For the first part, divide both sides by xp, let y = 1
x and show the resulting inequality is valid

for all y ≥ 1. If |z| ≥ |w| > 0, this takes the form

|1
2

(1 + reiθ)|p + |1
2

(1− reiθ)|p ≤ 1
2

(1 + rp)

whenever 0 ≤ θ < 2π and r ∈ [0, 1]. Show the expression on the left is maximized when θ = 0 and use
the first part.

24. ↑ If p ≥ 2, establish Clarkson’s inequality. Whenever f, g ∈ Lp,∣∣∣∣∣∣∣∣12(f + g)
∣∣∣∣∣∣∣∣p
p

+
∣∣∣∣∣∣∣∣12(f − g)

∣∣∣∣∣∣∣∣p
p

≤ 1
2
||f ||p +

1
2
||g||pp .

For more on Clarkson inequalities (there are others), see Hewitt and Stromberg [15] or Ray [22].
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25. ↑ Show that for p ≥ 2, Lp is uniformly convex. This means that if {fn}, {gn} ⊆ Lp, ||fn||p, ||gn||p ≤ 1,
and ||fn + gn||p → 2, then ||fn − gn||p → 0.

26. Suppose that θ ∈ [0, 1] and r, s, q > 0 with

1
q

=
θ

r
+

1− θ
s

.

show that

(
∫
|f |qdµ)1/q ≤ ((

∫
|f |rdµ)1/r)θ((

∫
|f |sdµ)1/s)1−θ.

If q, r, s ≥ 1 this says that

||f ||q ≤ ||f ||θr||f ||1−θs .

Hint: ∫
|f |qdµ =

∫
|f |qθ|f |q(1−θ)dµ.

Now note that 1 = θq
r + q(1−θ)

s and use Holder’s inequality.

27. Generalize Theorem 12.7 as follows. Let 0 ≤ p1 ≤ p2 <∞. Then(∫
Y

(∫
X

|f (x, y)|p1 dµ

)p2/p1

dλ

)1/p2

≤

(∫
X

(∫
Y

|f (x, y)|p2 dλ

)p1/p2

dµ

)1/p1

.
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Fourier Transforms

13.1 The Schwartz class

The Fourier transform of a function in L1 (Rn) is given by

Ff(t) ≡ (2π)−n/2
∫
Rn

e−it·xf(x)dx.

However, we want to take the Fourier transform of many other kinds of functions. In particular we want to
take the Fourier transform of functions in L2 (Rn) which is not a subset of L1 (Rn). Thus the above integral
may not make sense. In defining what is meant by the Fourier Transform of more general functions, it is
convenient to use a special class of functions known as the Schwartz class which is a subset of Lp (Rn) for all
p ≥ 1. The procedure is to define the Fourier transform of functions in the Schwartz class and then use this
to define the Fourier transform of a more general function in terms of what happens when it is multiplied
by the Fourier transform of functions in the Schwartz class.

The functions in the Schwartz class are infinitely differentiable and they vanish very rapidly as |x| → ∞
along with all their partial derivatives. To describe precisely what we mean by this, we need to present some
notation.

Definition 13.1 α = (α1, · · ·, αn) for α1 · · ·αn positive integers is called a multi-index. For α a multi-index,
|α| ≡ α1 + · · ·+ αn and if x ∈ Rn,

x = (x1, · · ·, xn),

and f a function, we define

xα ≡ xα1
1 xα2

2 · · · xαnn , Dαf(x) ≡ ∂|α|f(x)
∂xα1

1 ∂xα2
2 · · · ∂x

αn
n
.

Definition 13.2 We say f ∈ S, the Schwartz class, if f ∈ C∞(Rn) and for all positive integers N,

ρN (f) <∞

where

ρN (f) = sup{(1 + |x|2)N |Dαf(x)| : x ∈Rn , |α| ≤ N}.

Thus f ∈ S if and only if f ∈ C∞(Rn) and

sup{|xβDαf(x)| : x ∈Rn} <∞ (13.1)

for all multi indices α and β.

223
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Also note that if f ∈ S, then p(f) ∈ S for any polynomial, p with p(0) = 0 and that

S ⊆ Lp(Rn) ∩ L∞(Rn)

for any p ≥ 1.

Definition 13.3 (Fourier transform on S ) For f ∈ S,

Ff(t) ≡ (2π)−n/2
∫
Rn

e−it·xf(x)dx,

F−1f(t) ≡ (2π)−n/2
∫
Rn

eit·xf(x)dx.

Here x · t =
∑n
i=1 xiti.

It will follow from the development given below that (F ◦ F−1)(f) = f and (F−1 ◦ F )(f) = f whenever
f ∈ S, thus justifying the above notation.

Theorem 13.4 If f ∈ S, then Ff and F−1f are also in S.

Proof: To begin with, let α = ej = (0, 0, · · ·, 1, 0, · · ·, 0), the 1 in the jth slot.

F−1f(t + hej)− F−1f(t)
h

= (2π)−n/2
∫
Rn

eit·xf(x)(
eihxj − 1

h
)dx. (13.2)

Consider the integrand in (13.2).∣∣∣∣eit·xf(x)(
eihxj − 1

h
)
∣∣∣∣ = |f (x)|

∣∣∣∣(ei(h/2)xj − e−i(h/2)xj

h
)
∣∣∣∣

= |f (x)|
∣∣∣∣ i sin ((h/2)xj)

(h/2)

∣∣∣∣
≤ |f (x)| |xj |

and this is a function in L1(Rn) because f ∈ S. Therefore by the Dominated Convergence Theorem,

∂F−1f(t)
∂tj

= (2π)−n/2
∫
Rn

eit·xixjf(x)dx

= i(2π)−n/2
∫
Rn

eit·xxejf(x)dx.

Now xejf(x) ∈ S and so we may continue in this way and take derivatives indefinitely. Thus F−1f ∈ C∞(Rn)
and from the above argument,

DαF−1f(t) =(2π)−n/2
∫
Rn

eit·x(ix)αf(x)dx.

To complete showing F−1f ∈ S,

tβDαF−1f(t) =(2π)−n/2
∫
Rn

eit·xtβ(ix)af(x)dx.

Integrate this integral by parts to get

tβDαF−1f(t) =(2π)−n/2
∫
Rn

i|β|eit·xDβ((ix)af(x))dx. (13.3)
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Here is how this is done.∫
R

eitjxj t
βj
j (ix)αf(x)dxj =

eitjxj

itj
t
βj
j (ix)αf(x) |∞−∞ +

i

∫
R

eitjxj t
βj−1

j Dej ((ix)αf(x))dxj

where the boundary term vanishes because f ∈ S. Returning to (13.3), we use (13.1), and the fact that
|eia| = 1 to conclude

|tβDαF−1f(t)| ≤C
∫
Rn

|Dβ((ix)af(x))|dx <∞.

It follows F−1f ∈ S. Similarly Ff ∈ S whenever f ∈ S.

Theorem 13.5 F ◦ F−1(f) = f and F−1 ◦ F (f) = f whenever f ∈ S.

Before proving this theorem, we need a lemma.

Lemma 13.6

(2π)−n/2
∫
Rn

e(−1/2)u·udu = 1, (13.4)

(2π)−n/2
∫
Rn

e(−1/2)(u−ia)·(u−ia)du = 1. (13.5)

Proof:

(
∫
R

e−x
2/2dx)2 =

∫
R

∫
R

e−(x2+y2)/2dxdy

=
∫ ∞

0

∫ 2π

0

re−r
2/2dθdr = 2π.

Therefore ∫
Rn

e(−1/2)u·udu =
n∏
i=1

∫
R

e−x
2
j/2dxj = (2π)n/2.

This proves (13.4). To prove (13.5) it suffices to show that∫
R

e(−1/2)(x−ia)2
dx = (2π)1/2. (13.6)

Define h(a) to be the left side of (13.6). Thus

h(a) = (
∫
R

e(−1/2)x2
(cos(ax) + i sin ax) dx)ea

2/2

= (
∫
R

e(−1/2)x2
cos(ax)dx)ea

2/2

because sin is an odd function. We know h (0) = (2π)1/2.

h′(a) = ah(a) + ea
2/2 d

da
(
∫
R

e−x
2/2 cos(ax)dx). (13.7)
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Forming difference quotients and using the Dominated Convergence Theorem, we can take d
da inside the

integral in (13.7) to obtain

−
∫
R

xe(−1/2)x2
sin(ax)dx.

Integrating this by parts yields

d

da
(
∫
R

e−x
2/2 cos(ax)dx) = −a(

∫
R

e−x
2/2 cos(ax)dx).

Therefore

h′(a) = ah(a)− aea
2/2

∫
R

e−x
2/2 cos(ax)dx

= ah(a)− ah(a) = 0.

This proves the lemma since h(0) = (2π)1/2.
Proof of Theorem 13.5 Let

gε(x) = e(−ε2/2)x·x.

Thus 0≤ gε(x) ≤ 1 and limε→0+ gε(x) = 1. By the Dominated Convergence Theorem,

(F ◦ F−1)f(x) = lim
ε→0

(2π)
−n
2

∫
Rn

F−1f(t)gε(t)e−it·xdt.

Therefore,

(F ◦ F−1)f(x) =

= lim
ε→0

(2π)−n
∫
Rn

∫
Rn

eiy·tf(y)gε(t)e−ix·tdydt

= lim
ε→0

(2π)−n
∫
Rn

∫
Rn

ei(y−x)·tf(y)gε(t)dtdy

= lim
ε→0

(2π)−
n
2

∫
Rn

f(y)[(2π)−
n
2

∫
Rn

ei(y−x)·tgε(t)dt]dy. (13.8)

Consider [ ] in (13.8). This equals

(2π)−
n
2 ε−n

∫
Rn

e−
1
2 (u−ia)·(u−ia)e−

1
2 |

x−y
ε |

2
du,

where a = ε−1(y − x), and |z| = (z · z)
1
2 . Applying Lemma 13.6

(2π)−
n
2 [ ] = (2π)−

n
2 ε−ne−

1
2 |

x−y
ε |

2

≡ mε(y − x) = mε(x− y)

and by Lemma 13.6, ∫
Rn

mε(y)dy = 1. (13.9)
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Thus from (13.8),

(F ◦ F−1)f(x) = lim
ε→0

∫
Rn

f(y)mε(x− y)dy (13.10)

= lim
ε→0

f ∗mε(x).

∫
|y|≥δ

mε(y)dy = (2π)−
n
2 (
∫
|y|≥δ

e−
1
2 |

y
ε |

2
dy)ε−n.

Using polar coordinates,

= (2π)−n/2
∫ ∞
δ

∫
Sn−1

e(−1/(2ε2))ρ2
ρn−1dωdρε−n

= (2π)−n/2(
∫ ∞
δ/ε

e(−1/2)ρ2
ρn−1dρ)Cn.

This clearly converges to 0 as ε → 0+ because of the Dominated Convergence Theorem and the fact that
ρn−1e−ρ

2/2 is in L1(R). Hence

lim
ε→0

∫
|y|≥δ

mε(y)dy = 0.

Let δ be small enough that |f(x) − f(x− y)| <η whenever |y| ≤δ. Therefore, from Formulas (13.9) and
(13.10),

|f(x)− (F ◦ F−1)f(x)| = lim
ε→0
|f(x)− f ∗mε(x)|

≤ lim sup
ε→0

∫
Rn

|f(x)− f(x− y)|mε(y)dy

≤ lim sup
ε→0

(∫
|y|>δ

|f(x)− f(x− y)|mε(y)dy+

∫
|y|≤δ

|f(x)− f(x− y)|mε(y)dy

)

≤ lim sup
ε→0

((
∫
|y|>δ

mε(y)dy)2||f ||∞ + η) = η.

Since η > 0 is arbitrary, f(x) = (F ◦F−1)f(x) whenever f ∈ S. This proves Theorem 13.5 and justifies the
notation in Definition 13.3.
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13.2 Fourier transforms of functions in L2 (Rn)

With this preparation, we are ready to begin the consideration of Ff and F−1f for f ∈ L2(Rn). First note
that the formula given for Ff and F−1f when f ∈ S will not work for f ∈ L2(Rn) unless f is also in L1(Rn).
The following theorem will make possible the definition of Ff and F−1f for arbitrary f ∈ L2(Rn).

Theorem 13.7 For φ ∈ S, ||Fφ||2 = ||F−1φ||2 = ||φ||2.

Proof: First note that for ψ ∈ S,

F (ψ̄) = F−1(ψ) , F−1(ψ̄) = F (ψ). (13.11)

This follows from the definition. Let φ, ψ ∈ S.∫
Rn

(Fφ(t))ψ(t)dt = (2π)−n/2
∫
Rn

∫
Rn

ψ(t)φ(x)e−it·xdxdt (13.12)

=
∫
Rn

φ(x)(Fψ(x))dx.

Similarly, ∫
Rn

φ(x)(F−1ψ(x))dx =
∫
Rn

(F−1φ(t))ψ(t)dt. (13.13)

Now, (13.11) - (13.13) imply ∫
Rn

|φ(x)|2dx =
∫
Rn

φ(x)F−1(Fφ(x))dx

=
∫
Rn

φ(x)F (Fφ(x))dx

=
∫
Rn

Fφ(x)(Fφ(x))dx

=
∫
Rn

|Fφ|2dx.

Similarly

||φ||2 = ||F−1φ||2.

This proves the theorem.
With this theorem we are now able to define the Fourier transform of a function in L2 (Rn) .

Definition 13.8 Let f ∈ L2 (Rn) and let {φk} be a sequence of functions in S converging to f in L2 (Rn) .
We know such a sequence exists because S is dense in L2 (Rn) . (Recall that even C∞c (Rn) is dense in
L2 (Rn) .) Then Ff ≡ limk→∞ Fφk where the limit is taken in L2 (Rn) . A similar definition holds for F−1f.

Lemma 13.9 The above definition is well defined.

Proof: We need to verify two things. First we need to show that limk→∞ F (φk) exists in L2 (Rn) and
next we need to verify that this limit is independent of the sequence of functions in S which is converging
to f.

To verify the first claim, note that since limk→∞ ||f − φk||2 = 0, it follows that {φk} is a Cauchy sequence.
Therefore, by Theorem 13.7 {Fφk} and

{
F−1φk

}
are also Cauchy sequences in L2 (Rn) . Therefore, they

both converge in L2 (Rn) to a unique element of L2 (Rn). This verifies the first part of the lemma.



13.2. FOURIER TRANSFORMS OF FUNCTIONS IN L2
(
R
N
)

229

Now suppose {φk} and {ψk} are two sequences of functions in S which converge to f ∈ L2 (Rn) .
Do {Fφk} and {Fψk} converge to the same element of L2 (Rn)? We know that for k large, ||φk − ψk||2 ≤
||φk − f ||2+||f − ψk||2 <

ε
2 + ε

2 = ε. Therefore, for large enough k, we have ||Fφk − Fψk||2 = ||φk − ψk||2 < ε
and so, since ε > 0 is arbitrary, it follows that {Fφk} and {Fψk} converge to the same element of L2 (Rn) .

We leave as an easy exercise the following identity for φ, ψ ∈ S.∫
Rn

ψ(x)Fφ(x)dx =
∫
Rn

Fψ(x)φ(x)dx

and ∫
Rn

ψ(x)F−1φ(x)dx =
∫
Rn

F−1ψ(x)φ(x)dx

Theorem 13.10 If f ∈ L2(Rn), Ff and F−1f are the unique elements of L2 (Rn) such that for all φ ∈ S,∫
Rn

Ff(x)φ(x)dx =
∫
Rn

f(x)Fφ(x)dx, (13.14)

∫
Rn

F−1f(x)φ(x)dx =
∫
Rn

f(x)F−1φ(x)dx. (13.15)

Proof: Let {φk} be a sequence in S converging to f in L2 (Rn) so Fφk converges to Ff in L2 (Rn) .
Therefore, by Holder’s inequality or the Cauchy Schwartz inequality,∫

Rn

Ff(x)φ(x)dx = lim
k→∞

∫
Rn

Fφk(x)φ(x)dx

= lim
k→∞

∫
Rn

φk(x)Fφ(x)dx

=
∫
Rn

f(x)Fφ(x)dx.

A similar formula holds for F−1. It only remains to verify uniqueness. Suppose then that for some G ∈
L2 (Rn) , ∫

Rn

G (x)φ (x) dx =
∫
Rn

Ff(x)φ(x)dx (13.16)

for all φ ∈ S. Does it follow that G = Ff in L2 (Rn)? Let {φk} be a sequence of elements of S converging
in L2 (Rn) to G− Ff. Then from (13.16),

0 = lim
k→∞

∫
Rn

(G (x)− Ff (x))φk (x) dx =
∫
Rn

|G (x)− Ff (x)|2 dx.

Thus G = Ff and this proves uniqueness. A similar argument applies for F−1.

Theorem 13.11 (Plancherel) For f ∈ L2(Rn).

(F−1 ◦ F )(f) = f = (F ◦ F−1)(f), (13.17)

||f ||2 = ||Ff ||2 = ||F−1f ||2. (13.18)
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Proof: Let φ ∈ S.∫
Rn

(F−1 ◦ F )(f)φdx =
∫
Rn

Ff F−1φdx =
∫
Rn

f F (F−1(φ))dx

=
∫
fφdx.

Thus (F−1 ◦F )(f) = f because S is dense in L2(Rn). Similarly (F ◦F−1)(f) = f . This proves (13.17). To
show (13.18), we use the density of S to obtain a sequence, {φk} converging to f in L2 (Rn) . Then

||Ff ||2 = lim
k→∞

||Fφk||2 = lim
k→∞

||φk||2 = ||f ||2 .

Similarly,

||f ||2 = ||F−1f ||2.

This proves the theorem.
The following corollary is a simple generalization of this. To prove this corollary, we use the following

simple lemma which comes as a consequence of the Cauchy Schwartz inequality.

Lemma 13.12 Suppose fk → f in L2 (Rn) and gk → g in L2 (Rn) . Then

lim
k→∞

∫
Rn

fkgkdx =
∫
Rn

fgdx

Proof: ∣∣∣∣∫
Rn

fkgkdx−
∫
Rn

fgdx

∣∣∣∣ ≤ ∣∣∣∣∫
Rn

fkgkdx−
∫
Rn

fkgdx

∣∣∣∣+

∣∣∣∣∫
Rn

fkgdx−
∫
Rn

fgdx

∣∣∣∣
≤ ||fk||2 ||g − gk||2 + ||g||2 ||fk − f ||2 .

Now ||fk||2 is a Cauchy sequence and so it is bounded independent of k. Therefore, the above expression is
smaller than ε whenever k is large enough. This proves the lemma.

Corollary 13.13 For f, g ∈ L2(Rn),∫
Rn

fgdx =
∫
Rn

Ff Fgdx =
∫
Rn

F−1f F−1gdx.

Proof: First note the above formula is obvious if f, g ∈ S. To see this, note∫
Rn

Ff Fgdx =
∫
Rn

Ff (x)
1

(2π)n/2

∫
Rn

e−ix·tg (t) dtdx

=
∫
Rn

1

(2π)n/2

∫
Rn

eix·tFf (x) dxg (t)dt

=
∫
Rn

(
F−1 ◦ F

)
f (t) g (t)dt

=
∫
Rn

f (t) g (t)dt.
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The formula with F−1 is exactly similar.
Now to verify the corollary, let φk → f in L2 (Rn) and let ψk → g in L2 (Rn) . Then∫

Rn

Ff Fgdx = lim
k→∞

∫
Rn

Fφk Fψkdx

= lim
k→∞

∫
Rn

φkψkdx

=
∫
Rn

fgdx

A similar argument holds for F−1.This proves the corollary.
How do we compute Ff and F−1f ?

Theorem 13.14 For f ∈ L2(Rn), let fr = fXEr where Er is a bounded measurable set with Er ↑ Rn. Then
the following limits hold in L2 (Rn) .

Ff = lim
r→∞

Ffr , F
−1f = lim

r→∞
F−1fr.

Proof: ||f − fr||2 → 0 and so ||Ff − Ffr||2 → 0 and ||F−1f − F−1fr||2 → 0 by Plancherel’s Theorem.
This proves the theorem.

What are Ffr and F−1fr? Let φ ∈ S∫
Rn

Ffrφdx =
∫
Rn

frFφdx

= (2π)−
n
2

∫
Rn

∫
Rn

fr(x)e−ix·yφ(y)dydx

=
∫
Rn

[(2π)−
n
2

∫
Rn

fr(x)e−ix·ydx]φ(y)dy.

Since this holds for all φ ∈ S, a dense subset of L2(Rn), it follows that

Ffr(y) = (2π)−
n
2

∫
Rn

fr(x)e−ix·ydx.

Similarly

F−1fr(y) = (2π)−
n
2

∫
Rn

fr(x)eix·ydx.

This shows that to take the Fourier transform of a function in L2 (Rn) , it suffices to take the limit as r →∞
in L2 (Rn) of (2π)−

n
2
∫
Rn
fr(x)e−ix·ydx. A similar procedure works for the inverse Fourier transform.

Definition 13.15 For f ∈ L1 (Rn) , define

Ff (x) ≡ (2π)−n/2
∫
Rn

e−ix·yf (y) dy,

F−1f (x) ≡ (2π)−n/2
∫
Rn

eix·yf (y) dy.

Thus, for f ∈ L1 (Rn), Ff and F−1f are uniformly bounded.
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Theorem 13.16 Let h ∈ L2 (Rn) and let f ∈ L1 (Rn). Then h ∗ f ∈ L2 (Rn),

F−1 (h ∗ f) = (2π)n/2 F−1hF−1f,

F (h ∗ f) = (2π)n/2 FhFf,

and

||h ∗ f ||2 ≤ ||h||2 ||f ||1 . (13.19)

Proof: Without loss of generality, we may assume h and f are both Borel measurable. Then an appli-
cation of Minkowski’s inequality yields(∫

Rn

(∫
Rn

|h (x− y)| |f (y)| dy
)2

dx

)1/2

≤ ||f ||1 ||h||2 . (13.20)

Hence
∫
|h (x− y)| |f (y)| dy <∞ a.e. x and

x→
∫
h (x− y) f (y) dy

is in L2 (Rn). Let Er ↑ Rn, m (Er) <∞. Thus,

hr ≡ XErh ∈ L2 (Rn) ∩ L1 (Rn),

and letting φ ∈ S, ∫
F (hr ∗ f) (φ) dx

≡
∫

(hr ∗ f) (Fφ) dx

= (2π)−n/2
∫ ∫ ∫

hr (x− y) f (y) e−ix·tφ (t) dtdydx

= (2π)−n/2
∫ ∫ (∫

hr (x− y) e−i(x−y)·tdx

)
f (y) e−iy·tdyφ (t) dt

=
∫

(2π)n/2 Fhr (t)Ff (t)φ (t) dt.

Since φ is arbitrary and S is dense in L2 (Rn) ,

F (hr ∗ f) = (2π)n/2 FhrFf.

Now by Minkowski’s Inequality, hr ∗ f → h ∗ f in L2 (Rn) and also it is clear that hr → h in L2 (Rn) ; so, by
Plancherel’s theorem, we may take the limit in the above and conclude

F (h ∗ f) = (2π)n/2 FhFf.

The assertion for F−1 is similar and (13.19) follows from (13.20).
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13.3 Tempered distributions

In this section we give an introduction to the general theory of Fourier transforms. Recall that S is the set
of all φ ∈ C∞ (Rn) such that for N = 1, 2, · · ·,

ρN (φ) ≡ sup
|α|≤N,x∈Rn

(
1 + |x|2

)N
|Dαφ (x)| <∞.

The set, S is a vector space and we can make it into a topological space by letting sets of the form be a
basis for the topology.

BN (φ, r) ≡ {ψ ∈ S such that ρN (ψ − φ) < r}.

Note the functions, ρN are increasing in N. Then S′, the space of continuous linear functions defined on S
mapping S to C, are called tempered distributions. Thus,

Definition 13.17 f ∈ S′ means f : S→ C, f is linear, and f is continuous.

How can we verify f ∈ S′? The following lemma is about this question along with the similar question
of when a linear map from S to S is continuous.

Lemma 13.18 Let f : S→ C be linear and let L : S→ S be linear. Then f is continuous if and only if

|f (φ)| ≤ CρN (φ) (a.)

for some N . Also, L is continuous if and only if for each N, there exists M such that

ρN (Lφ) ≤ CρM (φ) (b.)

for some C independent of φ.

Proof: It suffices to verify continuity at 0 because f and L are linear. We verify (b.). Let 0 ∈ U where
U is an open set. Then 0 ∈ BN (0, r) ⊆ U for some r > 0 and N . Then if M and C are as described in (b.),
and ψ ∈ BM

(
0, C−1r

)
, we have

ρN (Lψ) ≤ CρM (ψ) < r;

so, this shows

BM
(
0, C−1r

)
⊆ L−1

(
BN (0, r)

)
⊆ L−1 (U),

which shows that L is continuous at 0. The argument for f and the only if part of the proof is left for the
reader.

The key to extending the Fourier transform to S′ is the following theorem which states that F and F−1

are continuous. This is analogous to the procedure in defining the Fourier transform for functions in L2 (Rn).
Recall we proved these mappings preserved the L2 norms of functions in S.

Theorem 13.19 For F and F−1 the Fourier and inverse Fourier transforms,

Fφ (x) ≡ (2π)−n/2
∫
Rn

e−ix·yφ (y) dy,

F−1φ (x) ≡ (2π)−n/2
∫
Rn

eix·yφ (y) dy,

F and F−1 are continuous linear maps from S to S.
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Proof: Let |α| ≤ N where N > 0, and let x 6= 0. Then(
1 + |x|2

)N ∣∣DαF−1φ (x)
∣∣ ≡ Cn (1 + |x|2

)N ∣∣∣∣∫
Rn

eix·yyαφ (y) dy
∣∣∣∣. (13.21)

Suppose x2
j ≥ 1 for j ∈ {i1, · · ·, ir} and x2

j < 1 if j /∈ {i1, · · ·, ir}. Then after integrating by parts in the
integral of (13.21), we obtain the following for the right side of (13.21):

Cn

(
1 + |x|2

)N ∣∣∣∣∫
Rn

eix·yDβ (yαφ (y)) dy
∣∣∣∣ ∏
j∈{i1,···,ir}

x−2N
j , (13.22)

where

β ≡ 2N
r∑

k=1

eik ,

the vector with 0 in the jth slot if j /∈ {i1, · · ·, ir} and a 2N in the jth slot for j ∈ {i1, · · ·, ir}. Now letting
C (n,N) denote a generic constant depending only on n and N, the product rule and a little estimating
yields ∣∣Dβ (yαφ (y))

∣∣ (1 + |y|2
)nN

≤ ρ2Nn (φ)C (n,N).

Also the function y→
(

1 + |y|2
)−nN

is integrable. Therefore, the expression in (13.22) is no larger than

C (n,N)
(

1 + |x|2
)N ∏

j∈{i1,···,ir}

x−2N
j ρ2Nn (φ)

≤ C (n,N)

1 + n+
∑

j∈{i1,···,ir}

|xj |2
N ∏

j∈{i1,···,ir}

x−2N
j ρ2Nn (φ)

≤ C (n,N)
∑

j∈{i1,···,ir}

|xj |2N
∏

j∈{i1,···,ir}

|xj |−2N
ρ2Nn (φ)

≤ C (n,N) ρ2Nn (φ).

Therefore, if x2
j ≥ 1 for some j,(

1 + |x|2
)N ∣∣DαF−1φ (x)

∣∣ ≤ C (n,N) ρ2Nn (φ).

If x2
j < 1 for all j, we can use (13.21) to obtain(

1 + |x|2
)N ∣∣DαF−1φ (x)

∣∣ ≤ Cn (1 + n)N
∣∣∣∣∫
Rn

eix·yyαφ (y) dy
∣∣∣∣

≤ C (n,N) ρR (φ)

for some R depending on N and n. Let M ≥ max (R, 2nN) and we see

ρN
(
F−1φ

)
≤ CρM (φ)

where M and C depend only on N and n. By Lemma 13.18, F−1 is continuous. Similarly, F is continuous.
This proves the theorem.
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Definition 13.20 For f ∈ S′, we define Ff and F−1f in S′ by

Ff (φ) ≡ f (Fφ), F−1f (φ) ≡ f
(
F−1φ

)
.

To see this is a good definition, consider the following.

|Ff (φ)| ≡ |f (Fφ)| ≤ CρN (Fφ) ≤ CρM (φ).

Also note that F and F−1 are both one to one and onto. This follows from the fact that these mappings
map S one to one onto S.

What are some examples of things in S′? In answering this question, we will use the following lemma.

Lemma 13.21 If f ∈ L1
loc (Rn) and

∫
Rn
fφdx = 0 for all φ ∈ C∞c (Rn) , then f = 0 a.e.

Proof: It is enough to verify this for f ≥ 0. Let

E ≡ {x :f (x) ≥ r}, ER ≡ E ∩B (0,R).

Let Kn be an increasing sequence of compact sets and let Vn be a decreasing sequence of open sets satisfying

Kn ⊆ ER ⊆ Vn, m (Vn \Kn) ≤ 2−n, V1 is bounded.

Let

φn ∈ C∞c (Vn) , Kn ≺ φn ≺ Vn.

Then φn (x) → XER (x) a.e. because the set where φn (x) fails to converge is contained in the set of all
x which are in infinitely many of the sets Vn \ Kn. This set has measure zero and so, by the dominated
convergence theorem,

0 = lim
n→∞

∫
Rn

fφndx = lim
n→∞

∫
V1

fφndx =
∫
ER

fdx ≥ rm (ER).

Thus, m (ER) = 0 and therefore m (E) = 0. Since r > 0 is arbitrary, it follows

m ([x :f (x) > 0]) = 0.

This proves the lemma.

Theorem 13.22 Let f be a measurable function with polynomial growth,

|f (x)| ≤ C
(

1 + |x|2
)N

for some N,

or let f ∈ Lp (Rn) for some p ∈ [1,∞]. Then f ∈ S′ if we define

f (φ) ≡
∫
fφdx.

Proof: Let f have polynomial growth first. Then∫
|f | |φ| dx ≤ C

∫ (
1 + |x|2

)nN
|φ| dx

≤ C

∫ (
1 + |x|2

)nN (
1 + |x|2

)−2nN

dxρ2nN (φ)

≤ C (N,n) ρ2nN (φ) <∞.
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Therefore we can define

f (φ) ≡
∫
fφdx

and it follows that

|f(φ)| ≤ C (N,n) ρ2nN (φ).

By Lemma 13.18, f ∈ S′. Next suppose f ∈ Lp (Rn).∫
|f | |φ| dx ≤

∫
|f |
(

1 + |x|2
)−M

dxρM (φ)

where we choose M large enough that
(

1 + |x|2
)−M

∈ Lp′ . Then by Holder’s Inequality,

|f (φ)| ≤ ||f ||p CnρM (φ).

By Lemma 13.18, f ∈ S′. This proves the theorem.

Definition 13.23 If f ∈ S′ and φ ∈ S, then φf ∈ S′ if we define

φf (ψ) ≡ f (φψ).

We need to verify that with this definition, φf ∈ S′. It is clearly linear. There exist constants C and N
such that

|φf (ψ)| ≡ |f (φψ)| ≤ CρN (φψ)

= C sup
x∈Rn, |α|≤N

(
1 + |x|2

)N
|Dα (φψ)|

≤ C (φ, n,N) ρN (ψ).

Thus by Lemma 13.18, φf ∈ S′.
The next topic is that of convolution. This was discussed in Corollary 13.16 but we review it here. This

corollary implies that if f ∈ L2 (Rn) ⊆ S′ and φ ∈ S, then

f ∗ φ ∈ L2 (Rn), ||f ∗ φ||2 ≤ ||f ||2 ||φ||1,

and also

F (f ∗ φ) (x) = Fφ (x)Ff (x) (2π)n/2, (13.23)

F−1 (f ∗ φ) (x) = F−1φ (x)F−1f (x) (2π)n/2.

By Definition 13.23,

F (f ∗ φ) = (2π)n/2 FφFf

whenever f ∈ L2 (Rn) and φ ∈ S.
Now it is easy to see the proper way to define f ∗ φ when f is only in S′ and φ ∈ S.

Definition 13.24 Let f ∈ S′ and let φ ∈ S. Then we define

f ∗ φ ≡ (2π)n/2 F−1 (FφFf) .
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Theorem 13.25 Let f ∈ S′ and let φ ∈ S.

F (f ∗ φ) = (2π)n/2 FφFf, (13.24)

F−1 (f ∗ φ) = (2π)n/2 F−1φF−1f.

Proof: Note that (13.24) follows from Definition 13.24 and both assertions hold for f ∈ S. Next we
write for ψ ∈ S, (

ψ ∗ F−1F−1φ
)

(x)

=
(∫ ∫ ∫

ψ (x− y) eiy·y1eiy1·zφ (z) dzdy1dy

)
(2π)n

=
(∫ ∫ ∫

ψ (x− y) e−iy·ỹ1e−iỹ1·zφ (z) dzdỹ1dy

)
(2π)n

= (ψ ∗ FFφ) (x) .

Now for ψ ∈ S,

(2π)n/2 F
(
F−1φF−1f

)
(ψ) ≡ (2π)n/2

(
F−1φF−1f

)
(Fψ) ≡

(2π)n/2 F−1f
(
F−1φFψ

)
≡ (2π)n/2 f

(
F−1

(
F−1φFψ

))
=

f
(

(2π)n/2 F−1
((
FF−1F−1φ

)
(Fψ)

))
≡

f
(
ψ ∗ F−1F−1φ

)
= f (ψ ∗ FFφ)

(2π)n/2 F−1 (FφFf) (ψ) ≡ (2π)n/2 (FφFf)
(
F−1ψ

)
≡

(2π)n/2 Ff
(
FφF−1ψ

)
≡ (2π)n/2 f

(
F
(
FφF−1ψ

))
=

by (13.23),

= f
(
F
(

(2π)n/2
(
FφF−1ψ

)))
= f

(
F
(
F−1 (FFφ ∗ ψ)

))
= f (ψ ∗ FFφ) .

Comparing the above shows

(2π)n/2 F
(
F−1φF−1f

)
= (2π)n/2 F−1 (FφFf) ≡ f ∗ φ

and ; so,

(2π)n/2
(
F−1φF−1f

)
= F−1 (f ∗ φ)

which proves the theorem.
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13.4 Exercises

1. Suppose f ∈ L1(Rn) and ||gk − f ||1 → 0. Show Fgk and F−1gk converge uniformly to Ff and F−1f
respectively.

2. Let f ∈ L1(Rn),

Ff(t) ≡ (2π)−n/2
∫
Rn

e−it·xf(x)dx,

F−1f(t) ≡ (2π)−n/2
∫
Rn

eit·xf(x)dx.

Show that F−1f and Ff are both continuous and bounded. Show also that

lim
|x|→∞

F−1f(x) = lim
|x|→∞

Ff(x) = 0.

Are the Fourier and inverse Fourier transforms of a function in L1 (Rn) uniformly continuous?

3. Suppose F−1f ∈ L1(Rn). Observe that just as in Theorem 13.5,

(F ◦ F−1)f(x) = lim
ε→0

f ∗mε(x).

Use this to argue that if f and F−1f ∈ L1(Rn), then(
F ◦ F−1

)
f(x) = f(x) a.e. x.

Similarly

(F−1 ◦ F )f(x) = f(x) a.e.

if f and Ff ∈ L1(Rn). Hint: Show f ∗mε → f in L1(Rn). Thus there is a subsequence εk → 0 such
that f ∗mεk(x)→ f(x) a.e.

4. ↑ Show that if F−1f ∈ L1 or Ff ∈ L1, then f equals a continuous bounded function a.e.

5. Let f, g ∈ L1(Rn). Show f ∗ g ∈ L1 and F (f ∗ g) = (2π)n/2 FfFg.

6. ↑ Suppose f, g ∈ L1(R) and Ff = Fg. Show f = g a.e.

7. ↑ Suppose f ∗ f = f or f ∗ f = 0 and f ∈ L1(R). Show f = 0.

8. For this problem define
∫∞
a
f (t) dt ≡ limr→∞

∫ r
a
f (t) dt. Note this coincides with the Lebesgue integral

when f ∈ L1 (a,∞) . Show

(a)
∫∞

0
sin(u)
u du = π

2

(b) limr→∞
∫∞
δ

sin(ru)
u du = 0 whenever δ > 0.

(c) If f ∈ L1 (R) , then limr→∞
∫
R

sin (ru) f (u) du = 0.

Hint: For the first two, use 1
u =

∫∞
0
e−utdt and apply Fubini’s theorem to

∫ R
0

sinu
∫
R
e−utdtdu. For

the last part, first establish it for f ∈ C∞c (R) and then use the density of this set in L1 (R) to obtain
the result. This is sometimes called the Riemann Lebesgue lemma.
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9. ↑Suppose that g ∈ L1 (R) and that at some x > 0 we have that g is locally Holder continuous from the
right and from the left. By this we mean

lim
r→0+

g (x+ r) ≡ g (x+)

exists,

lim
r→0+

g (x− r) ≡ g (x−)

exists and there exist constants K, δ > 0 and r ∈ (0, 1] such that for |x− y| < δ,

|g (x+)− g (y)| < K |x− y|r

for y > x and

|g (x−)− g (y)| < K |x− y|r

for y < x. Show that under these conditions,

lim
r→∞

2
π

∫ ∞
0

sin (ur)
u

(
g (x− u) + g (x+ u)

2

)
du

=
g (x+) + g (x−)

2
.

10. ↑ Let g ∈ L1 (R) and suppose g is locally Holder continuous from the right and from the left at x. Show
that then

lim
R→∞

1
2π

∫ R

−R
eixt

∫ ∞
−∞

e−ityg (y) dydt =
g (x+) + g (x−)

2
.

This is very interesting. If g ∈ L2 (R), this shows F−1 (Fg) (x) = g(x+)+g(x−)
2 , the midpoint of the

jump in g at the point, x. In particular, if g ∈ S, F−1 (Fg) = g. Hint: Show the left side of the above
equation reduces to

2
π

∫ ∞
0

sin (ur)
u

(
g (x− u) + g (x+ u)

2

)
du

and then use Problem 9 to obtain the result.

11. ↑ We say a measurable function g defined on (0,∞) has exponential growth if |g (t)| ≤ Ceηt for some
η. For Re (s) > η, we can define the Laplace Transform by

Lg (s) ≡
∫ ∞

0

e−sug (u) du.

Assume that g has exponential growth as above and is Holder continuous from the right and from the
left at t. Pick γ > η. Show that

lim
R→∞

1
2π

∫ R

−R
eγteiytLg (γ + iy) dy =

g (t+) + g (t−)
2

.

This formula is sometimes written in the form

1
2πi

∫ γ+i∞

γ−i∞
estLg (s) ds
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and is called the complex inversion integral for Laplace transforms. It can be used to find inverse
Laplace transforms. Hint:

1
2π

∫ R

−R
eγteiytLg (γ + iy) dy =

1
2π

∫ R

−R
eγteiyt

∫ ∞
0

e−(γ+iy)ug (u) dudy.

Now use Fubini’s theorem and do the integral from −R to R to get this equal to

eγt

π

∫ ∞
−∞

e−γug (u)
sin (R (t− u))

t− u
du

where g is the zero extension of g off [0,∞). Then this equals

eγt

π

∫ ∞
−∞

e−γ(t−u)g (t− u)
sin (Ru)

u
du

which equals

2eγt

π

∫ ∞
0

g (t− u) e−γ(t−u) + g (t+ u) e−γ(t+u)

2
sin (Ru)

u
du

and then apply the result of Problem 9.

12. Several times in the above chapter we used an argument like the following. Suppose
∫
Rn
f (x)φ (x) dx =

0 for all φ ∈ S. Therefore, f = 0 in L2 (Rn) . Prove the validity of this argument.

13. Suppose f ∈ S, fxj ∈ L1(Rn). Show F (fxj )(t) = itjFf(t).

14. Let f ∈ S and let k be a positive integer.

||f ||k,2 ≡ (||f ||22 +
∑
|α|≤k

||Dαf ||22)1/2.

One could also define

|||f |||k,2 ≡ (
∫
Rn
|Ff(x)|2(1 + |x|2)kdx)1/2.

Show both || ||k,2 and ||| |||k,2 are norms on S and that they are equivalent. These are Sobolev space
norms. What are some possible advantages of the second norm over the first? Hint: For which values
of k do these make sense?

15. ↑ Define Hk(Rn) by f ∈ L2(Rn) such that

(
∫
|Ff(x)|2(1 + |x|2)kdx)

1
2 <∞,

|||f |||k,2 ≡ (
∫
|Ff(x)|2(1 + |x|2)kdx)

1
2.

Show Hk(Rn) is a Banach space, and that if k is a positive integer, Hk(Rn) ={ f ∈ L2(Rn) : there
exists {uj} ⊆ S with ||uj − f ||2 → 0 and {uj} is a Cauchy sequence in || ||k,2 of Problem 14}.
This is one way to define Sobolev Spaces. Hint: One way to do the second part of this is to let
gs → Ff in L2((1 + |x|2)kdx) where gs ∈ Cc(Rn). We can do this because (1 + |x|2)kdx is a Radon
measure. By convolving with a mollifier, we can, without loss of generality, assume gs ∈ C∞c (Rn).
Thus gs = Ffs, fs ∈ S. Then by Problem 14, fs is Cauchy in the norm || ||k,2.
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16. ↑ If 2k > n, show that if f ∈ Hk(Rn), then f equals a bounded continuous function a.e. Hint: Show
Ff ∈ L1(Rn), and then use Problem 4. To do this, write

|Ff(x)| = |Ff(x)|(1 + |x|2)
k
2 (1 + |x|2)

−k
2 .

So ∫
|Ff(x)|dx =

∫
|Ff(x)|(1 + |x|2)

k
2 (1 + |x|2)

−k
2 dx.

Use Holder’s Inequality. This is an example of a Sobolev Embedding Theorem.

17. Let u ∈ S. Then we know Fu ∈ S and so, in particular, it makes sense to form the integral,∫
R

Fu (x′, xn) dxn

where (x′, xn) = x ∈ Rn. For u ∈ S, define γu (x′) ≡ u (x′, 0) . Find a constant such that F (γu) (x′)
equals this constant times the above integral. Hint: By the dominated convergence theorem∫

R

Fu (x′, xn) dxn = lim
ε→0

∫
R

e−(εxn)2
Fu (x′, xn) dxn.

Now use the definition of the Fourier transform and Fubini’s theorem as required in order to obtain
the desired relationship.

18. Recall from the chapter on Fourier series that the Fourier series of a function in L2 (−π, π) con-
verges to the function in the mean square sense. Prove a similar theorem with L2 (−π, π) replaced
by L2 (−mπ,mπ) and the functions

{
(2π)−(1/2)

einx
}
n∈Z

used in the Fourier series replaced with{
(2mπ)−(1/2)

ei
n
mx
}
n∈Z

. Now suppose f is a function in L2 (R) satisfying Ff (t) = 0 if |t| > mπ.

Show that if this is so, then

f (x) =
1
π

∑
n∈Z

f

(
−n
m

)
sin (π (mx+ n))

mx+ π
.

Here m is a positive integer. This is sometimes called the Shannon sampling theorem.
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Banach Spaces

14.1 Baire category theorem

Functional analysis is the study of various types of vector spaces which are also topological spaces and the
linear operators defined on these spaces. As such, it is really a generalization of linear algebra and calculus.
The vector spaces which are of interest in this subject include the usual spaces Rn and Cn but also many
which are infinite dimensional such as the space C (X;Rn) discussed in Chapter 4 in which we think of a
function as a point or a vector. When the topology comes from a norm, the vector space is called a normed
linear space and this is the case of interest here. A normed linear space is called real if the field of scalars is
R and complex if the field of scalars is C. We will assume a linear space is complex unless stated otherwise.
A normed linear space may be considered as a metric space if we define d (x, y) ≡ ||x− y||. As usual, if every
Cauchy sequence converges, the metric space is called complete.

Definition 14.1 A complete normed linear space is called a Banach space.

The purpose of this chapter is to prove some of the most important theorems about Banach spaces. The
next theorem is called the Baire category theorem and it will be used in the proofs of many of the other
theorems.

Theorem 14.2 Let (X, d) be a complete metric space and let {Un}∞n=1 be a sequence of open subsets of X
satisfying Un = X (Un is dense). Then D ≡ ∩∞n=1Un is a dense subset of X.

Proof: Let p ∈ X and let r0 > 0. We need to show D ∩ B(p, r0) 6= ∅. Since U1 is dense, there exists
p1 ∈ U1 ∩B(p, r0), an open set. Let p1 ∈ B(p1, r1) ⊆ B(p1, r1) ⊆ U1 ∩B(p, r0) and r1 < 2−1. We are using
Theorem 3.14.

� r0 p

p1
·

There exists p2 ∈ U2 ∩B(p1, r1) because U2 is dense. Let

p2 ∈ B(p2, r2) ⊆ B(p2, r2) ⊆ U2 ∩B(p1, r1) ⊆ U1 ∩ U2 ∩B(p, r0).

and let r2 < 2−2. Continue in this way. Thus

rn < 2−n,

B(pn, rn) ⊆ U1 ∩ U2 ∩ ... ∩ Un ∩B(p, r0),

243
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B(pn, rn) ⊆ B(pn−1, rn−1).

Consider the Cauchy sequence, {pn}. Since X is complete, let

lim
n→∞

pn = p∞.

Since all but finitely many terms of {pn} are in B(pm, rm), it follows that p∞ ∈ B(pm, rm). Since this holds
for every m,

p∞ ∈ ∩∞m=1B(pm, rm) ⊆ ∩∞i=1Ui ∩B(p, r0).

This proves the theorem.

Corollary 14.3 Let X be a complete metric space and suppose X = ∪∞i=1Fi where each Fi is a closed set.
Then for some i, interior Fi 6= ∅.

The set D of Theorem 14.2 is called a Gδ set because it is the countable intersection of open sets. Thus
D is a dense Gδ set.

Recall that a norm satisfies:
a.) ||x|| ≥ 0, ||x|| = 0 if and only if x = 0.
b.) ||x+ y|| ≤ ||x||+ ||y||.
c.) ||cx|| = |c| ||x|| if c is a scalar and x ∈ X.
We also recall the following lemma which gives a simple way to tell if a function mapping a metric space

to a metric space is continuous.

Lemma 14.4 If (X, d), (Y, p) are metric spaces, f is continuous at x if and only if

lim
n→∞

xn = x

implies

lim
n→∞

f(xn) = f(x).

The proof is left to the reader and follows quickly from the definition of continuity. See Problem 5 of
Chapter 3. For the sake of simplicity, we will write xn → x sometimes instead of limn→∞ xn = x.

Theorem 14.5 Let X and Y be two normed linear spaces and let L : X → Y be linear (L(ax + by) =
aL(x) + bL(y) for a, b scalars and x, y ∈ X). The following are equivalent

a.) L is continuous at 0
b.) L is continuous
c.) There exists K > 0 such that ||Lx||Y ≤ K ||x||X for all x ∈ X (L is bounded).

Proof: a.)⇒b.) Let xn → x. Then (xn − x) → 0. It follows Lxn − Lx → 0 so Lxn → Lx. b.)⇒c.)
Since L is continuous, L is continuous at 0. Hence ||Lx||Y < 1 whenever ||x||X ≤ δ for some δ. Therefore,
suppressing the subscript on the || ||,

||L
(
δx

||x||

)
|| ≤ 1.

Hence

||Lx|| ≤ 1
δ
||x||.

c.)⇒a.) is obvious.
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Definition 14.6 Let L : X → Y be linear and continuous where X and Y are normed linear spaces. We
denote the set of all such continuous linear maps by L(X,Y ) and define

||L|| = sup{||Lx|| : ||x|| ≤ 1}. (14.1)

The proof of the next lemma is left to the reader.

Lemma 14.7 With ||L|| defined in (14.1), L(X,Y ) is a normed linear space. Also ||Lx|| ≤ ||L|| ||x||.

For example, we could consider the space of linear transformations defined on Rn having values in Rm,
and the above gives a way to measure the distance between two linear transformations. In this case, the
linear transformations are all continuous because if L is such a linear transformation, and {ek}nk=1 and
{ei}mi=1 are the standard basis vectors in Rn and Rm respectively, there are scalars lik such that

L (ek) =
m∑
i=1

likei.

Thus, letting a =
∑n
k=1 akek,

L (a) = L

(
n∑
k=1

akek

)
=

n∑
k=1

akL (ek) =
n∑
k=1

m∑
i=1

aklikei.

Consequently, letting K ≥ |lik| for all i, k,

||La|| ≤

 m∑
i=1

∣∣∣∣∣
n∑
k=1

aklik

∣∣∣∣∣
2
1/2

≤ Km1/2n (max {|ak| , k = 1, · · ·, n})

≤ Km1/2n

(
n∑
k=1

a2
k

)1/2

= Km1/2n ||a||.

This type of thing occurs whenever one is dealing with a linear transformation between finite dimensional
normed linear spaces. Thus, in finite dimensions the algebraic condition that an operator is linear is sufficient
to imply the topological condition that the operator is continuous. The situation is not so simple in infinite
dimensional spaces such as C (X;Rn). This is why we impose the topological condition of continuity as a
criterion for membership in L (X,Y ) in addition to the algebraic condition of linearity.

Theorem 14.8 If Y is a Banach space, then L(X,Y ) is also a Banach space.

Proof: Let {Ln} be a Cauchy sequence in L(X,Y ) and let x ∈ X.

||Lnx− Lmx|| ≤ ||x|| ||Ln − Lm||.

Thus {Lnx} is a Cauchy sequence. Let

Lx = lim
n→∞

Lnx.

Then, clearly, L is linear. Also L is continuous. To see this, note that {||Ln||} is a Cauchy sequence of real
numbers because |||Ln|| − ||Lm||| ≤ ||Ln−Lm||. Hence there exists K > sup{||Ln|| : n ∈ N}. Thus, if x ∈ X,

||Lx|| = lim
n→∞

||Lnx|| ≤ K||x||.

This proves the theorem.
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14.2 Uniform boundedness closed graph and open mapping theo-
rems

The next big result is sometimes called the Uniform Boundedness theorem, or the Banach-Steinhaus theorem.
This is a very surprising theorem which implies that for a collection of bounded linear operators, if they are
bounded pointwise, then they are also bounded uniformly. As an example of a situation in which pointwise
bounded does not imply uniformly bounded, consider the functions fα (x) ≡ X(α,1) (x)x−1 for α ∈ (0, 1) and
X(α,1) (x) equals zero if x /∈ (α, 1) and one if x ∈ (α, 1) . Clearly each function is bounded and the collection
of functions is bounded at each point of (0, 1), but there is no bound for all the functions taken together.

Theorem 14.9 Let X be a Banach space and let Y be a normed linear space. Let {Lα}α∈Λ be a collection
of elements of L(X,Y ). Then one of the following happens.

a.) sup{||Lα|| : α ∈ Λ} <∞
b.) There exists a dense Gδ set, D, such that for all x ∈ D,

sup{||Lαx|| α ∈ Λ} =∞.

Proof: For each n ∈ N, define

Un = {x ∈ X : sup{||Lαx|| : α ∈ Λ} > n}.

Then Un is an open set. Case b.) is obtained from Theorem 14.2 if each Un is dense. The other case is that for
some n, Un is not dense. If this occurs, there exists x0 and r > 0 such that for all x ∈ B(x0, r), ||Lαx|| ≤ n
for all α. Now if y ∈ B(0, r), x0 + y ∈ B(x0, r). Consequently, for all such y, ||Lα(x0 + y)|| ≤ n. This
implies that for such y and all α,

||Lαy|| ≤ n+ ||Lα(x0)|| ≤ 2n.

Hence ||Lα|| ≤ 2n
r for all α, and we obtain case a.).

The next theorem is called the Open Mapping theorem. Unlike Theorem 14.9 it requires both X and Y
to be Banach spaces.

Theorem 14.10 Let X and Y be Banach spaces, let L ∈ L(X,Y ), and suppose L is onto. Then L maps
open sets onto open sets.

To aid in the proof of this important theorem, we give a lemma.

Lemma 14.11 Let a and b be positive constants and suppose

B(0, a) ⊆ L(B(0, b)).

Then

L(B(0, b)) ⊆ L(B(0, 2b)).

Proof of Lemma 14.11: Let y ∈ L(B(0, b)). Pick x1 ∈ B(0, b) such that ||y − Lx1|| < a
2 . Now

2y − 2Lx1 ∈ B(0, a) ⊆ L(B(0, b)).

Then choose x2 ∈ B(0, b) such that ||2y−2Lx1−Lx2|| < a/2. Thus ||y−Lx1−L
(
x2
2

)
|| < a/22. Continuing

in this way, we pick x3, x4, ... in B(0, b) such that

||y −
n∑
i=1

2−(i−1)L(xi)|| = ||y − L
n∑
i=1

2−(i−1)xi|| < a2−n. (14.2)



14.2. UNIFORM BOUNDEDNESS CLOSED GRAPH AND OPEN MAPPING THEOREMS 247

Let x =
∑∞
i=1 2−(i−1)xi. The series converges because X is complete and

||
n∑

i=m

2−(i−1)xi|| ≤ b
∞∑
i=m

2−(i−1) = b 2−m+2.

Thus the sequence of partial sums is Cauchy. Letting n→∞ in (14.2) yields ||y − Lx|| = 0. Now

||x|| = lim
n→∞

||
n∑
i=1

2−(i−1)xi||

≤ lim
n→∞

n∑
i=1

2−(i−1)||xi|| < lim
n→∞

n∑
i=1

2−(i−1)b = 2b.

This proves the lemma.
Proof of Theorem 14.10: Y = ∪∞n=1L(B(0, n)). By Corollary 14.3, the set, L(B(0, n0)) has nonempty

interior for some n0. Thus B(y, r) ⊆ L(B(0, n0)) for some y and some r > 0. Since L is linear B(−y, r) ⊆
L(B(0, n0)) also (why?). Therefore

B(0, r) ⊆ B(y, r) +B(−y, r)
≡ {x+ z : x ∈ B (y, r) and z ∈ B (−y, r)}
⊆ L(B(0, 2n0))

By Lemma 14.11, L(B(0, 2n0)) ⊆ L(B(0, 4n0)). Letting a = r(4n0)−1, it follows, since L is linear, that
B(0, a) ⊆ L(B(0, 1)).

Now let U be open in X and let x+B(0, r) = B(x, r) ⊆ U . Then

L(U) ⊇ L(x+B(0, r))

= Lx+ L(B(0, r)) ⊇ Lx+B(0, ar) = B(Lx, ar)

(L(B(0, r)) ⊇ B(0, ar) because L(B(0, 1)) ⊇ B(0, a) and L is linear). Hence

Lx ∈ B(Lx, ar) ⊆ L(U).

This shows that every point, Lx ∈ LU , is an interior point of LU and so LU is open. This proves the
theorem.

This theorem is surprising because it implies that if |·| and ||·|| are two norms with respect to which a
vector space X is a Banach space such that |·| ≤ K ||·||, then there exists a constant k, such that ||·|| ≤ k |·| .
This can be useful because sometimes it is not clear how to compute k when all that is needed is its existence.
To see the open mapping theorem implies this, consider the identity map ix = x. Then i : (X, ||·||)→ (X, |·|)
is continuous and onto. Hence i is an open map which implies i−1 is continuous. This gives the existence of
the constant k. Of course there are many other situations where this theorem will be of use.

Definition 14.12 Let f : D → E. The set of all ordered pairs of the form {(x, f(x)) : x ∈ D} is called the
graph of f .

Definition 14.13 If X and Y are normed linear spaces, we make X × Y into a normed linear space by
using the norm ||(x, y)|| = ||x|| + ||y|| along with component-wise addition and scalar multiplication. Thus
a(x, y) + b(z, w) ≡ (ax+ bz, ay + bw).

There are other ways to give a norm for X × Y . See Problem 5 for some alternatives.
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Lemma 14.14 The norm defined in Definition 14.13 on X × Y along with the definition of addition and
scalar multiplication given there make X ×Y into a normed linear space. Furthermore, the topology induced
by this norm is identical to the product topology defined in Chapter 3.

Lemma 14.15 If X and Y are Banach spaces, then X × Y with the norm and vector space operations
defined in Definition 14.13 is also a Banach space.

Lemma 14.16 Every closed subspace of a Banach space is a Banach space.

Definition 14.17 Let X and Y be Banach spaces and let D ⊆ X be a subspace. A linear map L : D → Y is
said to be closed if its graph is a closed subspace of X ×Y . Equivalently, L is closed if xn → x and Lxn → y
implies x ∈ D and y = Lx.

Note the distinction between closed and continuous. If the operator is closed the assertion that y = Lx
only follows if it is known that the sequence {Lxn} converges. In the case of a continuous operator, the
convergence of {Lxn} follows from the assumption that xn → x. It is not always the case that a mapping
which is closed is necessarily continuous. Consider the function f (x) = tan (x) if x is not an odd multiple of
π
2 and f (x) ≡ 0 at every odd multiple of π

2 . Then the graph is closed and the function is defined on R but
it clearly fails to be continuous. The next theorem, the closed graph theorem, gives conditions under which
closed implies continuous.

Theorem 14.18 Let X and Y be Banach spaces and suppose L : X → Y is closed and linear. Then L is
continuous.

Proof: Let G be the graph of L. G = {(x, Lx) : x ∈ X}. Define P : G → X by P (x, Lx) = x. P
maps the Banach space G onto the Banach space X and is continuous and linear. By the open mapping
theorem, P maps open sets onto open sets. Since P is also 1-1, this says that P−1 is continuous. Thus
||P−1x|| ≤ K||x||. Hence

||x||+ ||Lx|| ≤ K||x||

and so ||Lx|| ≤ (K − 1)||x||. This shows L is continuous and proves the theorem.

14.3 Hahn Banach theorem

The closed graph, open mapping, and uniform boundedness theorems are the three major topological theo-
rems in functional analysis. The other major theorem is the Hahn-Banach theorem which has nothing to do
with topology. Before presenting this theorem, we need some preliminaries.

Definition 14.19 Let F be a nonempty set. F is called a partially ordered set if there is a relation, denoted
here by ≤, such that

x ≤ x for all x ∈ F .

If x ≤ y and y ≤ z then x ≤ z.

C ⊆ F is said to be a chain if every two elements of C are related. By this we mean that if x, y ∈ C, then
either x ≤ y or y ≤ x. Sometimes we call a chain a totally ordered set. C is said to be a maximal chain if
whenever D is a chain containing C, D = C.

The most common example of a partially ordered set is the power set of a given set with ⊆ being the
relation. The following theorem is equivalent to the axiom of choice. For a discussion of this, see the appendix
on the subject.
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Theorem 14.20 (Hausdorff Maximal Principle) Let F be a nonempty partially ordered set. Then there
exists a maximal chain.

Definition 14.21 Let X be a real vector space ρ : X → R is called a gauge function if

ρ(x+ y) ≤ ρ(x) + ρ(y),

ρ(ax) = aρ(x) if a ≥ 0. (14.3)

Suppose M is a subspace of X and z /∈M . Suppose also that f is a linear real-valued function having the
property that f(x) ≤ ρ(x) for all x ∈M . We want to consider the problem of extending f to M ⊕ Rz such
that if F is the extended function, F (y) ≤ ρ(y) for all y ∈M ⊕ Rz and F is linear. Since F is to be linear,
we see that we only need to determine how to define F (z). Letting a > 0, we need to have the following
hold for all x, y ∈M .

F (x+ az) ≤ ρ(x+ az), F (y − az) ≤ ρ(y − az).

Multiplying by a−1 using the fact that M is a subspace, and (14.3), we see this is the same as

f(x) + F (z) ≤ ρ(x+ z), f(y)− ρ(y − z) ≤ F (z)

for all x, y ∈M . Hence we need to have F (z) such that for all x, y ∈M

f(y)− ρ(y − z) ≤ F (z) ≤ ρ(x+ z)− f(x). (14.4)

Is there any such number between f(y)−ρ(y− z) and ρ(x+ z)− f(x) for every pair x, y ∈M? This is where
we use that f(x) ≤ ρ(x) on M . For x, y ∈M ,

ρ(x+ z)− f(x)− [f(y)− ρ(y − z)]

= ρ(x+ z) + ρ(y − z)− (f(x) + f(y))

≥ ρ(x+ y)− f(x+ y) ≥ 0.

Therefore there exists a number between

sup {f(y)− ρ(y − z) : y ∈M}

and

inf {ρ(x+ z)− f(x) : x ∈M}

We choose F (z) to satisfy (14.4). With this preparation, we state a simple lemma which will be used to
prove the Hahn Banach theorem.

Lemma 14.22 Let M be a subspace of X, a real linear space, and let ρ be a gauge function on X. Suppose
f : M → R is linear and z /∈ M, and f (x) ≤ ρ (x) for all x ∈ M . Then f can be extended to M ⊕ Rz such
that, if F is the extended function, F is linear and F (x) ≤ ρ(x) for all x ∈M ⊕ Rz.

Proof: Let f(y)− ρ(y − z) ≤ F (z) ≤ ρ(x+ z)− f(x) for all x, y ∈M and let F (x+ az) = f(x) + aF (z)
whenever x ∈M, a ∈ R. If a > 0

F (x+ az) = f(x) + aF (z)

≤ f(x) + a
[
ρ
(x
a

+ z
)
− f

(x
a

)]
= ρ(x+ az).
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If a < 0,

F (x+ az) = f(x) + aF (z)

≤ f(x) + a

[
f

(
−x
a

)
− ρ

(
−x
a
− z
)]

= f(x)− f(x) + ρ(x+ az) = ρ(x+ az).

This proves the lemma.

Theorem 14.23 (Hahn Banach theorem) Let X be a real vector space, let M be a subspace of X, let
f : M → R be linear, let ρ be a gauge function on X, and suppose f(x) ≤ ρ(x) for all x ∈ M . Then there
exists a linear function, F : X → R, such that

a.) F (x) = f(x) for all x ∈M
b.) F (x) ≤ ρ(x) for all x ∈ X.

Proof: Let F = {(V, g) : V ⊇M, V is a subspace of X, g : V → R is linear, g(x) = f(x) for all x ∈M ,
and g(x) ≤ ρ(x)}. Then (M,f) ∈ F so F 6= ∅. Define a partial order by the following rule.

(V, g) ≤ (W,h)

means

V ⊆W and h(x) = g(x) if x ∈ V.

Let C be a maximal chain in F (Hausdorff Maximal theorem). Let Y = ∪{V : (V, g) ∈ C}. Let h : Y → R

be defined by h(x) = g(x) where x ∈ V and (V, g)∈ C. This is well defined since C is a chain. Also h is
clearly linear and h(x) ≤ ρ(x) for all x ∈ Y . We want to argue that Y = X. If not, there exists z ∈ X \ Y
and we can extend h to Y ⊕ Rz using Lemma 14.22. But this will contradict the maximality of C. Indeed,
C∪{

(
Y ⊕ Rz, h

)
} would be a longer chain where h is the extended h. This proves the Hahn Banach theorem.

This is the original version of the theorem. There is also a version of this theorem for complex vector
spaces which is based on a trick.

Corollary 14.24 (Hahn Banach) Let M be a subspace of a complex normed linear space, X, and suppose
f : M → C is linear and satisfies |f(x)| ≤ K||x|| for all x ∈ M . Then there exists a linear function, F ,
defined on all of X such that F (x) = f(x) for all x ∈M and |F (x)| ≤ K||x|| for all x.

Proof: First note f(x) = Re f(x) + i Im f (x) and so

Re f(ix) + i Im f(ix) = f(ix) = i f(x) = i Re f(x)− Im f(x).

Therefore, Im f(x) = −Re f(ix), and we may write

f(x) = Re f(x)− iRe f(ix).

If c is a real scalar

Re f(cx)− i Re f(icx) = cf(x) = cRe f(x)− i cRe f(ix).

Thus Re f(cx) = cRe f(x). It is also clear that Re f(x+y) = Re f(x)+Re f(y). Consider X as a real vector
space and let ρ(x) = K||x||. Then for all x ∈M ,

|Re f(x)| ≤ K||x|| = ρ(x).
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From Theorem 14.23, Re f may be extended to a function, h which satisfies

h(ax+ by) = ah(x) + bh(y) if a, b ∈ R
|h(x)| ≤ K||x|| for all x ∈ X.

Let

F (x) ≡ h(x)− i h(ix).

It is routine to show F is linear. Now wF (x) = |F (x)| for some |w| = 1. Therefore

|F (x)| = wF (x) = h(wx)− i h(iwx) = h(wx)
= |h(wx)| ≤ K||x||.

This proves the corollary.

Definition 14.25 Let X be a Banach space. We denote by X ′ the space L(X,C). By Theorem 14.8, X ′ is
a Banach space. Remember

||f || = sup{|f(x)| : ||x|| ≤ 1}

for f ∈ X ′. We call X ′ the dual space.

Definition 14.26 Let X and Y be Banach spaces and suppose L ∈ L(X,Y ). Then we define the adjoint
map in L(Y ′, X ′), denoted by L∗, by

L∗y∗(x) ≡ y∗(Lx)

for all y∗ ∈ Y ′.

X ′
L∗

← Y ′

X
→
L

Y

In terms of linear algebra, this adjoint map is algebraically very similar to, and is in fact a generalization
of, the transpose of a matrix considered as a map on Rn. Recall that if A is such a matrix, AT satisfies
ATx · y = x·Ay. In the case of Cn the adjoint is similar to the conjugate transpose of the matrix and it
behaves the same with respect to the complex inner product on Cn. What is being done here is to generalize
this algebraic concept to arbitrary Banach spaces.

Theorem 14.27 Let L ∈ L(X,Y ) where X and Y are Banach spaces. Then
a.) L∗ ∈ L(Y ′, X ′) as claimed and ||L∗|| ≤ ||L||.
b.) If L is 1-1 onto a closed subspace of Y , then L∗ is onto.
c.) If L is onto a dense subset of Y , then L∗ is 1-1.

Proof: Clearly L∗y∗ is linear and L∗ is also a linear map.

||L∗|| = sup
||y∗||≤1

||L∗y∗|| = sup
||y∗||≤1

sup
||x||≤1

|L∗y∗ (x)|

= sup
||y∗||≤1

sup
||x||≤1

|y∗ (Lx)| ≤ sup
||x||≤1

|(Lx)| = ||L||

Hence, ||L∗|| ≤ ||L|| and this shows part a.).
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If L is 1-1 and onto a closed subset of Y , then we can apply the Open Mapping theorem to conclude that
L−1 : L(X)→ X is continuous. Hence

||x|| = ||L−1Lx|| ≤ K||Lx||

for some K. Now let x∗ ∈ X ′ be given. Define f ∈ L(L(X),C) by f(Lx) = x∗(x). Since L is 1-1, it follows
that f is linear and well defined. Also

|f(Lx)| = |x∗(x)| ≤ ||x∗|| ||x|| ≤ K||x∗|| ||Lx||.

By the Hahn Banach theorem, we can extend f to an element y∗ ∈ Y ′ such that ||y∗|| ≤ K||x∗||. Then

L∗y∗(x) = y∗(Lx) = f(Lx) = x∗(x)

so L∗y∗ = x∗ and we have shown L∗ is onto. This shows b.).
Now suppose LX is dense in Y . If L∗y∗ = 0, then y∗(Lx) = 0 for all x. Since LX is dense, this can only

happen if y∗ = 0. Hence L∗ is 1-1.

Corollary 14.28 Suppose X and Y are Banach spaces, L ∈ L(X,Y ), and L is 1-1 and onto. Then L∗ is
also 1-1 and onto.

There exists a natural mapping from a normed linear space, X, to the dual of the dual space.

Definition 14.29 Define J : X → X ′′ by J(x)(x∗) = x∗(x). This map is called the James map.

Theorem 14.30 The map, J , has the following properties.
a.) J is 1-1 and linear.
b.) ||Jx|| = ||x|| and ||J || = 1.
c.) J(X) is a closed subspace of X ′′ if X is complete.
Also if x∗ ∈ X ′,

||x∗|| = sup {|x∗∗ (x∗)| : ||x∗∗|| ≤ 1, x∗∗ ∈ X ′′} .

Proof: To prove this, we will use a simple but useful lemma which depends on the Hahn Banach theorem.

Lemma 14.31 Let X be a normed linear space and let x ∈ X. Then there exists x∗ ∈ X ′ such that ||x∗|| = 1
and x∗(x) = ||x||.

Proof: Let f : Cx → C be defined by f(αx) = α||x||. Then for y ∈ Cx, |f(y)| ≤ ‖y‖. By the Hahn
Banach theorem, there exists x∗ ∈ X ′ such that x∗(αx) = f(αx) and ||x∗|| ≤ 1. Since x∗(x) = ||x|| it follows
that ||x∗|| = 1. This proves the lemma.

Now we prove the theorem. It is obvious that J is linear. If Jx = 0, then let x∗(x) = ||x|| with ||x∗|| = 1.

0 = J(x)(x∗) = x∗(x) = ||x||.

This shows a.). To show b.), let x ∈ X and x∗(x) = ||x|| with ||x∗|| = 1. Then

||x|| ≥ sup{|y∗(x)| : ||y∗|| ≤ 1} = sup{|J(x)(y∗)| : ||y∗|| ≤ 1} = ||Jx||
≥ |J(x)(x∗)| = |x∗(x)| = ||x||

||J || = sup{||Jx|| : ||x|| ≤ 1} = sup{||x|| : ||x|| ≤ 1} = 1.

This shows b.). To verify c.), use b.). If Jxn → y∗∗ ∈ X ′′ then by b.), xn is a Cauchy sequence converging
to some x ∈ X. Then Jx = limn→∞ Jxn = y∗∗.
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Finally, to show the assertion about the norm of x∗, use what was just shown applied to the James map
from X ′ to X ′′′. More specifically,

||x∗|| = sup {|x∗ (x)| : ||x|| ≤ 1} = sup {|J (x) (x∗)| : ||Jx|| ≤ 1}

≤ sup {|x∗∗ (x∗)| : ||x∗∗|| ≤ 1} = sup {|J (x∗) (x∗∗)| : ||x∗∗|| ≤ 1}

≡ ||Jx∗|| = ||x∗||.

This proves the theorem.

Definition 14.32 When J maps X onto X ′′, we say that X is Reflexive.

Later on we will give examples of reflexive spaces. In particular, it will be shown that the space of square
integrable and pth power integrable functions for p > 1 are reflexive.

14.4 Exercises

1. Show that no countable dense subset of R is a Gδ set. In particular, the rational numbers are not a
Gδ set.

2. ↑ Let f : R → C be a function. Let ωrf(x) = sup{|f(z) − f(y)| : y, z ∈ B(x, r)}. Let ωf(x) =
limr→0 ωrf(x). Show f is continuous at x if and only if ωf(x) = 0. Then show the set of points where
f is continuous is a Gδ set (try Un = {x : ωf(x) < 1

n}). Does there exist a function continuous at only
the rational numbers? Does there exist a function continuous at every irrational and discontinuous
elsewhere? Hint: Suppose D is any countable set, D = {di}∞i=1 , and define the function, fn (x) to
equal zero for every x /∈ {d1, · · ·, dn} and 2−n for x in this finite set. Then consider g (x) ≡

∑∞
n=1 fn (x) .

Show that this series converges uniformly.

3. Let f ∈ C([0, 1]) and suppose f ′(x) exists. Show there exists a constant, K, such that |f(x)− f(y)| ≤
K|x − y| for all y ∈ [0, 1]. Let Un = {f ∈ C([0, 1]) such that for each x ∈ [0, 1] there exists y ∈ [0, 1]
such that |f(x)−f(y)| > n|x−y|}. Show that Un is open and dense in C([0, 1]) where for f ∈ C ([0, 1]),

||f || ≡ sup {|f (x)| : x ∈ [0, 1]} .

Show that if f ∈ C([0, 1]), there exists g ∈ C([0, 1]) such that ||g − f || < ε but g′(x) does not exist for
any x ∈ [0, 1].

4. Let X be a normed linear space and suppose A ⊆ X is “weakly bounded”. This means that for each
x∗ ∈ X ′, sup{|x∗(x)| : x ∈ A} <∞. Show A is bounded. That is, show sup{||x|| : x ∈ A} <∞.

5. Let X and Y be two Banach spaces. Define the norm

|||(x, y)||| ≡ max (||x||X , ||y||Y ).

Show this is a norm on X × Y which is equivalent to the norm given in the chapter for X × Y . Can
you do the same for the norm defined by

|(x, y)| ≡
(
||x||2X + ||y||2Y

)1/2

?

6. Prove Lemmas 14.14 - 14.16.



254 BANACH SPACES

7. Let f : R→ C be continuous and periodic with period 2π. That is f(x+ 2π) = f(x) for all x. Then it
is not unreasonable to try to write f(x) =

∑∞
n=−∞ ane

inx. Find what an should be. Hint: Multiply
both sides by e−imx and do

∫ π
−π. Pretend there is no problem writing

∫ ∑
=
∑∫

. Recall the series
which results is called a Fourier series.

8. ↑ If you did 7 correctly, you found

an =
(∫ π

−π
f(x)e−inxdx

)
(2π)−1.

The nth partial sum will be denoted by Snf and defined by Snf(x) =
∑n
k=−n ake

ikx. Show Snf(x) =∫ π
−π f(y)Dn(x− y)dy where

Dn(t) =
sin((n+ 1

2 )t)
2π sin( t2 )

.

This is called the Dirichlet kernel. If you have trouble, review the chapter on Fourier series.

9. ↑ Let Y = {f such that f is continuous, defined on R, and 2π periodic}. Define ||f ||Y = sup{|f(x)| :
x ∈ [−π, π]}. Show that (Y, || ||Y ) is a Banach space. Let x ∈ R and define Ln(f) = Snf(x). Show
Ln ∈ Y ′ but limn→∞ ||Ln|| =∞. Hint: Let f(y) approximate sign(Dn(x− y)).

10. ↑ Show there exists a dense Gδ subset of Y such that for f in this set, |Snf(x)| is unbounded. Show
there is a dense Gδ subset of Y having the property that |Snf(x)| is unbounded on a dense Gδ subset
of R. This shows Fourier series can fail to converge pointwise to continuous periodic functions in a
fairly spectacular way. Hint: First show there is a dense Gδ subset of Y, G, such that for all f ∈ G,
we have sup {|Snf (x)| : n ∈ N} =∞ for all x ∈ Q. Of course Q is not a Gδ set but this is still pretty
impressive. Next consider Hk ≡ {(x, f) ∈ R× Y : supn |Snf (x)| > k} and argue that Hk is open and
dense. Next let H1

k ≡ {x ∈ R : for some f ∈ Y, (x, f) ∈ Hk}and define H2
k similarly. Argue that Hi

k

is open and dense and then consider Pi ≡ ∩∞k=1H
i
k.

11. Let Λnf =
∫ π

0
sin
((
n+ 1

2

)
y
)
f (y) dy for f ∈ L1 (0, π) . Show that sup {||Λn|| : n = 1, 2, · · ·} <∞ using

the Riemann Lebesgue lemma.

12. Let X be a normed linear space and let M be a convex open set containing 0. Define

ρ(x) = inf{t > 0 :
x

t
∈M}.

Show ρ is a gauge function defined on X. This particular example is called a Minkowski functional.
Recall a set, M , is convex if λx+ (1− λ)y ∈M whenever λ ∈ [0, 1] and x, y ∈M .

13. ↑ This problem explores the use of the Hahn Banach theorem in establishing separation theorems.
Let M be an open convex set containing 0. Let x /∈ M . Show there exists x∗ ∈ X ′ such that
Rex∗(x) ≥ 1 > Rex∗(y) for all y ∈M . Hint: If y ∈M,ρ(y) < 1. Show this. If x /∈M, ρ(x) ≥ 1. Try
f(αx) = αρ(x) for α ∈ R. Then extend f to F , show F is continuous, then fix it so F is the real part
of x∗ ∈ X ′.

14. A Banach space is said to be strictly convex if whenever ||x|| = ||y|| and x 6= y, then∣∣∣∣∣∣∣∣x+ y

2

∣∣∣∣∣∣∣∣ < ||x||.
F : X → X ′ is said to be a duality map if it satisfies the following: a.) ||F (x)|| = ||x||. b.)
F (x)(x) = ||x||2. Show that if X ′ is strictly convex, then such a duality map exists. Hint: Let
f(αx) = α||x||2 and use Hahn Banach theorem, then strict convexity.



14.4. EXERCISES 255

15. Suppose D ⊆ X, a Banach space, and L : D → Y is a closed operator. D might not be a Banach space
with respect to the norm on X. Define a new norm on D by ||x||D = ||x||X + ||Lx||Y . Show (D, || ||D)
is a Banach space.

16. Prove the following theorem which is an improved version of the open mapping theorem, [8]. Let X
and Y be Banach spaces and let A ∈ L (X,Y ). Then the following are equivalent.

AX = Y,

A is an open map.

There exists a constant M such that for every y ∈ Y , there exists x ∈ X with y = Ax and

||x|| ≤M ||y||.

17. Here is an example of a closed unbounded operator. Let X = Y = C([0, 1]) and let

D = {f ∈ C1([0, 1]) : f(0) = 0}.

L : D → C([0, 1]) is defined by Lf = f ′. Show L is closed.

18. Suppose D ⊆ X and D is dense in X. Suppose L : D → Y is linear and ||Lx|| ≤ K||x|| for all x ∈ D.
Show there is a unique extension of L, L̃, defined on all of X with ||L̃x|| ≤ K||x|| and L̃ is linear.

19. ↑ A Banach space is uniformly convex if whenever ||xn||, ||yn|| ≤ 1 and ||xn + yn|| → 2, it follows that
||xn − yn|| → 0. Show uniform convexity implies strict convexity.

20. We say that xn converges weakly to x if for every x∗ ∈ X ′, x∗(xn) → x∗(x). We write xn ⇀ x to
denote weak convergence. Show that if ||xn − x|| → 0, then xn ⇀ x.

21. ↑ Show that if X is uniformly convex, then xn ⇀ x and ||xn|| → ||x|| implies ||xn − x|| → 0. Hint:
Use Lemma 14.31 to obtain f ∈ X ′ with ||f || = 1 and f(x) = ||x||. See Problem 19 for the definition
of uniform convexity.

22. Suppose L ∈ L (X,Y ) and M ∈ L (Y, Z). Show ML ∈ L (X,Z) and that (ML)∗ = L∗M∗.

23. In Theorem 14.27, it was shown that ||L∗|| ≤ ||L||. Are these actually equal? Hint: You might show
that supβ∈B supα∈A a (α, β) = supα∈A supβ∈B a (α, β) and then use this in the string of inequalities
used to prove ||L∗|| ≤ ||L|| along with the fact that ||Jx|| = ||x|| which was established in Theorem
14.30.
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Hilbert Spaces

15.1 Basic theory

Let X be a vector space. An inner product is a mapping from X ×X to C if X is complex and from X ×X
to R if X is real, denoted by (x, y) which satisfies the following.

(x, x) ≥ 0, (x, x) = 0 if and only if x = 0, (15.1)

(x, y) = (y, x). (15.2)

For a, b ∈ C and x, y, z ∈ X,

(ax+ by, z) = a(x, z) + b(y, z). (15.3)

Note that (15.2) and (15.3) imply (x, ay + bz) = a(x, y) + b(x, z).
We will show that if (·, ·) is an inner product, then (x, x)1/2 defines a norm and we say that a normed

linear space is an inner product space if ||x|| = (x, x)1/2.

Definition 15.1 A normed linear space in which the norm comes from an inner product as just described
is called an inner product space. A Hilbert space is a complete inner product space.

Thus a Hilbert space is a Banach space whose norm comes from an inner product as just described. The
difference between what we are doing here and the earlier references to Hilbert space is that here we will be
making no assumption that the Hilbert space is finite dimensional. Thus we include the finite dimensional
material as a special case of that which is presented here.

Example 15.2 Let X = C
n with the inner product given by (x,y) ≡

∑n
i=1 xiyi. This is a complex Hilbert

space.

Example 15.3 Let X = R
n, (x,y) = x · y. This is a real Hilbert space.

Theorem 15.4 (Cauchy Schwarz) In any inner product space

|(x, y)| ≤ ||x|| ||y||.

Proof: Let ω ∈ C, |ω| = 1, and ω(x, y) = |(x, y)| = Re(x, yω). Let

F (t) = (x+ tyω, x+ tωy).

If y = 0 there is nothing to prove because

(x, 0) = (x, 0 + 0) = (x, 0) + (x, 0)

257
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and so (x, 0) = 0. Thus, we may assume y 6= 0. Then from the axioms of the inner product, (15.1),

F (t) = ||x||2 + 2tRe(x, ωy) + t2||y||2 ≥ 0.

This yields

||x||2 + 2t|(x, y)|+ t2||y||2 ≥ 0.

Since this inequality holds for all t ∈ R, it follows from the quadratic formula that

4|(x, y)|2 − 4||x||2||y||2 ≤ 0.

This yields the conclusion and proves the theorem.
Earlier it was claimed that the inner product defines a norm. In this next proposition this claim is proved.

Proposition 15.5 For an inner product space, ||x|| ≡ (x, x)1/2 does specify a norm.

Proof: All the axioms are obvious except the triangle inequality. To verify this,

||x+ y||2 ≡ (x+ y, x+ y) ≡ ||x||2 + ||y||2 + 2 Re (x, y)

≤ ||x||2 + ||y||2 + 2 |(x, y)|
≤ ||x||2 + ||y||2 + 2 ||x|| ||y|| = (||x||+ ||y||)2

.

The following lemma is called the parallelogram identity.

Lemma 15.6 In an inner product space,

||x+ y||2 + ||x− y||2 = 2||x||2 + 2||y||2.

The proof, a straightforward application of the inner product axioms, is left to the reader. See Problem
7. Also note that

||x|| = sup
||y||≤1

|(x, y)| (15.4)

because by the Cauchy Schwarz inequality, if x 6= 0,

||x|| ≥ sup
||y||≤1

|(x, y)| ≥
(
x,

x

||x||

)
= ||x|| .

It is obvious that (15.4) holds in the case that x = 0.
One of the best things about Hilbert space is the theorem about projection onto a closed convex set.

Recall that a set, K, is convex if whenever λ ∈ [0, 1] and x, y ∈ K, λx+ (1− λ)y ∈ K.

Theorem 15.7 Let K be a closed convex nonempty subset of a Hilbert space, H, and let x ∈ H. Then there
exists a unique point Px ∈ K such that ||Px− x|| ≤ ||y − x|| for all y ∈ K.

Proof: First we show uniqueness. Suppose ||zi−x|| ≤ ||y−x|| for all y ∈ K. Then using the parallelogram
identity and

||z1 − x|| ≤ ||y − x||

for all y ∈ K,

||z1 − x||2 ≤ ||z1 + z2

2
− x||2 = ||z1 − x

2
+
z2 − x

2
||2

= 2(||z1 − x
2
||2 + ||z2 − x

2
||2)− ||z1 − z2

2
||2

≤ ||z1 − x||2 − ||
z1 − z2

2
||2,
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where the last inequality holds because

||z2 − x|| ≤ ||z1 − x||.

Hence z1 = z2 and this shows uniqueness.
Now let λ = inf{||x−y|| : y ∈ K} and let yn be a minimizing sequence. Thus limn→∞ ||x−yn|| = λ, yn ∈

K. Then by the parallelogram identity,

||yn − ym||2 = 2(||yn − x||2 + ||ym − x||2)− 4(||yn + ym
2

− x||2)

≤ 2(||yn − x||2 + ||ym − x||2)− 4λ2.

Since ||x − yn|| → λ, this shows {yn} is a Cauchy sequence. Since H is complete, yn → y for some y ∈ H
which must be in K because K is closed. Therefore ||x− y|| = λ and we let Px = y.

Corollary 15.8 Let K be a closed, convex, nonempty subset of a Hilbert space, H, and let x /∈ K. Then
for z ∈ K, z = Px if and only if

Re(x− z, y − z) ≤ 0 (15.5)

for all y ∈ K.

Before proving this, consider what it says in the case where the Hilbert space is Rn.

-XX
Xy

K
y θ

x
z

Condition (15.5) says the angle, θ, shown in the diagram is always obtuse. Remember, the sign of x · y
is the same as the sign of the cosine of their included angle.

The inequality (15.5) is an example of a variational inequality and this corollary characterizes the pro-
jection of x onto K as the solution of this variational inequality.

Proof of Corollary: Let z ∈ K. Since K is convex, every point of K is in the form z+ t(y− z) where
t ∈ [0, 1] and y ∈ K. Therefore, z = Px if and only if for all y ∈ K and t ∈ [0, 1],

||x− (z + t(y − z))||2 = ||(x− z)− t(y − z)||2 ≥ ||x− z||2

for all t ∈ [0, 1] if and only if for all t ∈ [0, 1] and y ∈ K

||x− z||2 + t2 ||y − z||2 − 2tRe (x− z, y − z) ≥ ||x− z||2

which is equivalent to (15.5). This proves the corollary.

Definition 15.9 Let H be a vector space and let U and V be subspaces. We write U ⊕ V = H if every
element of H can be written as a sum of an element of U and an element of V in a unique way.

The case where the closed convex set is a closed subspace is of special importance and in this case the
above corollary implies the following.

Corollary 15.10 Let K be a closed subspace of a Hilbert space, H, and let x /∈ K. Then for z ∈ K, z = Px
if and only if

(x− z, y) = 0

for all y ∈ K. Furthermore, H = K ⊕K⊥ where

K⊥ ≡ {x ∈ H : (x, k) = 0 for all k ∈ K}
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Proof: Since K is a subspace, the condition (15.5) implies

Re(x− z, y) ≤ 0

for all y ∈ K. But this implies this inequality holds with ≤ replaced with =. To see this, replace y with −y.
Now let |α| = 1 and

α (x− z, y) = |(x− z, y)|.

Since αy ∈ K for all y ∈ K,

0 = Re(x− z, αy) = (x− z, αy) = α (x− z, y) = |(x− z, y)|.

Now let x ∈ H. Then x = x− Px+ Px and from what was just shown, x− Px ∈ K⊥ and Px ∈ K. This
shows that K⊥ +K = H. We need to verify that K ∩K⊥ = {0} because this implies that there is at most
one way to write an element of H as a sum of one from K and one from K⊥. Suppose then that z ∈ K∩K⊥.
Then from what was just shown, (z, z) = 0 and so z = 0. This proves the corollary.

The following theorem is called the Riesz representation theorem for the dual of a Hilbert space. If z ∈ H
then we may define an element f ∈ H ′ by the rule

(x, z) ≡ f (x).

It follows from the Cauchy Schwartz inequality and the properties of the inner product that f ∈ H ′. The
Riesz representation theorem says that all elements of H ′ are of this form.

Theorem 15.11 Let H be a Hilbert space and let f ∈ H ′. Then there exists a unique z ∈ H such that
f (x) = (x, z) for all x ∈ H.

Proof: If f = 0, there is nothing to prove so assume without loss of generality that f 6= 0. Let
M = {x ∈ H : f(x) = 0}. Thus M is a closed proper subspace of H. Let y /∈M . Then y − Py ≡ w has the
property that (x,w) = 0 for all x ∈M by Corollary 15.10. Let x ∈ H be arbitrary. Then

xf(w)− f(x)w ∈M

so

0 = (f(w)x− f(x)w,w) = f(w)(x,w)− f(x)||w||2.

Thus

f(x) = (x,
f(w)w
||w||2

)

and so we let

z =
f(w)w
||w||2

.

This proves the existence of z. If f (x) = (x, zi) i = 1, 2, for all x ∈ H, then for all x ∈ H,

(x, z1 − z2) = 0.

Let x = z1 − z2 to conclude uniqueness. This proves the theorem.
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15.2 Orthonormal sets

The concept of an orthonormal set of vectors is a generalization of the notion of the standard basis vectors
of Rn or Cn.

Definition 15.12 Let H be a Hilbert space. S ⊆ H is called an orthonormal set if ||x|| = 1 for all x ∈ S
and (x, y) = 0 if x, y ∈ S and x 6= y. For any set, D, we define D⊥ ≡ {x ∈ H : (x, d) = 0 for all d ∈ D} . If
S is a set, we denote by span (S) the set of all finite linear combinations of vectors from S.

We leave it as an exercise to verify that D⊥ is always a closed subspace of H.

Theorem 15.13 In any separable Hilbert space, H, there exists a countable orthonormal set, S = {xi} such
that the span of these vectors is dense in H. Furthermore, if x ∈ H, then

x =
∞∑
i=1

(x, xi)xi ≡ lim
n→∞

n∑
i=1

(x, xi)xi. (15.6)

Proof: Let F denote the collection of all orthonormal subsets of H. We note F is nonempty because
{x} ∈ F where ||x|| = 1. The set, F is a partially ordered set if we let the order be given by set inclusion.
By the Hausdorff maximal theorem, there exists a maximal chain, C in F . Then we let S ≡ ∪C. It follows
S must be a maximal orthonormal set of vectors. It remains to verify that S is countable span (S) is dense,
and the condition, (15.6) holds. To see S is countable note that if x, y ∈ S, then

||x− y||2 = ||x||2 + ||y||2 − 2 Re (x, y) = ||x||2 + ||y||2 = 2.

Therefore, the open sets, B
(
x, 1

2

)
for x ∈ S are disjoint and cover S. Since H is assumed to be separable,

there exists a point from a countable dense set in each of these disjoint balls showing there can only be
countably many of the balls and that consequently, S is countable as claimed.

It remains to verify (15.6) and that span (S) is dense. If span (S) is not dense, then span (S) is a closed
proper subspace of H and letting y /∈ span (S) we see that z ≡ y−Py ∈ span (S)⊥ . But then S ∪{z} would
be a larger orthonormal set of vectors contradicting the maximality of S.

It remains to verify (15.6). Let S = {xi}∞i=1 and consider the problem of choosing the constants, ck in
such a way as to minimize the expression ∣∣∣∣∣

∣∣∣∣∣x−
n∑
k=1

ckxk

∣∣∣∣∣
∣∣∣∣∣
2

=

||x||2 +
n∑
k=1

|ck|2 −
n∑
k=1

ck (x, xk)−
n∑
k=1

ck(x, xk).

We see this equals

||x||2 +
n∑
k=1

|ck − (x, xk)|2 −
n∑
k=1

|(x, xk)|2

and therefore, this minimum is achieved when ck = (x, xk) . Now since span (S) is dense, there exists n large
enough that for some choice of constants, ck,∣∣∣∣∣

∣∣∣∣∣x−
n∑
k=1

ckxk

∣∣∣∣∣
∣∣∣∣∣
2

< ε.
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However, from what was just shown,∣∣∣∣∣
∣∣∣∣∣x−

n∑
i=1

(x, xi)xi

∣∣∣∣∣
∣∣∣∣∣
2

≤

∣∣∣∣∣
∣∣∣∣∣x−

n∑
k=1

ckxk

∣∣∣∣∣
∣∣∣∣∣
2

< ε

showing that limn→∞
∑n
i=1 (x, xi)xi = x as claimed. This proves the theorem.

In the proof of this theorem, we established the following corollary.

Corollary 15.14 Let S be any orthonormal set of vectors and let {x1, · · ·, xn} ⊆ S. Then if x ∈ H∣∣∣∣∣
∣∣∣∣∣x−

n∑
k=1

ckxk

∣∣∣∣∣
∣∣∣∣∣
2

≥

∣∣∣∣∣
∣∣∣∣∣x−

n∑
i=1

(x, xi)xi

∣∣∣∣∣
∣∣∣∣∣
2

for all choices of constants, ck. In addition to this, we have Bessel’s inequality

||x||2 ≥
n∑
k=1

|(x, xk)|2 .

If S is countable and span (S) is dense, then letting {xi}∞i=1 = S, we obtain (15.6).

Definition 15.15 Let A ∈ L (H,H) where H is a Hilbert space. Then |(Ax, y)| ≤ ||A|| ||x|| ||y|| and so
the map, x → (Ax, y) is continuous and linear. By the Riesz representation theorem, there exists a unique
element of H, denoted by A∗y such that

(Ax, y) = (x,A∗y) .

It is clear y → A∗y is linear and continuous. We call A∗ the adjoint of A. We say A is a self adjoint operator
if A = A∗. Thus for all x, y ∈ H, (Ax, y) = (x,Ay) . We say A is a compact operator if whenever {xk} is a
bounded sequence, there exists a convergent subsequence of {Axk} .

The big result in this subject is sometimes called the Hilbert Schmidt theorem.

Theorem 15.16 Let A be a compact self adjoint operator defined on a Hilbert space, H. Then there exists
a countable set of eigenvalues, {λi} and an orthonormal set of eigenvectors, ui satisfying

λi is real, |λn| ≥ |λn+1| , Aui = λiui, (15.7)

and either

lim
n→∞

λn = 0, (15.8)

or for some n,

span (u1, · · ·, un) = H. (15.9)

In any case,

span ({ui}∞i=1) is dense in A (H) . (15.10)

and for all x ∈ H,

Ax =
∞∑
k=1

λk (x, uk)uk. (15.11)
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This sequence of eigenvectors and eigenvalues also satisfies

|λn| = ||An|| , (15.12)

and

An : Hn → Hn. (15.13)

where H ≡ H1 and Hn ≡ {u1, · · ·, un−1}⊥ and An is the restriction of A to Hn.

Proof: If A = 0 then we may pick u ∈ H with ||u|| = 1 and let λ1 = 0. Since A (H) = 0 it follows the
span of u is dense in A (H) and we have proved the theorem in this case.

Thus, we may assume A 6= 0. Let λ1 be real and λ2
1 ≡ ||A||

2. We know from the definition of ||A||
there exists xn, ||xn|| = 1, and ||Axn|| → ||A|| = |λ1| . Now it is clear that A2 is also a compact self adjoint
operator. We consider ((

λ2
1 −A2

)
xn, xn

)
= λ2

1 − ||Axn||
2 → 0.

Since A is compact, we may replace {xn} by a subsequence, still denoted by {xn} such that Axn converges
to some element of H. Thus since λ2

1 −A2 satisfies((
λ2

1 −A2
)
y, y
)
≥ 0

in addition to being self adjoint, it follows x, y →
((
λ2

1 −A2
)
x, y
)

satisfies all the axioms for an inner product
except for the one which says that (z, z) = 0 only if z = 0. Therefore, the Cauchy Schwartz inequality (see
Problem 6) may be used to write∣∣((λ2

1 −A2
)
xn, y

)∣∣ ≤ ((
λ2

1 −A2
)
y, y
)1/2 ((

λ2
1 −A2

)
xn, xn

)1/2
≤ en ||y|| .

where en → 0 as n→∞. Therefore, taking the sup over all ||y|| ≤ 1, we see

lim
n→∞

∣∣∣∣(λ2
1 −A2

)
xn
∣∣∣∣ = 0.

Since A2xn converges, it follows since λ1 6= 0 that {xn} is a Cauchy sequence converging to x with ||x|| = 1.
Therefore, A2xn → A2x and so ∣∣∣∣(λ2

1 −A2
)
x
∣∣∣∣ = 0.

Now

(λ1I −A) (λ1I +A)x = (λ1I +A) (λ1I −A)x = 0.

If (λ1I −A)x = 0, we let u1 ≡ x
||x|| . If (λ1I −A)x = y 6= 0, we let u1 ≡ y

||y|| .

Suppose we have found {u1, · · ·, un} such that Auk = λkuk and |λk| ≥ |λk+1| , |λk| = ||Ak|| and
Ak : Hk → Hk for k ≤ n. If

span (u1, · · ·, un) = H

we have obtained the conclusion of the theorem and we are in the situation of (15.9). Therefore, we assume
the span of these vectors is always a proper subspace of H. We show that An+1 : Hn+1 → Hn+1. Let

y ∈ Hn+1 ≡ {u1, · · ·, un}⊥
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Then for k ≤ n

(Ay, uk) = (y,Auk) = λk (y, uk) = 0,

showing An+1 : Hn+1 → Hn+1 as claimed. We have two cases to consider. Either λn = 0 or it is not. In
the case where λn = 0 we see An = 0. Then every element of H is the sum of one in span (u1, · · ·, un) and
one in span (u1, · · ·, un)⊥. (note span (u1, · · ·, un) is a closed subspace. See Problem 11.) Thus, if x ∈ H,
we can write x = y + z where y ∈ span (u1, · · ·, un) and z ∈ span (u1, · · ·, un)⊥ and Az = 0. Therefore,
y =

∑n
j=1 cjuj and so

Ax = Ay =
n∑
j=1

cjAuj

=
n∑
j=1

cjλjuj ∈ span (u1, · · ·, un) .

It follows that we have the conclusion of the theorem in this case because the above equation holds if we let
ci = (x, ui) .

Now consider the case where λn 6= 0. In this case we repeat the above argument used to find u1 and λ1

for the operator, An+1. This yields un+1 ∈ Hn+1 ≡ {u1, · · ·, un}⊥ such that

||un+1|| = 1, ||Aun+1|| = |λn+1| = ||An+1|| ≤ ||An|| = |λn|

and if it is ever the case that λn = 0, it follows from the above argument that the conclusion of the theorem
is obtained.

Now we claim limn→∞ λn = 0. If this were not so, we would have 0 < ε = limn→∞ |λn| but then

||Aun −Aum||2 = ||λnun − λmum||2

= |λn|2 + |λm|2 ≥ 2ε2

and so there would not exist a convergent subsequence of {Auk}∞k=1 contrary to the assumption that A is
compact. Thus we have verified the claim that limn→∞ λn = 0. It remains to verify that span ({ui}) is dense
in A (H) . If w ∈ span ({ui})⊥ then w ∈ Hn for all n and so for all n, we have

||Aw|| ≤ ||An|| ||w|| ≤ |λn| ||w|| .

Therefore, Aw = 0. Now every vector from H can be written as a sum of one from

span ({ui})⊥ = span ({ui})
⊥

and one from span ({ui}). Therefore, if x ∈ H, we can write x = y + w where y ∈ span ({ui}) and

w ∈ span ({ui})
⊥

. From what we just showed, we see Aw = 0. Also, since y ∈ span ({ui}), there exist
constants, ck and n such that ∣∣∣∣∣

∣∣∣∣∣y −
n∑
k=1

ckuk

∣∣∣∣∣
∣∣∣∣∣ < ε.

Therefore, from Corollary 15.14,∣∣∣∣∣
∣∣∣∣∣y −

n∑
k=1

(y, uk)uk

∣∣∣∣∣
∣∣∣∣∣ =

∣∣∣∣∣
∣∣∣∣∣y −

n∑
k=1

(x, uk)uk

∣∣∣∣∣
∣∣∣∣∣ < ε.
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Therefore,

||A|| ε >

∣∣∣∣∣
∣∣∣∣∣A
(
y −

n∑
k=1

(x, uk)uk

)∣∣∣∣∣
∣∣∣∣∣

=

∣∣∣∣∣
∣∣∣∣∣Ax−

n∑
k=1

(x, uk)λkuk

∣∣∣∣∣
∣∣∣∣∣ .

Since ε is arbitrary, this shows span ({ui}) is dense in A (H) and also implies (15.11). This proves the
theorem.

Note that if we define v ⊗ u ∈ L (H,H) by

v ⊗ u (x) = (x, u) v,

then we can write (15.11) in the form

A =
∞∑
k=1

λkuk ⊗ uk

We give the following useful corollary.

Corollary 15.17 Let A be a compact self adjoint operator defined on a separable Hilbert space, H. Then
there exists a countable set of eigenvalues, {λi} and an orthonormal set of eigenvectors, vi satisfying

Avi = λivi, ||vi|| = 1, (15.14)

span ({vi}∞i=1) is dense in H. (15.15)

Furthermore, if λi 6= 0, the space, Vλi ≡ {x ∈ H : Ax = λix} is finite dimensional.

Proof: In the proof of the above theorem, let W ≡ span ({ui})
⊥

. By Theorem 15.13, there is an
orthonormal set of vectors, {wi}∞i=1 whose span is dense in W. As shown in the proof of the above theorem,
Aw = 0 for all w ∈W. Let {vi}∞i=1 = {ui}∞i=1 ∪ {wi}

∞
i=1.

It remains to verify the space, Vλi , is finite dimensional. First we observe that A : Vλi → Vλi . Since A is
continuous, it follows that A : Vλi → Vλi . Thus A is a compact self adjoint operator on Vλi and by Theorem
15.16, we must be in the situation of (15.9) because the only eigenvalue is λi. This proves the corollary.

Note the last claim of this corollary holds independent of the separability of H.
Suppose λ /∈ {λn} and λ 6= 0. Then we can use the above formula for A, (15.11), to give a formula for

(A− λI)−1
. We note first that since limn→∞ λn = 0, it follows that λ2

n/ (λn − λ)2 must be bounded, say by
a positive constant, M.

Corollary 15.18 Let A be a compact self adjoint operator and let λ /∈ {λn}∞n=1 and λ 6= 0 where the λn are
the eigenvalues of A. Then

(A− λI)−1
x = − 1

λ
x+

1
λ

∞∑
k=1

λk
λk − λ

(x, uk)uk. (15.16)

Proof: Let m < n. Then since the {uk} form an orthonormal set,∣∣∣∣∣
n∑

k=m

λk
λk − λ

(x, uk)uk

∣∣∣∣∣ =

(
n∑

k=m

(
λk

λk − λ

)2

|(x, uk)|2
)1/2

(15.17)

≤ M

(
n∑

k=m

|(x, uk)|2
)1/2

.
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But we have from Bessel’s inequality,

∞∑
k=1

|(x, uk)|2 ≤ ||x||2

and so for m large enough, the first term in (15.17) is smaller than ε. This shows the infinite series in (15.16)
converges. It is now routine to verify that the formula in (15.16) is the inverse.

15.3 The Fredholm alternative

Recall that if A is an n × n matrix and if the only solution to the system, Ax = 0 is x = 0 then for any
y ∈ Rn it follows that there exists a unique solution to the system Ax = y. This holds because the first
condition implies A is one to one and therefore, A−1 exists. Of course things are much harder in a Hilbert
space. Here is a simple example.

Example 15.19 Let L2 (N;µ) = H where µ is counting measure. Thus an element of H is a sequence,
a = {ai}∞i=1 having the property that

||a||H ≡

( ∞∑
k=1

|ak|2
)1/2

<∞.

We define A : H → H by

Aa ≡ b ≡{0, a1, a2, · · ·} .

Thus A slides the sequence to the right and puts a zero in the first slot. Clearly A is one to one and linear
but it cannot be onto because it fails to yield e1 ≡ {1, 0, 0, · · ·} .

Notwithstanding the above example, there are theorems which are like the linear algebra theorem men-
tioned above which hold in an arbitrary Hilbert space in the case where some operator is compact. To begin
with we give a simple lemma which is interesting for its own sake.

Lemma 15.20 Suppose A is a compact operator defined on a Hilbert space, H. Then (I −A) (H) is a closed
subspace of H.

Proof: Suppose (I −A)xn → y. Let

αn ≡ dist (xn, ker (I −A))

and let zn ∈ ker (I −A) be such that

αn ≤ ||xn − zn|| ≤
(

1 +
1
n

)
αn.

Thus (I −A) (xn − zn)→ y.
Case 1: {xn − zn} has a bounded subsequence.
If this is so, the compactness of A implies there exists a subsequence, still denoted by n such that

{A (xn − zn)}∞n=1 is a Cauchy sequence. Since (I −A) (xn − zn) → y, this implies {(xn − zn)} is also a
Cauchy sequence converging to a point, x ∈ H. Then, taking the limit as n→∞, we see (I −A)x = y and
so y ∈ (I −A) (H) .

Case 2: limn→∞ ||xn − zn|| =∞. We will show this case cannot occur.
In this case, we let wn ≡ xn−zn

||xn−zn|| . Thus (I −A)wn → 0 and wn is bounded. Therefore, we can take
a subsequence, still denoted by n such that {Awn} is a Cauchy sequence. This implies {wn} is a Cauchy
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sequence which must converge to some w∞ ∈ H. Therefore, (I −A)w∞ = 0 and so w∞ ∈ ker (I −A) .
However, this is impossible because of the following argument. If z ∈ ker (I −A) ,

||wn − z|| =
1

||xn − zn||
||xn − zn − ||xn − zn|| z||

≥ 1
||xn − zn||

αn ≥
αn(

1 + 1
n

)
αn

=
n

n+ 1
.

Taking the limit, we see ||w∞ − z|| ≥ 1. Since z ∈ ker (I −A) is arbitrary, this shows dist (w∞, ker (I −A)) ≥
1.

Since Case 2 does not occur, this proves the lemma.

Theorem 15.21 Let A be a compact operator defined on a Hilbert space, H and let f ∈ H. Then there
exists a solution, x, to

x−Ax = f (15.18)

if and only if

(f, y) = 0 (15.19)

for all y solving

y −A∗y = 0. (15.20)

Proof: Suppose x is a solution to (15.18) and let y be a solution to (15.20). Then

(f, y) = (x−Ax, y) = (x, y)− (Ax, y)
= (x, y)− (x,A∗y) = (x, y −A∗y) = 0.

Next suppose (f, y) = 0 for all y solving (15.20). We want to show there exists x solving (15.18). By
Lemma 15.20, (I −A) (H) is a closed subspace of H. Therefore, there exists a point, (I −A)x, in this
subspace which is the closest point to f. By Corollary 15.10, we must have

(f − (I −A)x, (I −A) y − (I −A)x) = 0

for all y ∈ H. Therefore,

((I −A∗) [f − (I −A)x] , y − x) = 0

for all y ∈ H. This implies x is a solution to

(I −A∗) (I −A)x = (I −A∗) f

and so

(I −A∗) [(I −A)x− f ] = 0.

Therefore (f, f − (I −A)x) = 0. Since (I −A)x ∈ (I −A) (H) , we also have

((I −A)x, f − (I −A)x) = 0

and so

(f − (I −A)x, f − (I −A)x) = 0,

showing that f = (I −A)x. This proves the theorem.
The following corollary is called the Fredholm alternative.
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Corollary 15.22 Let A be a compact operator defined on a Hilbert space, H. Then there exists a solution
to the equation

x−Ax = f (15.21)

for all f ∈ H if and only if (I −A∗) is one to one.

Proof: Suppose (I −A) is one to one first. Then if y − A∗y = 0 it follows y = 0 and so for any f ∈ H,
(f, y) = (f, 0) = 0. Therefore, by Theorem 15.21 there exists a solution to (I −A)x = f.

Now suppose there exists a solution, x, to (I −A)x = f for every f ∈ H. If (I −A∗) y = 0, we can let
(I −A)x = y and so

||y||2 = (y, y) = ((I −A)x, y) = (x, (I −A∗) y) = 0.

Therefore, (I −A∗) is one to one.

15.4 Sturm Liouville problems

A Sturm Liouville problem involves the differential equation,

(p (x) y′)′ + (λq (x) + r (x)) y = 0, x ∈ [a, b] (15.22)

where we assume that q (t) 6= 0 for any t and some boundary conditions,

boundary condition at a
boundary condition at b (15.23)

For example we typically have boundary conditions of the form

C1y (a) + C2y
′ (a) = 0

C3y (b) + C4y
′ (b) = 0 (15.24)

where

C2
1 + C2

2 > 0, and C2
3 + C2

4 > 0. (15.25)

We will assume all the functions involved are continuous although this could certainly be weakened. Also
we assume here that a and b are finite numbers. In the example the constants, Ci are given and λ is called
the eigenvalue while a solution of the differential equation and given boundary conditions corresponding to
λ is called an eigenfunction.

There is a simple but important identity related to solutions of the above differential equation. Suppose
λi and yi for i = 1, 2 are two solutions of (15.22). Thus from the equation, we obtain the following two
equations.

(p (x) y′1)′ y2 + (λ1q (x) + r (x)) y1y2 = 0,

(p (x) y′2)′ y1 + (λ2q (x) + r (x)) y1y2 = 0.

Subtracting the second from the first yields

(p (x) y′1)′ y2 − (p (x) y′2)′ y1 + (λ1 − λ2) q (x) y1y2 = 0. (15.26)
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Now we note that

(p (x) y′1)′ y2 − (p (x) y′2)′ y1 =
d

dx
((p (x) y′1) y2 − (p (x) y′2) y1)

and so integrating (15.26) from a to b, we obtain

((p (x) y′1) y2 − (p (x) y′2) y1) |ba + (λ1 − λ2)
∫ b

a

q (x) y1 (x) y2 (x) dx = 0 (15.27)

We have been purposely vague about the nature of the boundary conditions because of a desire to not lose
generality. However, we will always assume the boundary conditions are such that whenever y1 and y2 are
two eigenfunctions, it follows that

((p (x) y′1) y2 − (p (x) y′2) y1) |ba = 0 (15.28)

In the case where the boundary conditions are given by (15.24), and (15.25), we obtain (15.28). To see why
this is so, consider the top limit. This yields

p (b) [y′1 (b) y2 (b)− y′2 (b) y1 (b)]

However we know from the boundary conditions that

C3y1 (b) + C4y
′
1 (b) = 0

C3y2 (b) + C4y
′
2 (b) = 0

and that from (15.25) that not both C3 and C4 equal zero. Therefore the determinant of the matrix of
coefficients must equal zero. But this is implies [y′1 (b) y2 (b)− y′2 (b) y1 (b)] = 0 which yields the top limit is
equal to zero. A similar argument holds for the lower limit.

With the identity (15.27) we can give a result on orthogonality of the eigenfunctions.

Proposition 15.23 Suppose yi solves the problem (15.22) , (15.23), and (15.28) for λ = λi where λ1 6= λ2.
Then we have the orthogonality relation∫ b

a

q (x) y1 (x) y2 (x) dx = 0. (15.29)

In addition to this, if u, v are two solutions to the differential equation corresponding to λ, (15.22), not
necessarily the boundary conditions, then there exists a constant, C such that

W (u, v) (x) p (x) = C (15.30)

for all x ∈ [a, b] . In this formula, W (u, v) denotes the Wronskian given by

det
(

u (x) v (x)
u′ (x) v′ (x)

)
. (15.31)

Proof: The orthogonality relation, (15.29) follows from the fundamental assumption, (15.28) and (15.27).
It remains to verify (15.30). We have

(p (x)u′)′ v − (p (x) v′)′ u+ (λ− λ) q (x)uv = 0.

Now the first term equals

d

dx
(p (x)u′v − p (x) v′u) =

d

dx
(p (x)W (v, u) (x))

and so p (x)W (u, v) (x) = −p (x)W (v, u) (x) = C as claimed.
Now consider the differential equation,

(p (x) y′)′ + r (x) y = 0. (15.32)

This is obtained from the one of interest by letting λ = 0.
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Criterion 15.24 Suppose we are able to find functions, u and v such that they solve the differential equation,
(15.32) and u solves the boundary condition at x = a while v solves the boundary condition at x = b. Suppose
also that W (u, v) 6= 0.

If p (x) > 0 on [a, b] it is clear from the fundamental existence and uniqueness theorems for ordinary
differential equations that such functions, u and v exist. (See any good differential equations book or
Problem 10 of Chapter 10.) The following lemma gives an easy to check sufficient condition for Criterion
15.24 to occur in the case where the boundary conditions are given in (15.24), (15.25).

Lemma 15.25 Suppose p (x) 6= 0 for all x ∈ [a, b] . Then for C1 and C2 given in (15.24) and u a nonzero
solution of (15.32), if

C3u (b) + C4u
′ (b) 6= 0,

Then if v is any nonzero solution of the equation (15.32) which satisfies the boundary condition at x = b, it
follows W (u, v) 6= 0.

Proof: Thanks to Proposition 15.23 W (u, v) (x) is either equal to zero for all x ∈ [a, b] or it is never
equal to zero on this interval. If the conclusion of the lemma is not so, then u

v equals a constant. This
is easy to see from using the quotient rule in which the Wronskian occurs in the numerator. Therefore,
v (x) = u (x) c for some nonzero constant, c But then

C3v (b) + C4v
′ (b) = c (C3u (b) + C4u

′ (b)) 6= 0,

contrary to the assumption that v satisfies the boundary condition at x = b. This proves the lemma.

Lemma 15.26 Assume Criterion 15.24. In the case where the boundary conditions are given by (15.24) and
(15.25), a function, y is a solution to the boundary conditions, (15.24) and (15.25) along with the equation,

(p (x) y′)′ + r (x) y = g (15.33)

if and only if

y (x) =
∫ b

a

G (t, x) g (t) dt (15.34)

where

G1 (t, x) =
{
c−1 (p (t) v (x)u (t)) if t < x
c−1 (p (t) v (t)u (x)) if t > x

. (15.35)

where c is the constant of Proposition 15.23 which satisfies p (x)W (u, v) (x) = c.

Proof: We can verify that if

yp (x) =
1
c

∫ x

a

g (t) p (t)u (t) v (x) dt+
1
c

∫ b

x

g (t) p (t) v (t)u (x) dt,

then yp is a particular solution of the equation (15.33) which satisfies the boundary conditions, (15.24) and
(15.25). Therefore, every solution of the equation must be of the form

y (x) = αu (x) + βv (x) + yp (x) .

Substituting in to the given boundary conditions, (15.24), we obtain

β (C1v (a) + C2v
′ (a)) = 0.
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If β 6= 0, then we have

C1v (a) + C2v
′ (a) = 0

C1u (a) + C2u
′ (a) = 0.

Since C2
1 + C2

2 6= 0, we must have

(v (a)u′ (a)− u (a) v′ (a)) = W (v, u) (a) = 0

which contradicts the assumption in Criterion 15.24 about the Wronskian. Thus β = 0. Similar reasoning
applies to show α = 0 also. This proves the lemma.

Now in the case of Criterion 15.24, y is a solution to the Sturm Liouville eigenvalue problem, (15.22),
(15.24), and (15.25) if and only if y solves the boundary conditions, (15.24) and the equation,

(p (x) y′)′ + r (x) y (x) = −λq (x) y (x) .

This happens if and only if

y (x) =
−λ
c

∫ x

a

q (t) y (t) p (t)u (t) v (x) dt+
−λ
c

∫ b

x

q (t) y (t) p (t) v (t)u (x) dt, (15.36)

Letting µ = 1
λ , this if of the form

µy (x) =
∫ b

a

G (t, x) y (t) dt (15.37)

where

G (t, x) =
{
−c−1 (q (t) p (t) v (x)u (t)) if t < x
−c−1 (q (t) p (t) v (t)u (x)) if t > x

. (15.38)

Could µ = 0? If this happened, then from Lemma 15.26, we would have that 0 is the solution of (15.33)
where the right side is −q (t) y (t) which would imply that q (t) y (t) = 0 for all t which implies y (t) = 0 for
all t. It follows from (15.38) that G : [a, b]× [a, b]→ R is continuous and symmetric, G (t, x) = G (x, t) .

Also we see that for f ∈ C ([a, b]) , and

w (x) ≡
∫ b

a

G (t, x) f (t) dt,

Lemma 15.26 implies w is the solution to the boundary conditions (15.24), (15.25) and the equation

(p (x) y′)′ + r (x) y = −q (x) f (x) (15.39)

Theorem 15.27 Suppose u, v are given in Criterion 15.24. Then there exists a sequence of functions,
{yn}∞n=1 and real numbers, λn such that

(p (x) y′n)′ + (λnq (x) + r (x)) yn = 0, x ∈ [a, b] , (15.40)

C1yn (a) + C2y
′
n (a) = 0,

C3yn (b) + C4y
′
n (b) = 0. (15.41)

and

lim
n→∞

|λn| =∞ (15.42)
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such that for all f ∈ C ([a, b]) , whenever w satisfies (15.39) and the boundary conditions, (15.24),

w (x) =
∞∑
n=1

1
λn

(f, yn) yn. (15.43)

Also the functions, {yn} form a dense set in L2 (a, b) which satisfy the orthogonality condition, (15.29).

Proof: Let Ay (x) ≡
∫ b
a
G (t, x) y (t) dt where G is defined above in (15.35). Then A : L2 (a, b) →

C ([a, b]) ⊆ L2 (a, b). Also, for y ∈ L2 (a, b) we may use Fubini’s theorem and obtain

(Ay, z)L2(a,b) =
∫ b

a

∫ b

a

G (t, x) y (t) z (x) dtdx

=
∫ b

a

∫ b

a

G (t, x) y (t) z (x) dxdt

= (y,Az)L2(a,b)

showing that A is self adjoint.
Now suppose D ⊆ L2 (a, b) is a bounded set and pick y ∈ D. Then

|Ay (x)| ≡

∣∣∣∣∣
∫ b

a

G (t, x) y (t) dt

∣∣∣∣∣
≤

∫ b

a

|G (t, x)| |y (t)| dt

≤ CG ||y||L2(a,b) ≤ C

where C is a constant which depends on G and the uniform bound on functions from D. Therefore, the
functions, {Ay : y ∈ D} are uniformly bounded. Now for y ∈ D, we use the uniform continuity of G on
[a, b]× [a, b] to conclude that when |x− z| is sufficiently small, |G (t, x)−G (t, z)| < ε and that therefore,

|Ay (x)−Ay (z)| =

∣∣∣∣∣
∫ b

a

(G (t, x)−G (t, z)) y (t) dt

∣∣∣∣∣
≤

∫ b

a

ε |y (t)| ≤ ε
√
b− a ||y||L2(a,b)

Thus {Ay : y ∈ D} is uniformly equicontinuous and so by the Ascoli Arzela theorem, Theorem 4.4, this set of
functions is precompact in C ([a, b]) which means there exists a uniformly convergent subsequence, {Ayn} .
However this sequence must then be uniformly Cauchy in the norm of the space, L2 (a, b) and so A is a
compact self adjoint operator defined on the Hilbert space, L2 (a, b). Therefore, by Theorem 15.16, there
exist functions yn and real constants, µn such that ||yn||L2 = 1 and Ayn = µnyn and

|µn| ≥
∣∣µn+1

∣∣ , Aui = µiui, (15.44)

and either

lim
n→∞

µn = 0, (15.45)

or for some n,

span (y1, · · ·, yn) = H ≡ L2 (a, b) . (15.46)
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Since (15.46) does not occur, we must have (15.45). Also from Theorem 15.16,

span ({yi}∞i=1) is dense in A (H) . (15.47)

and so for all f ∈ C ([a, b]) ,

Af =
∞∑
k=1

µk (f, yk) yk. (15.48)

Thus for w a solution of (15.39) and the boundary conditions (15.24),

w = Af =
∞∑
k=1

1
λk

(f, yk) yk.

The last claim follows from Corollary 15.17 and the observation above that µ is never equal to zero. This
proves the theorem.

Note that if since q (x) 6= 0 we can say that for a given g ∈ C ([a, b]) we can define f by g (x) = −q (x) f (x)
and so if w is a solution to the boundary conditions, (15.24) and the equation

(p (x)w′ (x))′ + r (x)w (x) = g (x) = −q (x) f (x) ,

we may write the formula

w (x) =
∞∑
k=1

1
λk

(f, yk) yk

=
∞∑
k=1

1
λk

(
−g
q
, yk

)
yk.

Theorem 15.28 Suppose f ∈ L2 (a, b) . Then

f =
∞∑
k=1

akyk (15.49)

where

ak =

∫ b
a
f (x) yk (x) q (x) dx∫ b
a
y2
k (x) q (x) dx

(15.50)

and the convergence of the partial sums takes place in L2 (a, b) .

Proof: By Theorem 15.27 there exist bk and n such that∣∣∣∣∣
∣∣∣∣∣f −

n∑
k=1

bkyk

∣∣∣∣∣
∣∣∣∣∣
L2

< ε.

Now we can define an equivalent norm on L2 (a, b) by

|||f |||L2(a,b) ≡

(∫ b

a

|f (x)|2 |q (x)| dx

)1/2
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Thus there exist constants δ and ∆ independent of g such that

δ ||g|| ≤ |||g||| ≤ ∆ ||g||

Therefore, ∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣f −

n∑
k=1

bkyk

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
L2

< ∆ε.

This new norm also comes from the inner product ((f, g)) ≡
∫ b
a
f (x) g (x) |q (x)| dx. Then as in Theorem

9.21 a completing the square argument shows if we let bk be given as in (15.50) then the distance between
f and the linear combination of the first n of the yk measured in the norm, |||·||| , is minimized Thus letting
ak be given by (15.50), we see that

δ

∣∣∣∣∣
∣∣∣∣∣f −

n∑
k=1

akyk

∣∣∣∣∣
∣∣∣∣∣
L2

≤

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣f −

n∑
k=1

akyk

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
L2

≤

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣f −

n∑
k=1

bkyk

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
L2

< ∆ε

Since ε is arbitrary, this proves the theorem.
More can be said about convergence of these series based on the eigenfunctions of a Sturm Liouville

problem. In particular, it can be shown that for reasonable functions the pointwise convergence properties
are like those of Fourier series and that the series converges to the midpoint of the jump. For more on these
topics see the old book by Ince, written in Egypt in the 1920’s, [17].

15.5 Exercises

1. Prove Examples 2.14 and 2.15 are Hilbert spaces. For f, g ∈ C ([0, 1]) let (f, g) =
∫ 1

0
f (x) g (x)dx.

Show this is an inner product. What does the Cauchy Schwarz inequality say in this context?

2. Generalize the Fredholm theory presented above to the case where A : X → Y for X,Y Banach
spaces. In this context, A∗ : Y ′ → X ′ is given by A∗y∗ (x) ≡ y∗ (Ax) . We say A is compact if
A (bounded set) = precompact set, exactly as in the Hilbert space case.

3. Let S denote the unit sphere in a Banach space, X, S ≡ {x ∈ X : ||x|| = 1} . Show that if Y is a
Banach space, then A ∈ L (X,Y ) is compact if and only if A (S) is precompact.

4. ↑ Show that A ∈ L (X,Y ) is compact if and only if A∗ is compact. Hint: Use the result of 3 and
the Ascoli Arzela theorem to argue that for S∗ the unit ball in X ′, there is a subsequence, {y∗n} ⊆ S∗
such that y∗n converges uniformly on the compact set, A (S). Thus {A∗y∗n} is a Cauchy sequence in X ′.
To get the other implication, apply the result just obtained for the operators A∗ and A∗∗. Then use
results about the embedding of a Banach space into its double dual space.

5. Prove a version of Problem 4 for Hilbert spaces.

6. Suppose, in the definition of inner product, Condition (15.1) is weakened to read only (x, x) ≥ 0. Thus
the requirement that (x, x) = 0 if and only if x = 0 has been dropped. Show that then |(x, y)| ≤
|(x, x)|1/2 |(y, y)|1/2. This generalizes the usual Cauchy Schwarz inequality.

7. Prove the parallelogram identity. Next suppose (X, || ||) is a real normed linear space. Show that if
the parallelogram identity holds, then (X, || ||) is actually an inner product space. That is, there exists
an inner product (·, ·) such that ||x|| = (x, x)1/2.

8. Let K be a closed convex subset of a Hilbert space, H, and let P be the projection map of the chapter.
Thus, ||Px− x|| ≤ ||y − x|| for all y ∈ K. Show that ||Px− Py|| ≤ ||x− y|| .
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9. Show that every inner product space is uniformly convex. This means that if xn, yn are vectors whose
norms are no larger than 1 and if ||xn + yn|| → 2, then ||xn − yn|| → 0.

10. Let H be separable and let S be an orthonormal set. Show S is countable.

11. Suppose {x1, ···, xm} is a linearly independent set of vectors in a normed linear space. Show span (x1, · · ·, xm)
is a closed subspace. Also show that if {x1, · · ·, xm} is an orthonormal set then span (x1, · · ·, xm) is a
closed subspace.

12. Show every Hilbert space, separable or not, has a maximal orthonormal set of vectors.

13. ↑ Prove Bessel’s inequality, which says that if {xn}∞n=1 is an orthonormal set in H, then for all
x ∈ H, ||x||2 ≥

∑∞
k=1 |(x, xk)|2. Hint: Show that if M = span(x1, · · ·, xn), then Px =

∑n
k=1 xk(x, xk).

Then observe ||x||2 = ||x− Px||2 + ||Px||2.

14. ↑ Show S is a maximal orthonormal set if and only if

span(S) ≡ {all finite linear combinations of elements of S}

is dense in H.

15. ↑ Suppose {xn}∞n=1 is a maximal orthonormal set. Show that

x =
∞∑
n=1

(x, xn)xn ≡ lim
N→∞

N∑
n=1

(x, xn)xn

and ||x||2 =
∑∞
i=1 |(x, xi)|2. Also show (x, y) =

∑∞
n=1(x, xn)(y, xn).

16. Let S = {einx(2π)−
1
2 }∞n=−∞. Show S is an orthonormal set if the inner product is given by (f, g) =∫ π

−π f (x) g (x)dx.

17. ↑ Show that if Bessel’s equation,

||y||2 =
∞∑
n=1

|(y, φn)|2,

holds for all y ∈ H where {φn}
∞
n=1 is an orthonormal set, then {φn}

∞
n=1 is a maximal orthonormal set

and

lim
N→∞

∣∣∣∣∣
∣∣∣∣∣y −

N∑
n=1

(y, φn)φn

∣∣∣∣∣
∣∣∣∣∣ = 0.

18. Suppose X is an infinite dimensional Banach space and suppose

{x1 · · · xn}

are linearly independent with ||xi|| = 1. Show span (x1 · · · xn) ≡ Xn is a closed linear subspace of X.
Now let z /∈ Xn and pick y ∈ Xn such that ||z − y|| ≤ 2 dist (z,Xn) and let

xn+1 =
z − y
||z − y||

.

Show the sequence {xk} satisfies ||xn − xk|| ≥ 1/2 whenever k < n. Hint:∣∣∣∣∣∣∣∣ z − y||z − y||
− xk

∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣z − y − xk ||z − y||||z − y||

∣∣∣∣∣∣∣∣.
Now show the unit ball {x ∈ X : ||x|| ≤ 1} is compact if and only if X is finite dimensional.
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19. Show that if A is a self adjoint operator and Ay = λy for λ a complex number and y 6= 0, then λ must
be real. Also verify that if A is self adjoint and Ax = µx while Ay = λy, then if µ 6= λ, it must be the
case that (x, y) = 0.

20. If Y is a closed subspace of a reflexive Banach space X, show Y is reflexive.

21. Show Hk(Rn) is a Hilbert space. See Problem 15 of Chapter 13 for a definition of this space.



Brouwer Degree

This chapter is on the Brouwer degree, a very useful concept with numerous and important applications. The
degree can be used to prove some difficult theorems in topology such as the Brouwer fixed point theorem,
the Jordan separation theorem, and the invariance of domain theorem. It also is used in bifurcation theory
and many other areas in which it is an essential tool. Our emphasis in this chapter will be on the Brouwer
degree for Rn. When this is understood, it is not too difficult to extend to versions of the degree which hold
in Banach space. There is more on degree theory in the book by Deimling [7] and much of the presentation
here follows this reference.

16.1 Preliminary results

Definition 16.1 For Ω a bounded open set, we denote by C
(
Ω
)

the set of functions which are continuous
on Ω and by Cm

(
Ω
)
,m ≤ ∞ the space of restrictions of functions in C∞c (Rn) to Ω. The norm in C

(
Ω
)

is
defined as follows.

||f ||∞ = ||f ||C(Ω) ≡ sup
{
|f (x)| : x ∈ Ω

}
.

If the functions take values in R
n we will write Cm

(
Ω;Rn

)
or C

(
Ω;Rn

)
if there is no differentiability

assumed. The norm on C
(
Ω;Rn

)
is defined in the same way as above,

||f ||∞ = ||f ||C(Ω;Rn) ≡ sup
{
|f (x)| : x ∈ Ω

}
.

Also, we will denote by C (Ω;Rn) functions which are continuous on Ω that have values in R
n and by

Cm (Ω;Rn) functions which have m continuous derivatives defined on Ω.

Theorem 16.2 Let Ω be a bounded open set in Rn and let f ∈ C
(
Ω
)
. Then there exists g ∈ C∞

(
Ω
)

with
||g − f ||C(Ω) ≤ ε.

Proof: This follows immediately from the Stone Weierstrass theorem. Let πi (x) ≡ xi. Then the functions
πi and the constant function, π0 (x) ≡ 1 separate the points of Ω and annihilate no point. Therefore, the
algebra generated by these functions, the polynomials, is dense in C

(
Ω
)
. Thus we may take g to be a

polynomial.
Applying this result to the components of a vector valued function yields the following corollary.

Corollary 16.3 If f ∈ C
(
Ω;Rn

)
for Ω a bounded subset of Rn, then for all ε > 0, there exists g ∈

C∞
(
Ω;Rn

)
such that

||g − f ||∞ < ε.

277
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We make essential use of the following lemma a little later in establishing the definition of the degree,
given below, is well defined.

Lemma 16.4 Let g : U → V be C2 where U and V are open subsets of Rn. Then

n∑
j=1

(cof (Dg))ij,j = 0,

where here (Dg)ij ≡ gi,j ≡
∂gi
∂xj

.

Proof: det (Dg) =
∑n
i=1 gi,jcof(Dg)ij and so

∂ det (Dg)
∂gi,j

= cof (Dg)ij . (16.1)

Also

δkj det (Dg) =
∑
i

gi,k (cof (Dg))ij . (16.2)

The reason for this is that if k 6= j this is just the expansion of a determinant of a matrix in which the k th
and j th columns are equal. Differentiate (16.2) with respect to xj and sum on j. This yields

∑
r,s,j

δkj
∂ (detDg)
∂gr,s

gr,sj =
∑
ij

gi,kj (cof (Dg))ij +
∑
ij

gi,kcof (Dg)ij,j .

Hence, using δkj = 0 if j 6= k and (16.1),∑
rs

(cof (Dg))rs gr,sk =
∑
rs

gr,ks (cof (Dg))rs +
∑
ij

gi,kcof (Dg)ij,j .

Subtracting the first sum on the right from both sides and using the equality of mixed partials,

∑
i

gi,k

∑
j

(cof (Dg))ij,j

 = 0.

If det (gi,k) 6= 0 so that (gi,k) is invertible, this shows
∑
j (cof (Dg))ij,j = 0. If det (Dg) = 0, let

gk = g + εkI

where εk → 0 and det (Dg + εkI) ≡ det (Dgk) 6= 0. Then∑
j

(cof (Dg))ij,j = lim
k→∞

∑
j

(cof (Dgk))ij,j = 0

and this proves the lemma.

16.2 Definitions and elementary properties

In this section, f : Ω→ R
n will be a continuous map. We make the following definitions.
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Definition 16.5 Uy ≡
{
f ∈ C

(
Ω;Rn

)
: y /∈ f (∂Ω)

}
. For two functions,

f ,g ∈ Uy,

we will say f ∼ g if there exists a continuous function,

h :Ω× [0, 1]→ R
n

such that h (x, 1) = g (x) and h (x, 0) = f (x) and x→ h (x,t) ∈ Uy. This function, h, is called a homotopy
and we say that f and g are homotopic.

Definition 16.6 For W an open set in Rn and g ∈ C1 (W ;Rn) we say y is a regular value of g if whenever
x ∈ g−1 (y) , det (Dg (x)) 6= 0. Note that if g−1 (y) = ∅, it follows that y is a regular value from this
definition.

Lemma 16.7 The relation, ∼, is an equivalence relation and, denoting by [f ] the equivalence class deter-
mined by f , it follows that [f ] is an open subset of Uy. Furthermore, Uy is an open set in C

(
Ω;Rn

)
. In

addition to this, if f ∈ Uy, there exists g ∈ [f ] ∩ C2
(
Ω;Rn

)
for which y is a regular value.

Proof: In showing that ∼ is an equivalence relation, it is easy to verify that f ∼ f and that if f ∼ g,
then g ∼ f . To verify the transitive property for an equivalence relation, suppose f ∼ g and g ∼ k, with the
homotopy for f and g, the function, h1 and the homotopy for g and k, the function h2. Thus h1 (x,0) = f (x),
h1 (x,1) = g (x) and h2 (x,0) = g (x), h2 (x,1) = k (x) . Then we define a homotopy of f and k as follows.

h (x,t) ≡
{

h1 (x,2t) if t ∈
[
0, 1

2

]
h2 (x,2t− 1) if t ∈

[
1
2 , 1
] .

It is obvious that Uy is an open subset of C
(
Ω;Rn

)
. We need to argue that [f ] is also an open set. However,

if f ∈ Uy, There exists δ > 0 such that B (y, 2δ) ∩ f (∂Ω) = ∅. Let f1 ∈ C
(
Ω;Rn

)
with ||f1 − f ||∞ < δ. Then

if t ∈ [0, 1] , and x ∈ ∂Ω

|f (x) + t (f1 (x)− f (x))− y| ≥ |f (x)− y| − t ||f − f1||∞ > 2δ − tδ > 0.

Therefore, B (f ,δ) ⊆ [f ] because if f1 ∈ B (f , δ) , this shows that, letting h (x,t) ≡ f (x) + t (f1 (x)− f (x)) ,
f1 ∼ f .

It remains to verify the last assertion of the lemma. Since [f ] is an open set, there exists g ∈ [f ] ∩
C2
(
Ω;Rn

)
. If y is a regular value of g, leave g unchanged. Otherwise, let

S ≡
{
x ∈ Ω : detDg (x) = 0

}
and pick δ > 0 small enough that B (y, 2δ) ∩ g (∂Ω) = ∅. By Sard’s lemma, g (S) is a set of measure zero
and so there exists ỹ ∈ B (y, δ) \ g (S) . Thus ỹ is a regular value of g. Now define g1 (x) ≡ g (x) + y−ỹ. It
follows that g1 (x) = y if and only if g (x) = ỹ and so, since Dg (x) = Dg1 (x) , y is a regular value of g1.
Then for t ∈ [0, 1] and x ∈ ∂Ω,

|g (x) + t (g1 (x)− g (x))− y| ≥ |g (x)− y| − t |y−ỹ| > 2δ − tδ ≥ δ > 0.

It follows g1 ∼ g and so g1 ∼ f . This proves the lemma since y is a regular value of g1.

Definition 16.8 Let g ∈ Uy ∩ C2
(
Ω;Rn

)
and let y be a regular value of g. Then

d (g,Ω,y) ≡
∑{

sign (detDg (x)) : x ∈ g−1 (y)
}
, (16.3)

d (g,Ω,y) = 0 if g−1 (y) = ∅, (16.4)
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and if f ∈ Uy,

d (f ,Ω,y) = d (g,Ω,y) (16.5)

where g ∈ [f ] ∩ C2
(
Ω;Rn

)
, and y is a regular value of g. This number, denoted by d (f ,Ω,y) is called the

degree or Brouwer degree.

We need to verify this is well defined. We begin with the definition, (16.3). We need to show that the
sum is finite.

Lemma 16.9 When y is a regular value, the sum in (16.3) is finite.

Proof: This follows from the inverse function theorem because g−1 (y) is a closed, hence compact subset
of Ω due to the assumption that y /∈ g (∂Ω) . Since y is a regular value, it follows that det (Dg (x)) 6= 0 for
each x ∈ g−1 (y) . By the inverse function theorem, there is an open set, Ux, containing x such that g is
one to one on this open set. Since g−1 (y) is compact, this means there are finitely many sets, Ux which
cover g−1 (y) , each containing only one point of g−1 (y) . Therefore, this set is finite and so the sum is well
defined.

A much more difficult problem is to show there are no contradictions in the two ways d (f ,Ω,y) is defined
in the case when f ∈ C2

(
Ω;Rn

)
and y is a regular value of f . We need to verify that if g0 ∼ g1 for

gi ∈ C2
(
Ω;Rn

)
and y a regular value of gi, it follows that d (g1,Ω,y) = d (g2,Ω,y) under the conditions of

(16.3) and (16.4). To aid in this, we give the following lemma.

Lemma 16.10 Suppose k ∼ l. Then there exists a sequence of functions of Uy,

{gi}mi=1 ,

such that gi ∈ C2
(
Ω;Rn

)
, y is a regular value for gi, and defining g0 ≡ k and gm+1 ≡ l, there exists δ > 0

such that for i = 1, · · ·,m+ 1,

B (y, δ) ∩ (tgi + (1− t) gi−1) (∂Ω) = ∅, for all t ∈ [0, 1] . (16.6)

Proof: Let h : Ω× [0, 1]→ R
n be a function which shows k and l are equivalent. Now let 0 = t0 < t1 <

· · · < tm = 1 be such that

||h (·, ti)− h (·, ti−1)||∞ < δ (16.7)

where δ > 0 is small enough that

B (y, 8δ) ∩ h (∂Ω× [0, 1]) = ∅. (16.8)

Now for i ∈ {1, · · ·,m} , let gi ∈ Uy ∩ C2
(
Ω;Rn

)
be such that

||gi − h (·, ti)||∞ < δ. (16.9)

This is possible because C2
(
Ω;Rn

)
is dense in C

(
Ω;Rn

)
from Corollary 16.3. If y is a regular value for gi,

leave gi unchanged. Otherwise, using Sard’s lemma, let ỹ be a regular value of gi close enough to y that
the function, g̃i ≡ gi + y− ỹ also satisfies (16.9). Then g̃i (x) = y if and only if gi (x) = ỹ. Thus y is a
regular value for g̃i and we may replace gi with g̃i in (16.9). Therefore, we can assume that y is a regular
value for gi in (16.9). Now from this construction,

||gi − gi−1||∞ ≤ ||gi − h (·, ti)||

+ ||h (·, ti)− h (·, ti−1)||+ ||gi−1 − h (·, ti−1)|| < 3δ.
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Now we verify (16.6). We just showed that for each x ∈ ∂Ω,

gi (x) ∈ B (gi−1 (x) , 3δ)

and we also know from (16.8) and (16.9) that for any j,

|gj (x)− y| ≥ − |gj (x)− h (x, tj)|+ |h (x, tj)− y|
≥ 8δ − δ = 7δ.

Therefore, for x ∈ ∂Ω,

|tgi (x) + (1− t) gi−1 (x)− y| = |gi−1 (x) + t (gi (x)− gi−1 (x))− y|

≥ 7δ − t |gi (x)− gi−1 (x)| > 7δ − t3δ ≥ 4δ > δ.

This proves the lemma.
We make the following definition of a set of functions.

Definition 16.11 For each ε > 0, let

φε ∈ C∞c (B (0, ε)) , φε ≥ 0,
∫
φεdx = 1.

Lemma 16.12 Let g ∈ Uy ∩ C2
(
Ω;Rn

)
and let y be a regular value of g. Then according to the definition

of degree given in (16.3) and (16.4),

d (g,Ω,y) =
∫

Ω

φε (g (x)− y) detDg (x) dx (16.10)

whenever ε is small enough. Also y + v is a regular value of g whenever |v| is small enough.

Proof: Let the points in g−1 (y) be {xi}mi=1 . By the inverse function theorem, there exist disjoint open
sets, Ui,xi ∈ Ui, such that g is one to one on Ui with det (Dg (x)) having constant sign on Ui and g (Ui) is
an open set containing y. Then let ε be small enough that

B (y, ε) ⊆ ∩mi=1g (Ui)

and let Vi ≡ g−1 (B (y, ε)) ∩ Ui. Therefore, for any ε this small,∫
Ω

φε (g (x)− y) detDg (x) dx =
m∑
i=1

∫
Vi

φε (g (x)− y) detDg (x) dx

The reason for this is as follows. The integrand is nonzero only if g (x) − y ∈ B (0, ε) which occurs only
if g (x) ∈ B (y, ε) which is the same as x ∈ g−1 (B (y, ε)). Therefore, the integrand is nonzero only if x is
contained in exactly one of the sets, Vi. Now using the change of variables theorem,

=
m∑
i=1

∫
g(Vi)−y

φε (z) detDg
(
g−1 (y + z)

) ∣∣detDg−1 (y + z)
∣∣ dz

By the chain rule, I = Dg
(
g−1 (y + z)

)
Dg−1 (y + z) and so

detDg
(
g−1 (y + z)

) ∣∣detDg−1 (y + z)
∣∣ = sign

(
detDg

(
g−1 (y + z)

))
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= sign (detDg (x)) = sign (detDg (xi)) .

Therefore, this reduces to

m∑
i=1

sign (detDg (xi))
∫

g(Vi)−y

φε (z) dz =

m∑
i=1

sign (detDg (xi))
∫
B(0,ε)

φε (z) dz =
m∑
i=1

sign (detDg (xi)) .

In case g−1 (y) = ∅, there exists ε > 0 such that g
(
Ω
)
∩B (y, ε) = ∅ and so for ε this small,∫

Ω

φε (g (x)− y) detDg (x) dx = 0.

The last assertion of the lemma follows from the observation that g (S) is a compact set and so its
complement is an open set. This proves the lemma.

Now we are ready to prove a lemma which will complete the task of showing the above definition of the
degree is well defined. In the following lemma, and elsewhere, a comma followed by an index indicates the
partial derivative with respect to the indicated variable. Thus, f,j will mean ∂f

∂xj
.

Lemma 16.13 Suppose f ,g are two functions in C2
(
Ω;Rn

)
and

B (y, ε) ∩ ((1− t) f + tg) (∂Ω) = ∅ (16.11)

for all t ∈ [0, 1] . Then∫
Ω

φε (f (x)− y) det (Df (x)) dx =
∫

Ω

φε (g (x)− y) det (Dg (x)) dx. (16.12)

Proof: Define for t ∈ [0, 1] ,

H (t) ≡
∫

Ω

φε (f − y + t (g − f)) det (D (f + t (g − f))) dx.

Then if t ∈ (0, 1) ,

H ′ (t) =
∫

Ω

∑
α

φε,α (f (x)− y + t (g (x)− f (x))) ·

(gα (x)− fα (x)) detD (f + t (g − f)) dx

+
∫

Ω

φε (f − y + t (g − f)) ·

∑
α,j

detD (f + t (g − f)),αj (gα − fα),j dx ≡ A + B.

In this formula, the function det is considered as a function of the n2 entries in the n× n matrix. Now as in
the proof of Lemma 16.4,

detD (f + t (g − f)),αj = (cof D (f+t (g − f)))αj
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and so

B =
∫

Ω

∑
α

∑
j

φε (f − y + t (g − f)) ·

(cof D (f+t (g − f)))αj (gα − fα),j dx.

By hypothesis

x→φε (f (x)−y + t (g (x)−f (x))) (cof D (f (x) +t (g (x)−f (x))))αj

is in C1
c (Ω) because if x ∈ ∂Ω, it follows by (16.11) that

f (x)−y + t (g (x)−f (x)) /∈ B (0, ε) .

Therefore, we may integrate by parts and write

B = −
∫

Ω

∑
α

∑
j

∂

∂xj
(φε (f − y + t (g − f))) ·

(cof D (f+t (g − f)))αj (gα − fα) dx+

−
∫

Ω

∑
α

∑
j

φε (f − y + t (g − f)) (cof D (f+t (g − f)))αj,j (gα − fα) dx.

The second term equals zero by Lemma 16.4. Simplifying the first term yields

B = −
∫

Ω

∑
α

∑
j

∑
β

φε,β (f − y + t (g − f)) ·

(fβ,j + t (gβ,j − fβ,j)) (cof D (f+t (g − f)))αj (gα − fα) dx

= −
∫

Ω

∑
α

∑
β

φε,β (f − y + t (g − f)) δβα det (D (f+t (g − f))) (gα − fα) dx

= −
∫

Ω

∑
α

φε,α (f − y + t (g − f)) det (D (f+t (g − f))) (gα − fα) dx = −A.

Therefore, H ′ (t) = 0 and so H is a constant. This proves the lemma.
Now we are ready to prove that the Brouwer degree is well defined.

Proposition 16.14 Definition 16.8 is well defined.

Proof: We only need to verify that for k, l ∈ Uy k ∼ l, k, l ∈ C2
(
Ω;Rn

)
, and y a regular value of k, l,

d (k,Ω,y) = d (l,Ω,y) as given in the first part of Definition 16.8. Let the functions, gi, i = 1, · · ·,m be as
described in Lemma 16.10. By Lemma 16.8 we may take ε > 0 small enough that equation (16.10) holds for
g = k, l. Then by Lemma 16.13 and letting g0 ≡ k, and gm+1 = l,∫

Ω

φε (gi (x)− y) detDgi (x) dx =
∫

Ω

φε (gi−1 (x)− y) detDgi−1 (x) dx

for i = 1, · · ·,m+ 1. In particular d (k,Ω,y) = d (l,Ω,y) proving the proposition.
The degree has many wonderful properties. We begin with a simple technical lemma which will allow us

to establish them.
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Lemma 16.15 Let y1 /∈ f (∂Ω) . Then d (f ,Ω,y1) = d (f ,Ω,y) whenever y is close enough to y1. Also,
d (f ,Ω,y) equals an integer.

Proof: It follows immediately from the definition of the degree that

d (f ,Ω,y)

is an integer. Let g ∈ C2
(
Ω;Rn

)
for which y1 is a regular value and let h : Ω× [0, 1]→ R

n be a continuous
function for which h (x, 0) = f (x) and h (x, 1) = g (x) such that h (∂Ω, t) does not contain y1 for any
t ∈ [0, 1] . Then let ε1 be small enough that

B (y1, ε1) ∩ h (∂Ω× [0, 1]) = ∅.

From Lemma 16.12, we may take ε < ε1 small enough that whenever |v| < ε, y1 + v is a regular value of g
and

d (g,Ω,y1) =
∑{

sign Dg (x) : x ∈ g−1 (y1)
}

=
∑{

sign Dg (x) : x ∈ g−1 (y1 + v)
}

= d (g,Ω,y1 + v) .

The second equal sign above needs some justification. We know g−1 (y1) = {x1, · · ·,xm} and by the inverse
function theorem, there are open sets, Ui such that xi ∈ Ui ⊆ Ω and g is one to one on Ui having an inverse
on the open set g (Ui) which is also C2. We want to say that for |v| small enough, g−1 (y1 + v) ⊆ ∪mj=1Ui.
If not, there exists vk → 0 and

zk ∈ g−1 (y1 + vk) \ ∪mj=1Ui.

But then, taking a subsequence, still denoted by zk we could have zk → z /∈ ∪mj=1 Ui and so

g (z) = lim
k→∞

g (zk) = lim
k→∞

(y1 + vk) = y1,

contradicting the fact that g−1 (y1) ⊆ ∪mj=1Ui. This justifies the second equal sign.
For the above homotopy of f and g, if x ∈ ∂Ω,

|h (x, t)− (y1 + v)| ≥ |h (x, t)− y1| − |v| > ε1 − ε > 0.

Therefore, by the definition of the degree,

d (f ,Ω,y) = d (g,Ω,y) = d (g,Ω,y1+v) = d (f ,Ω,y1+v) .

This proves the lemma.
Here are some important properties of the degree.

Theorem 16.16 The degree satisfies the following properties. In what follows, id (x) = x.

1. d (id,Ω,y) = 1 if y ∈ Ω.

2. If Ωi ⊆ Ω,Ωi open, and Ω1 ∩ Ω2 = ∅ and if y /∈ f
(
Ω \ (Ω1 ∪ Ω2)

)
, then d (f ,Ω1,y) + d (f ,Ω2,y) =

d (f ,Ω,y) .

3. If y /∈ f
(
Ω \ Ω1

)
and Ω1 is an open subset of Ω, then

d (f ,Ω,y) = d (f ,Ω1,y) .
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4. d (f ,Ω,y) 6= 0 implies f−1 (y) 6= ∅.

5. If f ,g are homotopic with a homotopy, h : Ω × [0, 1] for which h (∂Ω, t) does not contain y, then
d (g,Ω,y) = d (f ,Ω,y) .

6. d (·,Ω,y) is defined and constant on{
g ∈ C

(
Ω;Rn

)
: ||g − f ||∞ < r

}
where r = dist (y, f (∂Ω)) .

7. d (f ,Ω, ·) is constant on every connected component of Rn \ f (∂Ω) .

8. d (g,Ω,y) = d (f ,Ω,y) if g|∂Ω = f |∂Ω.

Proof: The first property follows immediately from the definition of the degree.
To obtain the second property, let δ be small enough that

B (y, 3δ) ∩ f
(
Ω \ (Ω1 ∪ Ω2)

)
= ∅.

Next pick g ∈ C2
(
Ω;Rn

)
such that ||f − g||∞ < δ. Letting y1 be a regular value of g with |y1 − y| < δ,

and defining g1 (x) ≡ g (x) + y − y1, we see that ||g − g1||∞ < δ and y is a regular value of g1. Then if
x ∈ Ω \ (Ω1 ∪ Ω2) , it follows that for t ∈ [0, 1] ,

|f (x) + t (g1 (x)− f (x))− y| ≥ |f (x)− y| − t ||g1 − f ||∞ > 3δ − 2δ > 0

and so g1

(
Ω \ (Ω1 ∪ Ω2)

)
does not contain y. Hence g−1

1 (y) ⊆ Ω1 ∪ Ω2 and g1 ∼ f . Therefore, from the
definition of the degree,

d (f ,Ω,y) ≡ d (g,Ω,y) = d (g,Ω1,y) + d (g,Ω2,y)
≡ d (f ,Ω1,y) + d (f ,Ω2,y)

The third property follows from the second if we let Ω2 = ∅. In the above formula, d (g,Ω2,y) = 0 in this
case.

Now consider the fourth property. If f−1 (y) = ∅, then for δ > 0 small enough, B (y, 3δ)∩ f
(
Ω
)

= ∅. Let
g be in C2 and ||f − g||∞ < δ with y a regular point of g. Then d (f ,Ω,y) = d (g,Ω,y) and g−1 (y) = ∅ so
d (g,Ω,y) = 0.

From the definition of degree, there exists k ∈ C2
(

Ω;Rn
)

for which y is a regular point which is
homotopic to g and d (g,Ω,y) = d (k,Ω,y). But the property of being homotopic is an equivalence relation
and so from the definition of degree again, d (k,Ω,y) = d (f ,Ω,y) . This verifies the fifth property.

The sixth property follows from the fifth. Let the homotopy be

h (x, t) ≡ f (x) + t (g (x)− f (x))

for t ∈ [0, 1] . Then for x ∈ ∂Ω,

|h (x, t)− y| ≥ |f (x)− y| − t ||g − f ||∞ > r − r = 0.

The seventh property follows from Lemma 16.15. The connected components are open connected sets.
This lemma implies d (f ,Ω, ·) is continuous. However, this function is also integer valued. If it is not constant
on K, a connected component, there exists a number, r such that the values of this function are contained
in (−∞, r) ∪ (r,∞) with the function having values in both of these disjoint open sets. But then we could
consider the open sets A ≡ {z ∈ K : d (f ,Ω, z) > r} and B ≡ {z ∈ K : d (f ,Ω, z) < r}. Now K = A ∪B and
we see that K is not connected.

The last property results from the homotopy

h (x, t) = f (x) + t (g (x)− f (x)) .

Since g = f on ∂Ω, it follows that h (∂Ω, t) does not contain y and so the conclusion follows from property
5.
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Definition 16.17 We say that a bounded open set, Ω is symmetric if −Ω = Ω. We say a continuous
function, f :Ω→ R

n is odd if f (−x) = −f (x) .

Suppose Ω is symmetric and g ∈ C2
(

Ω;Rn
)

is an odd map for which 0 is a regular point. Then the
chain rule implies Dg (−x) = Dg (x) and so d (g,Ω,0) must equal an odd integer because if x ∈ g−1 (0) , it
follows that −x ∈ g−1 (0) also and since Dg (−x) = Dg (x) , it follows the overall contribution to the degree
from x and −x must be an even integer. We also have 0 ∈ g−1 (0) and so we have that the degree equals an
even integer added to sign (detDg (0)) , an odd integer. It seems reasonable to expect that this would hold
for an arbitrary continuous odd function defined on symmetric Ω. In fact this is the case and we will show
this next. The following lemma is the key result used.

Lemma 16.18 Let g ∈ C2
(

Ω;Rn
)

be an odd map. Then for every ε > 0, there exists h ∈ C2
(

Ω;Rn
)

such that h is also an odd map, ||h− g||∞ < ε, and 0 is a regular point of h.

Proof: Let h0 (x) = g (x) + δx where δ is chosen such that detDh0 (0) 6= 0 and δ < ε
2 . Now let

Ωi ≡ {x ∈ Ω : xi 6= 0} . Define h1 (x) ≡ h0 (x) − y1x
3
1 where |y1| < η and y1 is a regular value of the

function,

x→h0 (x)
x3

1

for x ∈ Ω1. Thus h1 (x) = 0 if and only if y1 = h0(x)
x3

1
. Since y1 is a regular value,

det

(
h0i,j (x)x3

1 − ∂
∂xj

(
x3

1

)
h0i (x)

x6
1

)
=

det

(
h0i,j (x)x3

1 − ∂
∂xj

(
x3

1

)
y1ix

3
1

x6
1

)
6= 0

implying that

det
(
h0i,j (x)− ∂

∂xj

(
x3

1

)
y1i

)
= det (Dh1 (x)) 6= 0.

We have shown that 0 is a regular value of h1 on the set Ω1. Now we define h2 (x) ≡ h1 (x) − y2x
3
2 where

|y2| < η and y2 is a regular value of

x→h1 (x)
x3

2

for x ∈ Ω2. Thus, as in the step going from h0 to h1, for such x ∈ h−1
2 (0) ,

det
(
h1i,j (x)− ∂

∂xj

(
x3

2

)
y2i

)
= det (Dh2 (x)) 6= 0.

Actually, det (Dh2 (x)) 6= 0 for x ∈ (Ω1 ∪ Ω2) ∩ h−1
2 (0) because if x ∈ (Ω1 \ Ω2) ∩ h−1

2 (0) , then x2 = 0.
From the above formula for det (Dh2 (x)) , we see that in this case,

det (Dh2 (x)) = det (Dh1 (x)) = det (h1i,j (x)) .

We continue in this way, finding a sequence of odd functions, hi where

hi+1 (x) = hi (x)− yix3
i

for |yi| < η and 0 a regular value of hi on ∪ij=1Ωj . Let hn ≡ h. Then 0 is a regular value of h for x ∈ ∪nj=1Ωj .
The point of Ω which is not in ∪nj=1Ωj is 0. If x = 0, then from the construction, Dh (0) = Dh0 (0) and so
0 is a regular value of h for x ∈ Ω. By choosing η small enough, we see that ||h− g||∞ < ε. This proves the
lemma.
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Theorem 16.19 (Borsuk) Let f ∈ C
(

Ω;Rn
)

be odd and let Ω be symmetric with 0 /∈ f (∂Ω). Then
d (f ,Ω,0) equals an odd integer.

Proof: Let δ be small enough that B (0,3δ) ∩ f (∂Ω) = ∅. Let

g1 ∈ C2
(

Ω;Rn
)

be such that ||f − g1||∞ < δ and let g denote the odd part of g1. Thus

g (x) ≡ 1
2

(g1 (x)− g1 (−x)) .

Then since f is odd, it follows that ||f − g||∞ < δ also. By Lemma 16.18 there exists odd h ∈ C2
(

Ω;Rn
)

for which 0 is a regular value and ||h− g||∞ < δ. Therefore, ||f − h||∞ < 2δ and from Theorem 16.16
d (f ,Ω,0) = d (h,Ω,0) . However, since 0 is a regular point of h, h−1 (0) = {xi,−xi,0}mi=1 , and since h
is odd, Dh (−xi) = Dh (xi) and so d (h,Ω,0) ≡

∑m
i=1sign det (Dh (xi)) +

∑m
i=1sign det (Dh (−xi)) + sign

det (Dh (0)) , an odd integer.

16.3 Applications

With these theorems it is possible to give easy proofs of some very important and difficult theorems.

Definition 16.20 If f : U ⊆ Rn → R
n, we say f is locally one to one if for every x ∈ U, there exists δ > 0

such that f is one to one on B (x, δ) .

To begin with we consider the Invariance of domain theorem.

Theorem 16.21 (Invariance of domain)Let Ω be any open subset of Rn and let f : Ω → R
n be continuous

and locally one to one. Then f maps open subsets of Ω to open sets in Rn.

Proof: Suppose not. Then there exists an open set, U ⊆ Ω with U open but f (U) is not open . This
means that there exists y0, not an interior point of f (U) where y0 = f (x0) for x0 ∈ U. Let B (x0, r) ⊆ U be
such that f is one to one on B (x0, r).

Let f̃ (x) ≡ f (x + x0)− y0. Then f̃ : B (0,r)→ R
n, f̃ (0) = 0. If x ∈ ∂B (0,r) and t ∈ [0, 1] , then

f̃
(

x
1 + t

)
− f̃

(
−tx
1 + t

)
6= 0 (16.13)

because if this quantity were to equal zero, then since f̃ is one to one on B (0,r), it would follow that

x
1 + t

=
−tx
1 + t

which is not so unless x = 0 /∈ ∂B (0,r) . Let h (x, t) ≡ f̃
(

x
1+t

)
− f̃

(
−tx
1+t

)
. Then we just showed that

0 /∈ h (∂Ω, t) for all t ∈ [0, 1] . By Borsuk’s theorem, d (h (1, ·) , B (0,r) ,0) equals an odd integer. Also by
part 5 of Theorem 16.16, the homotopy invariance assertion,

d (h (1, ·) , B (0,r) ,0) = d (h (0, ·) , B (0,r) ,0) = d
(
f̃ , B (0,r) ,0

)
.

Now from the case where t = 0 in (16.13), there exists δ > 0 such that B (0, δ)∩ f̃ (∂B (0,r)) = ∅. Therefore,
B (0, δ) is a subset of a component of Rn \ f̃ (∂B (0, r)) and so

d
(
f̃ , B (0,r) , z

)
= d

(
f̃ , B (0,r) ,0

)
6= 0
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for all z ∈ B (0,δ) . It follows that for all z ∈ B (0, δ) , f̃−1 (z) ∩B (0,r) 6= ∅. In terms of f , this says that for
all |z| < δ, there exists x ∈ B (0,r) such that

f (x + x0)− y0 = z.

In other words, f (U) ⊇ f (B (x0, r)) ⊇ B (y0, δ) showing that y0 is an interior point of f (U) after all. This
proves the theorem..

Corollary 16.22 If n > m there does not exist a continuous one to one map from R
n to Rm.

Proof: Suppose not and let f be such a continuous map, f (x) ≡ (f1 (x) , · · ·, fm (x))T . Then let g (x) ≡
(f1 (x) , · · ·, fm (x) , 0, · · ·, 0)T where there are n−m zeros added in. Then g is a one to one continuous map
from R

n to Rn and so g (Rn) would have to be open from the invariance of domain theorem and this is not
the case. This proves the corollary.

Corollary 16.23 If f is locally one to one, f : Rn → R
n, and

lim
|x|→∞

|f (x)| =∞,

then f maps Rn onto Rn.

Proof: By the invariance of domain theorem, f (Rn) is an open set. If f (xk)→ y, the growth condition
ensures that {xk} is a bounded sequence. Taking a subsequence which converges to x ∈ Rn and using the
continuity of f , we see that f (x) = y. Thus f (Rn) is both open and closed which implies f must be an onto
map since otherwise, Rn would not be connected.

The next theorem is the famous Brouwer fixed point theorem.

Theorem 16.24 (Brouwer fixed point) Let B = B (0, r) ⊆ Rn and let f : B → B be continuous. Then there
exists a point, x ∈ B, such that f (x) = x.

Proof: Consider h (x, t) ≡ tf (x) − x for t ∈ [0, 1] . Then if there is no fixed point in B for f , it follows
that 0 /∈ h (∂B, t) for all t. Therefore, by the homotopy invariance,

0 = d (f − id, B,0) = d (−id, B,0) = (−1)n ,

a contradiction.

Corollary 16.25 (Brouwer fixed point) Let K be any convex compact set in Rn and let f : K → K be
continuous. Then f has a fixed point.

Proof: Let B ≡ B (0, R) where R is large enough that B ⊇ K, and let P denote the projection map
onto K. Let g : B → B be defined as g (x) ≡ f (P (x)) . Then g is continuous and so by Theorem 16.24 it
has a fixed point, x. But x ∈ K and so x = f (P (x)) = f (x) .

Definition 16.26 We say f is a retraction of B (0, r) onto ∂B (0, r) if f is continuous, f
(
B (0, r)

)
⊆

∂B (0,r) , and f (x) = x for all x ∈ ∂B (0,r) .

Theorem 16.27 There does not exist a retraction of B (0, r) onto ∂B (0, r) .

Proof: Suppose f were such a retraction. Then for all x ∈ ∂Ω, f (x) = x and so from the properties of
the degree,

1 = d (id,Ω,0) = d (f ,Ω,0)
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which is clearly impossible because f−1 (0) = ∅ which implies d (f ,Ω,0) = 0.
In the next two theorems we make use of the Tietze extension theorem which states that in a metric

space (more generally a normal topological space) every continuous function defined on a closed subset of
the space having values in [a, b] may be extended to a continuous function defined on the whole space having
values in [a, b]. For a discussion of this important theorem and an outline of its proof see Problems 9 - 11 of
Chapter 4.

Theorem 16.28 Let Ω be a symmetric open set in Rn such that 0 ∈ Ω and let f : ∂Ω → V be continuous
where V is an m dimensional subspace of Rn,m < n. Then f (−x) = f (x) for some x ∈ ∂Ω.

Proof: Suppose not. Using the Tietze extension theorem, extend f to all of Ω, f
(
Ω
)
⊆ V. Let g (x) =

f (x)− f (−x) . Then 0 /∈ g (∂Ω) and so for some r > 0, B (0,r) ⊆ Rn \ g (∂Ω) . For z ∈ B (0,r) ,

d (g,Ω, z) = d (g,Ω,0) 6= 0

because B (0,r) is contained in a component of Rn \g (∂Ω) and Borsuk’s theorem implies that d (g,Ω,0) 6= 0
since g is odd. Hence

V ⊇ g (Ω) ⊇ B (0,r)

and this is a contradiction because V is m dimensional. This proves the theorem.
This theorem is called the Borsuk Ulam theorem. Note that it implies that there exist two points on

opposite sides of the surface of the earth that have the same atmospheric pressure and temperature. The
next theorem is an amusing result which is like combing hair. It gives the existence of a “cowlick”.

Theorem 16.29 Let n be odd and let Ω be an open bounded set in Rn with 0 ∈ Ω. Suppose f : ∂Ω→ R
n\{0}

is continuous. Then for some x ∈ ∂Ω and λ 6= 0, f (x) = λx.

Proof: Using the Tietze extension theorem, extend f to all of Ω. Suppose for all x ∈ ∂Ω, f (x) 6= λx for
all λ ∈ R. Then

0 /∈ tf (x) + (1− t) x, (x, t) ∈ ∂Ω× [0, 1]

0 /∈ tf (x)− (1− t) x, (x, t) ∈ ∂Ω× [0, 1] .

Then by the homotopy invariance of degree,

d (f ,Ω,0) = d (id,Ω,0) , d (f ,Ω,0) = d (−id,Ω,0) .

But this is impossible because d (id,Ω,0) = 1 but d (−id,Ω,0) = (−1)n . This proves the theorem.

16.4 The Product formula and Jordan separation theorem

In this section we present the product formula for the degree and use it to prove a very important theorem
in topology. To begin with we give the following lemma.

Lemma 16.30 Let y1, ···,yr be points not in f (∂Ω) . Then there exists f̃ ∈ C2
(
Ω;Rn

)
such that

∣∣∣∣∣∣f̃ − f
∣∣∣∣∣∣
∞
<

δ and yi is a regular value for f̃ for each i.
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Proof: Let f0 ∈ C2
(
Ω;Rn

)
, ||f0 − f ||∞ < δ

2 . For S0 the singular set of f0, pick ỹ1 such that ỹ1 /∈
f0 (S0) .(ỹ1 is a regular value of f0) and |ỹ1 − y1| < δ

3r . Let f1 (x) ≡ f0 (x) + y1 − ỹ1. Thus y1 is a regular
value of f1 and

||f − f1||∞ ≤ ||f − f0||∞ + ||f0 − f1||∞ <
δ

3r
+
δ

2
.

Letting S1 be the singular set of f1, choose ỹ2 such that |ỹ2 − y2| < δ
3r and

ỹ2 /∈ f1 (S1) ∪ (f1 (S1) + y2 − y1) .

Let f2 (x) ≡ f2 (x) + y2 − ỹ2. Thus if f2 (x) = y1, then

f1 (x) + y2 − y1 = ỹ2

and so x /∈ S1. Thus y1 is a regular value of f2. If f2 (x) = y2, then

y2 = f1 (x) + y2 − ỹ2

and so f1 (x) = ỹ2 implying x /∈ S1 showing detDf2 (x) = detDf1 (x) 6= 0. Thus y1 and y2 are both regular
values of f2 and

||f2 − f ||∞ ≤ ||f2 − f1||∞ + ||f1 − f ||

<
δ

3r
+

δ

3r
+
δ

2
.

We continue in this way. Let f̃ ≡ fr. Then
∣∣∣∣∣∣f̃ − f

∣∣∣∣∣∣
∞
< δ

2 + δ
3 < δ and each yi is a regular value of f̃ .

Definition 16.31 Let the connected components of Rn \ f (∂Ω) be denoted by Ki. We know from the prop-
erties of the degree that d (f ,Ω, ·) is constant on each of these components. We will denote by d (f ,Ω,Ki)
the constant value on the component, Ki.

Lemma 16.32 Let f ∈ C
(
Ω;Rn

)
,g ∈ C2 (Rn,Rn) , and y /∈ g (f (∂Ω)) . Suppose also that y is a regular

value of g. Then we have the following product formula where Ki are the bounded components of Rn \ f (∂Ω) .

d (g ◦ f ,Ω,y) =
∞∑
i=1

d (f ,Ω,Ki) d (g,Ki,y) .

Proof: First note that if Ki is unbounded, d (f ,Ω,Ki) = 0 because there exists a point, z ∈ Ki such
that f−1 (z) = ∅ due to the fact that f

(
Ω
)

is compact and is consequently bounded. Thus it makes no
difference in the above formula whether we let Ki be general components or insist on their being bounded.
Let

{
xij
}ki
j=1

denote the point of g−1 (y) which are contained in Ki, the ith component of Rn \ f (∂Ω) . Note

also that g−1 (y) ∩ f
(
Ω
)

is a compact set covered by the components of Rn \ f (∂Ω) and so it is covered by
finitely many of these components. For the other components, d (f ,Ω,Ki) = 0 and so this is actually a finite
sum. There are no convergence problems. Now let ε > 0 be small enough that

B (y, 3ε) ∩ g (f (∂Ω)) = ∅,

and for each xij ∈ g−1 (y)

B
(
xij , 3ε

)
∩ f (∂Ω) = ∅.
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Next choose δ > 0 small enough that δ < ε and if z1 and z2 are any two points of f
(
Ω
)

with |z1 − z2| < δ,
it follows that |g (z1)− g (z2)| < ε.

Now choose f̃ ∈ C2
(
Ω;Rn

)
such that

∣∣∣∣∣∣f̃ − f
∣∣∣∣∣∣
∞
< δ and each point, xij is a regular value of f̃ . From

the properties of the degree we know that d (f ,Ω,Ki) = d
(
f ,Ω,xij

)
for each j = 1, · · ·,mi. For x ∈ ∂Ω, and

t ∈ [0, 1] , ∣∣∣f (x) + t
(
f̃ (x)− f (x)

)
− xij

∣∣∣ > 3ε− tε > 0

and so

d
(
f̃ ,Ω,xij

)
= d

(
f ,Ω,xij

)
= d (f ,Ω,Ki) (16.14)

independent of j. Also for x ∈ ∂Ω, and t ∈ [0, 1] ,∣∣∣g (f (x)) + t
(
g
(
f̃ (x)

)
− g (f (x))

)
− y

∣∣∣ ≥ 3ε− tε > 0

and so

d (g ◦ f ,Ω,y) = d
(
g◦f̃ ,Ω,y

)
. (16.15)

Now let
{

uijl
}kij
l=1

be the points of f̃−1
(
xij
)
. Therefore, kij <∞ because f̃−1

(
xij
)
⊆ Ω, a bounded open

set. It follows from (16.15) that

d (g ◦ f ,Ω,y) = d
(
g◦f̃ ,Ω,y

)

=
∞∑
i=1

mi∑
j=1

kij∑
l=1

sgndetDg
(
f̃
(
uijl
))

sgndetDf̃
(
uijl
)

=
∞∑
i=1

mi∑
j=1

detDg
(
xij
)
d
(
f̃ ,Ω,xij

)
=
∞∑
i=1

d (g,Ki,y) d
(
f̃ ,Ω,xij

)

=
∞∑
i=1

d (g,Ki,y) d (f ,Ω,Ki) .

With this lemma we are ready to prove the product formula.

Theorem 16.33 (product formula) Let {Ki}∞i=1 be the bounded components of Rn\f (∂Ω) for f ∈ C
(
Ω;Rn

)
,

let g ∈ C (Rn,Rn) , and suppose that y /∈ g (f (∂Ω)). Then

d (g ◦ f ,Ω,y) =
∞∑
i=1

d (g,Ki,y) d (f ,Ω,Ki) . (16.16)

Proof: Let B (y,3δ) ∩ g (f (∂Ω)) = ∅ and let g̃ ∈ C2 (Rn,Rn) be such that

sup
{
|g̃ (z)− g (z)| : z ∈ f

(
Ω
)}

< δ
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And also y is a regular value of g̃. Then from the above inequality, if x ∈ ∂Ω and t ∈ [0, 1] ,

|g (f (x)) + t (g̃ (f (x))− g (f (x)))− y| ≥ 3δ − tδ > 0.

It follows that

d (g ◦ f ,Ω,y) = d (g̃ ◦ f ,Ω,y) . (16.17)

Now also, ∂Ki ⊆ f (∂Ω) and so if z ∈ ∂Ki, then g (z) ∈ g (f (∂Ω)) . Consequently, for such z,

|g (z) + t (g̃ (z)− g (z))− y| ≥ |g (z)− y| − tδ > 3δ − tδ > 0

which shows that

d (g,Ki,y) = d (g̃,Ki,y) . (16.18)

Therefore, by Lemma 16.32,

d (g ◦ f ,Ω,y) = d (g̃ ◦ f ,Ω,y) =
∞∑
i=1

d (g̃,Ki,y) d (f ,Ω,Ki)

=
∞∑
i=1

d (g,Ki,y) d (f ,Ω,Ki) .

This proves the product formula. Note there are no convergence problems because these sums are actually
finite sums because, as in the previous lemma, g−1 (y) ∩ f

(
Ω
)

is a compact set covered by the components
of Rn \ f (∂Ω) and so it is covered by finitely many of these components. For the other components,
d (f ,Ω,Ki) = 0.

With the product formula is possible to give a fairly easy proof of the Jordan separation theorem, a very
profound result in the topology of Rn.

Theorem 16.34 (Jordan separation theorem) Let f be a homeomorphism of C and f (C) where C is a
compact set in Rn. Then Rn \ C and Rn \ f (C) have the same number of connected components.

Proof: Denote by K the bounded components of Rn \ C and denote by L, the bounded components of
R
n \ f (C) . Also let f be an extension of f to all of Rn and let f−1 denote an extension of f−1 to all of Rn.

Pick K ∈ K and take y ∈ K. Let H denote the set of bounded components of Rn \ f (∂K) (note ∂K ⊆ C).
Since f−1 ◦ f equals the identity, id, on ∂K, it follows that

1 = d (id,K,y) = d
(
f−1 ◦ f ,K,y

)
.

By the product formula,

1 = d
(
f−1 ◦ f ,K,y

)
=
∑
H∈H

d
(
f ,K,H

)
d
(
f−1,H,y

)
,

the sum being a finite sum. Now letting x ∈ L ∈ L, if S is a connected set containing x and contained
in Rn \ f (C) , then it follows S is contained in Rn \ f (∂K) because ∂K ⊆ C. Therefore, every set of L is
contained in some set of H. Letting GH denote those sets of L which are contained in H, we note that

H \ ∪GH ⊆ f (C) .
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This is because if z /∈ ∪GH , then z cannot be contained in any set of L which has nonempty intersection
with H since then, that whole set of L would be contained in H due to the fact that the sets of H are
disjoint open set and the sets of L are connected. It follows that z is either an element of f (C) which would
correspond to being contained in none of the sets of L, or else, z is contained in some set of L which has
empty intersection with H. But the sets of L are open and so this point, z cannot, in this latter case, be
contained in H. Therefore, the above inclusion is verified.

Claim: y /∈ f−1
(
H \ ∪GH

)
.

Proof of the claim: If not, then f−1 (z) = y where z ∈ H \ ∪GH ⊆ f (C) and so f−1 (z) = y ∈ C. But
y /∈ C and this contradiction proves the claim.

Now every set of L is contained in some set of H. What about those sets of H which contain no set of L?
From the claim, y /∈ f−1

(
H
)

and so d
(
f−1,H,y

)
= 0. Therefore, letting H1 denote those sets of H which

contain some set of L, properties of the degree imply

1 =
∑
H∈H1

d
(
f ,K,H

)
d
(
f−1,H,y

)
=
∑
H∈H1

d
(
f ,K,H

) ∑
L∈GH

d
(
f−1, L,y

)

=
∑
H∈H1

∑
L∈GH

d
(
f ,K, L

)
d
(
f−1, L,y

)
=
∑
L∈L

d
(
f ,K, L

)
d
(
f−1, L,y

)

=
∑
L∈L

d
(
f ,K, L

)
d
(
f−1, L,y

)
=
∑
L∈L

d
(
f ,K, L

)
d
(
f−1, L,K

)
and each sum is finite. Letting |K| denote the number of elements in K,

|K| =
∑
K∈K

∑
L∈L

d
(
f ,K, L

)
d
(
f−1, L,K

)
.

By symmetry, we may use the above argument to write

|L| =
∑
L∈L

∑
K∈K

d
(
f ,K, L

)
d
(
f−1, L,K

)
.

It follows |K| = |L| and this proves the theorem because if n > 1 there is exactly one unbounded component
and if n = 1 there are exactly two.

16.5 Integration and the degree

There is a very interesting application of the degree to integration. Recall Lemma 16.12. We will use
Theorem 16.16 to generalize this lemma next. In this proposition, we let φε be the mollifier of Definition
16.11.

Proposition 16.35 Let g ∈ Uy ∩ C1
(
Ω;Rn

)
then whenever ε > 0 is small enough,

d (g,Ω,y) =
∫

Ω

φε (g (x)− y) detDg (x) dx.

Proof: Let ε0 > 0 be small enough that

B (y, 3ε0) ∩ g (∂Ω) = ∅.
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Now let ψm be a mollifier and let

gm ≡ g∗ψm.

Thus gm ∈ C∞
(
Ω;Rn

)
and

||gm − g||∞ , ||Dgm −Dg||∞ → 0 (16.19)

as m→∞. Choose M such that for m ≥M,

||gm − g||∞ < ε0. (16.20)

Thus gm ∈ Uy ∩ C2
(
Ω;Rn

)
Letting z ∈ B (y, ε) for ε < ε0, and x ∈ ∂Ω,

|(1− t) gm (x) + gk (x) t− z| ≥ (1− t) |gm (x)− z|+ t |gk (x)− z|

> (1− t) |g (x)− z|+ t |g (x)− z| − ε0

= |g (x)− z| − ε0

≥ |g (x)− y| − |y − z| − ε0

> 3ε0 − ε0 − ε0 = ε0 > 0

showing that B (y, ε) ∩ ((1− t) gm + tgk) (∂Ω) = ∅. By Lemma 16.13∫
Ω

φε (gm (x)− y) det (Dgm (x)) dx =

∫
Ω

φε (gk (x)− y) det (Dgk (x)) dx (16.21)

for all k,m ≥M.
We may assume that y is a regular value of gm since if it is not, we will simply replace gm with g̃m

defined by

gm (x) ≡ g̃m (x)− (y−ỹ)

where ỹ is a regular value of g chosen close enough to y such that (16.20) holds for g̃m in place of gm. Thus
g̃m (x) = y if and only if gm (x) = ỹ and so y is a regular value of g̃m. Therefore,

d (y,Ω,gm) =
∫

Ω

φε (gm (x)− y) det (Dgm (x)) dx (16.22)

for all ε small enough by Lemma 16.12. For x ∈ ∂Ω, and t ∈ [0, 1] ,

|(1− t) g (x) + tgm (x)− y| ≥ (1− t) |g (x)− y|+ t |gm (x)− y|
≥ (1− t) |g (x)− y|+ t |g (x)− y| − ε0

> 3ε0 − ε0 > 0

and so by Theorem 16.16, and (16.22), we can write

d (y,Ω,g) = d (y,Ω,gm) =
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Ω

φε (gm (x)− y) det (Dgm (x)) dx

whenever ε is small enough. Fix such an ε < ε0 and use (16.21) to conclude the right side of the above
equations is independent of m > M. Then let m → ∞ and use (16.19) to take a limit as m → ∞ and
conclude

d (y,Ω,g) = lim
m→∞

∫
Ω

φε (gm (x)− y) det (Dgm (x)) dx

=
∫

Ω

φε (g (x)− y) det (Dg (x)) dx.

This proves the proposition.
With this proposition, we are ready to present the interesting change of variables theorem. Let U be a

bounded open set with the property that ∂U has measure zero and let f ∈ C1
(
U ;Rn

)
. Then Theorem 11.13

implies that f (∂U) also has measure zero. From Proposition 16.35 we see that for y /∈ f (∂U) ,

d (y, U, f) = lim
ε→0

∫
U

φε (f (x)− y) detDf (x) dx,

showing that y→d (y, U, f) is a measurable function. Also,

y→
∫
U

φε (f (x)− y) detDf (x) dx (16.23)

is a function bounded independent of ε because detDf (x) is bounded and the integral of φε equals one.
Letting h ∈ Cc (Rn), we can therefore, apply the dominated convergence theorem and the above observation
that f (∂U) has measure zero to write∫

h (y) d (y, U, f) dy = lim
ε→0

∫
h (y)

∫
U

φε (f (x)− y) detDf (x) dxdy.

Now we will assume for convenience that φε has the following simple form.

φε (x) ≡ 1
εn
φ
(x
ε

)
where the support of φ is contained in B (0,1), φ (x) ≥ 0, and

∫
φ (x) dx = 1. Therefore, interchanging the

order of integration in the above,∫
h (y) d (y, U, f) dy = lim

ε→0

∫
U

detDf (x)
∫
h (y)φε (f (x)− y) dydx

= lim
ε→0

∫
U

detDf (x)
∫
B(0,1)

h (f (x)− εu)φ (u) dudx.

Now ∣∣∣∣∣
∫
U

detDf (x)
∫
B(0,1)

h (f (x)− εu)φ (u) dudx−
∫
U

detDf (x)h (f (x)) dx

∣∣∣∣∣ =

∣∣∣∣∣
∫
U

detDf (x)
∫
B(0,1)

h (f (x)− εu)φ (u) dudx−
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∫
U

detDf (x)
∫
B(0,1)

h (f (x))φ (u) dudx

∣∣∣∣∣ ≤
∣∣∣∣∣
∫
B(0,1)

∫
U

detDf (x) |h (f (x)− εu)− h (f (x))| dxφ (u) du

∣∣∣∣∣
By the uniform continuity of h we see this converges to zero as ε→ 0. Consequently,∫

h (y) d (y, U, f) dy = lim
ε→0

∫
U

detDf (x)
∫
h (y)φε (f (x)− y) dydx

=
∫
U

detDf (x)h (f (x)) dx

which proves the following lemma.

Lemma 16.36 Let h ∈ Cc (Rn) and let f ∈ C1
(
U ;Rn

)
where ∂U has measure zero for U a bounded open

set. Then everything is measurable which needs to be and we have the following formula.∫
h (y) d (y, U, f) dy =

∫
U

detDf (x)h (f (x)) dx.

Next we give a simple corollary which replaces Cc (Rn) with L1 (Rn) .

Corollary 16.37 Let h ∈ L∞ (Rn) and let f ∈ C1
(
U ;Rn

)
where ∂U has measure zero for U a bounded

open set. Then everything is measurable which needs to be and we have the following formula.∫
h (y) d (y, U, f) dy =

∫
U

detDf (x)h (f (x)) dx.

Proof: For all y /∈ f (∂U) a set of measure zero, d (y, U, f) is bounded by some constant which is
independent of y /∈ U due to boundedness of the formula (16.23). The integrand of the integral on the
left equals zero off some bounded set because if y /∈ f (U) , d (y, U, f) = 0. Therefore, we can modify h
off a bounded set and assume without loss of generality that h ∈ L∞ (Rn) ∩ L1 (Rn) . Letting hk be a
sequence of functions of Cc (Rn) which converges pointwise a.e. to h and in L1 (Rn) , in such a way that
|hk (y)| ≤ ||h||∞ + 1 for all x,

|detDf (x)hk (f (x))| ≤ |detDf (x)| (||h||∞ + 1)

and ∫
U

|detDf (x)| (||h||∞ + 1) dx <∞

because U is bounded and h ∈ L∞ (Rn) . Therefore, we may apply the dominated convergence theorem to
the equation ∫

hk (y) d (y, U, f) dy =
∫
U

detDf (x)hk (f (x)) dx

and obtain the desired result.



Differential forms

17.1 Manifolds

Manifolds are sets which resemble Rn locally. To make this more precise, we need some definitions.

Definition 17.1 Let X ⊆ Y where (Y, τ) is a topological space. Then we define the relative topology on X
to be the set of all intersections with X of sets from τ . We say these relatively open sets are open in X.
Similarly, we say a subset of X is closed in X if it is closed with respect to the relative topology on X.

We leave as an easy exercise the following lemma.

Lemma 17.2 Let X and Y be defined as in Definition 17.1. Then the relative topology defined there is a
topology for X. Furthermore, the sets closed in X consist of the intersections of closed sets from Y with X.

With the above lemma and definition, we are ready to define manifolds.

Definition 17.3 A closed and bounded subset of Rm, Ω, will be called an n dimensional manifold with bound-
ary if there are finitely many sets, Ui, open in Ω and continuous one to one functions, Ri : Ui → RiUi ⊆ Rn
such that Ri and R−1

i both are continuous, RiUi is open in Rn≤ ≡
{
u ∈Rn : u1 ≤ 0

}
, and Ω = ∪pi=1Ui. These

mappings, Ri,together with their domains, Ui, are called charts and the totality of all the charts, (Ui,Ri) just
described is called an atlas for the manifold. We also define int (Ω) ≡ {x ∈ Ω : for some i,Rix ∈ Rn<} where
R
n
< ≡

{
u ∈ Rn : u1 < 0

}
. We define ∂Ω ≡ {x ∈ Ω : for some i,Rix ∈ Rn0} where Rn0 ≡

{
u ∈ Rn : u1 = 0

}
and we refer to ∂Ω as the boundary of Ω.

This definition is a little too restrictive. In general we do not require the collection of sets, Ui to be
finite. However, in the case where Ω is closed and bounded, we can always reduce to this because of the
compactness of Ω and since this is the case of most interest to us here, the assumption that the collection of
sets, Ui, is finite is made.

Lemma 17.4 Let ∂Ω and int (Ω) be as defined above. Then int (Ω) is open in Ω and ∂Ω is closed in Ω.
Furthermore, ∂Ω ∩ int (Ω) = ∅, Ω = ∂Ω ∪ int (Ω) , and ∂Ω is an n − 1 dimensional manifold for which
∂ (∂Ω) = ∅. In addition to this, the property of being in int (Ω) or ∂Ω does not depend on the choice of atlas.

Proof: It is clear that Ω = ∂Ω∪ int (Ω) . We show that ∂Ω∩ int (Ω) = ∅. Suppose this does not happen.
Then there would exist x ∈ ∂Ω ∩ int (Ω) . Therefore, there would exist two mappings Ri and Rj such that
Rjx ∈ Rn0 and Rix ∈ Rn< with x ∈ Ui ∩ Uj . Now consider the map, Rj ◦R−1

i , a continuous one to one map
from R

n
≤ to Rn≤ having a continuous inverse. Choosing r > 0 small enough, we may obtain that

R−1
i B (Rix,r) ⊆ Ui ∩ Uj .

Therefore, Rj ◦R−1
i (B (Rix,r)) ⊆ Rn≤ and contains a point on Rn0 . However, this cannot occur because it

contradicts the theorem on invariance of domain, Theorem 16.21, which requires that Rj ◦R−1
i (B (Rix,r))

297
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must be an open subset of Rn. Therefore, we have shown that ∂Ω ∩ int (Ω) = ∅ as claimed. This same
argument shows that the property of being in int (Ω) or ∂Ω does not depend on the choice of the atlas. To
verify that ∂ (∂Ω) = ∅, let P1 : Rn → R

n−1 be defined by P1 (u1, · · ·, un) = (u2, · · ·, un) and consider the
maps P1Ri−ke1 where k is large enough that the images of these maps are in Rn−1

< . Here e1 refers to Rn−1.
We now show that int (Ω) is open in Ω. If x ∈ int (Ω) , then for some i, Rix ∈ Rn< and so whenever, r > 0

is small enough, B (Rix,r) ⊆ Rn< and R−1
i (B (Rix,r)) is a set open in Ω and contained in Ui. Therefore,

all the points of R−1
i (B (Rix,r)) are in int (Ω) which shows that int (Ω) is open in Ω as claimed. Now it

follows that ∂Ω is closed because ∂Ω = Ω \ int (Ω) .

Definition 17.5 Let V ⊆ Rn. We denote by Ck
(
V ;Rm

)
the set of functions which are restrictions to V of

some function defined on Rn which has k continuous derivatives and compact support.

Definition 17.6 We will say an n dimensional manifold with boundary, Ω is a Ck manifold with boundary
for some k ≥ 1 if Rj ◦R−1

i ∈ Ck
(
Ri (Ui ∩ Uj);Rn

)
and R−1

i ∈ Ck
(
RiUi;Rm

)
. We say Ω is orientable if

in addition to this there exists an atlas, (Ur,Rr) , such that whenever Ui ∩ Uj 6= ∅,

det
(
D
(
Rj ◦R−1

i

))
(u) > 0 (17.1)

whenever u ∈ Ri (Ui ∩ Uj) . The mappings, Ri ◦R−1
j are called the overlap maps. We will refer to an atlas

satisfying (17.1) as an oriented atlas. We will also assume that if an oriented n manifold has nonempty
boundary, then n ≥ 2. Thus we are not defining the concept of an oriented one manifold with boundary.

The following lemma is immediate from the definitions.

Lemma 17.7 If Ω is a Ck oriented manifold with boundary, then ∂Ω is also a Ck oriented manifold with
empty boundary.

Proof: We simply let an atlas consist of (Vr,Sr) where Vr is the intersection of Ur with ∂Ω and Sr is of
the form

Sr (x) ≡ P1Rr (x)− kre1

= (u2 − kr, · · ·, un)

where P1 is defined above in Lemma 17.4, e1 refers to Rn−1 and kr is large enough that for all x ∈ Vr,Sr (x) ∈
R
n−1
< .

When we refer to an oriented manifold, Ω, we will always regard ∂Ω as an oriented manifold according
to the construction of Lemma 17.7.

The study of manifolds is really a generalization of something with which everyone who has taken a
normal calculus course is familiar. We think of a point in three dimensional space in two ways. There is a
geometric point and there are coordinates associated with this point. Remember, there are lots of different
coordinate systems which describe a point. There are spherical coordinates, cylindrical coordinates and
rectangular coordinates to name the three most popular coordinate systems. These coordinates are like
the vector u. The point, x is like the geometric point although we are always assuming x has rectangular
coordinates in Rm for some m. Under fairly general conditions, it has been shown there is no loss of generality
in making such an assumption and so we are doing so.

17.2 The integration of differential forms on manifolds

In this section we consider the integration of differential forms on manifolds. This topic is a generalization of
what you did in calculus when you found the work done by a force field on an object which moves over some
path. There you evaluated line integrals. Differential forms are just a generalization of this idea and it turns
out they are what it makes sense to integrate on manifolds. The following lemma, used in establishing the
definition of the degree and proved in that chapter is also the fundamental result in discussing the integration
of differential forms.
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Lemma 17.8 Let g : U → V be C2 where U and V are open subsets of Rn. Then

n∑
j=1

(cof (Dg))ij,j = 0,

where here (Dg)ij ≡ gi,j ≡
∂gi
∂xj

.

We will also need the following fundamental lemma on partitions of unity which is also discussed earlier,
Corollary 12.24.

Lemma 17.9 Let K be a compact set in Rn and let {Ui}∞i=1 be an open cover of K. Then there exists
functions, ψk ∈ C∞c (Ui) such that ψi ≺ Ui and

∞∑
i=1

ψi (x) = 1.

The following lemma will also be used.

Lemma 17.10 Let {i1, · · ·, in} ⊆ {1, · · ·,m} and let R ∈ C1
(
V ;Rm

)
. Letting x = Ru, we define

∂
(
xi1 · · · xin

)
∂ (u1 · · · un)

to be the following determinant.

det


∂xi1

∂u1 · · · ∂xi1

∂un

...
...

∂xin

∂u1 · · · ∂xin

∂un

 .

Then letting R1 ∈ C1
(
W ;Rm

)
and x = R1v = Ru, we have the following formula.

∂
(
xi1 · · · xin

)
∂ (v1 · · · vn)

=
∂
(
xi1 · · · xin

)
∂ (u1 · · · un)

∂
(
u1 · · · un

)
∂ (v1 · · · vn)

.

Proof: We define for I ≡ {i1, · · ·, in} , the mapping PI : Rm → span (ei1 , · · ·, ein) by

PIx ≡

 xi1

...
xin


Thus

∂
(
xi1 · · · xin

)
∂ (u1 · · · un)

= det (D (PIR) (u)) .

since R1 (v) = R (u) = x,

PIR1 (v) = PIR (u)

and so the chain rule implies

D (PIR1) (v) = D (PIR) (u)D
(
R−1 ◦R1

)
(v)
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and so

∂
(
xi1 · · · xin

)
∂ (v1 · · · vn)

= det (D (PIR1) (v)) =

det (D (PIR) (u)) det
(
D
(
R−1 ◦R1

)
(v)
)

=

∂
(
xi1 · · · xin

)
∂ (u1 · · · un)

∂
(
u1 · · · un

)
∂ (v1 · · · vn)

as claimed.
With these three lemmas, we first define what a differential form is and then describe how to integrate

one.

Definition 17.11 We will let I denote an ordered list of n indices from the set, {1, · · ·,m} . Thus I =
(i1, · · ·, in) . We say it is an ordered list because the order matters. Thus if we switch two indices, I would
be changed. A differential form of order n in Rm is a formal expression,

ω =
∑
I

aI (x) dxI

where aI is at least Borel measurable or continuous if you wish dxI is short for the expression

dxi1 ∧ · · · ∧ dxin ,

and the sum is taken over all ordered lists of indices taken from the set, {1, · · ·,m} . For Ω an orientable n
dimensional manifold with boundary, we define ∫

Ω

ω (17.2)

according to the following procedure. We let (Ui,Ri) be an oriented atlas for Ω. Each Ui is the intersection
of an open set in Rm, with Ω and so there exists a C∞ partition of unity subordinate to the open cover, {Oi}
which sums to 1 on Ω. Thus ψi ∈ C∞c (Oi) , has values in [0, 1] and satisfies

∑
i ψi (x) = 1 for all x ∈ Ω. We

call this a partition of unity subordinate to {Ui} in this context. Then we define (17.2) by∫
Ω

ω ≡
p∑
i=1

∑
I

∫
RiUi

ψi
(
R−1
i (u)

)
aI
(
R−1
i (u)

) ∂ (xi1 · · · xin)
∂ (u1 · · · un)

du (17.3)

Of course there are all sorts of questions related to whether this definition is well defined. The formula
(17.2) makes no mention of partitions of unity or a particular atlas. What if we picked a different atlas and a
different partition of unity? Would we get the same number for

∫
Ω
ω? In general, the answer is no. However,

there is a sense in which (17.2) is well defined. This involves the concept of orientation.

Definition 17.12 Suppose Ω is an n dimensional Ck orientable manifold with boundary and let (Ui,Ri)
and (Vi,Si) be two oriented atlass of Ω. We say they have the same orientation if whenever Ui ∩ Vj 6= ∅,

det
(
D
(
Ri ◦ S−1

j

)
(v)
)
> 0 (17.4)

for all v ∈ Sj (Ui ∩ Vj) .

Note that by the chain rule, (17.4) is equivalent to saying det
(
D
(
Sj ◦R−1

i

)
(u)
)
> 0 for all u ∈

Ri (Ui ∩ Vj) .
Now we are ready to discuss the manner in which (17.2) is well defined.
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Theorem 17.13 Suppose Ω is an n dimensional Ck orientable manifold with boundary and let (Ui,Ri)
and (Vi,Si) be two oriented atlass of Ω. Suppose the two atlass have the same orientation. Then if

∫
Ω
ω is

computed with respect to the two atlass the same number is obtained.

Proof: In Definition 17.11 let {ψi} be a partition of unity as described there which is associated with
the atlas (Ui,Ri) and let {ηi} be a partition of unity associated in the same manner with the atlas (Vi,Si) .
Then since the orientations are the same, letting u =

(
Ri ◦ S−1

j

)
v,

det
(
D
(
Ri ◦ S−1

j

)
(v)
)
≡
∂
(
u1 · · · un

)
∂ (v1 · · · vn)

> 0

and so using the change of variables formula,

∑
I

∫
RiUi

ψi
(
R−1
i (u)

)
aI
(
R−1
i (u)

) ∂ (xi1 · · · xin)
∂ (u1 · · · un)

du = (17.5)

q∑
j=1

∑
I

∫
Ri(Ui∩Vj)

ηj
(
R−1
i (u)

)
ψi
(
R−1
i (u)

)
aI
(
R−1
i (u)

) ∂ (xi1 · · · xin)
∂ (u1 · · · un)

du =

q∑
j=1

∑
I

∫
Sj(Ui∩Vj)

ηj
(
S−1
j (v)

)
ψi
(
S−1
j (v)

)
aI
(
S−1
j (v)

) ∂ (xi1 · · · xin)
∂ (u1 · · · un)

∂
(
u1 · · · un

)
∂ (v1 · · · vn)

dv

which by Lemma 17.10 equals

=
q∑
j=1

∑
I

∫
Sj(Ui∩Vj)

ηj
(
S−1
j (v)

)
ψi
(
S−1
j (v)

)
aI
(
S−1
j (v)

) ∂ (xi1 · · · xin)
∂ (v1 · · · vn)

dv. (17.6)

We sum over i in (17.6) and (17.5) to obtain

the definition of
∫
ω using (Ui,Ri) ≡

p∑
i=1

∑
I

∫
RiUi

ψi
(
R−1
i (u)

)
aI
(
R−1
i (u)

) ∂ (xi1 · · · xin)
∂ (u1 · · · un)

du =

p∑
i=1

q∑
j=1

∑
I

∫
Sj(Ui∩Vj)

ηj
(
S−1
j (v)

)
ψi
(
S−1
j (v)

)
aI
(
S−1
j (v)

) ∂ (xi1 · · · xin)
∂ (v1 · · · vn)

dv

=
q∑
j=1

∑
I

∫
Sj(Ui∩Vj)

ηj
(
S−1
j (v)

)
aI
(
S−1
j (v)

) ∂ (xi1 · · · xin)
∂ (v1 · · · vn)

dv =

the definition of
∫
ω using (Vi,Si) .

This proves the theorem.
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17.3 Some examples of orientable manifolds

We show in this section that there are lots of orientable manifolds. The following simple proposition will
give abundant examples.

Proposition 17.14 Suppose Ω is a bounded open subset of Rn with n ≥ 2 having the property that for all
p ∈ ∂Ω ≡ Ω \Ω, there exists an open set, Ũ , containing p, an open interval, (a, b) , an open set, B ⊆ Rn−1,
and a function, g ∈ Ck

(
B;R

)
such that for some k ∈ {1, · · ·, n}

xk = g (x̂k)

whenever x ∈ ∂Ω ∩ Ũ , and Ω ∩ Ũ equals either{
x ∈ Rn : x̂k ∈ B and xk ∈ (a, g (x̂k))

}
(17.7)

or {
x ∈ Rn : x̂k ∈ B and xk ∈ (g (x̂k) , b)

}
. (17.8)

Then Ω is an orientable Ck manifold with boundary. Here

x̂k ≡
(
x1, · · ·, xk−1xk+1, · · ·, xn

)T
.

Proof: Let Ũ and g be as described above. In the case of (17.7) define

R (x) ≡
(
xk − g (x̂k) −x2 · · · x1 · · · xn

)T
where the x1 is in the kth slot. Then it is a simple exercise to verify that det (DR (x)) = 1. Now in case
(17.8) holds, we let

R (x) ≡
(
g (x̂k)− xk x2 · · · x1 · · · xn

)T
We see that in this case we also have det (DR (x)) = 1.

Also, in either case we see that R is one to one and k times continuously differentiable mapping into Rn≤.
In case (17.7) the inverse is given by

R−1 (u) =
(
u1 −u2 · · · uk + g (ûk) · · · un

)T
and in case (17.8), there is also a simple formula for R−1. Now modifying these functions outside of suitable
compact sets, we may assume they are all of the sort needed in the definition of a Ck manifold.

The set, ∂Ω is compact and so there are p of these sets, Ũj covering ∂Ω along with functions Rj as just
described. Let U0 satisfy

Ω \ ∪pi=1Ui ⊆ U0 ⊆ U0 ⊆ Ω

and let R0 (x) ≡
(
x1 − k x2 · · · xn

)
where k is chosen large enough that R0 maps U0 into Rn<.

Modifying this function off some compact set containing U0, to equal zero off this set, we see (Ur,Rr) is an
oriented atlas for Ω if we define Ur ≡ Ũr ∩Ω. The chain rule shows the derivatives of the overlap maps have
positive determinants.

For example, a ball of radius r > 0 is an oriented n manifold with boundary because it satisfies the
conditions of the above proposition. This proposition gives examples of n manifolds in Rn but we want to
have examples of n manifolds in Rm for m > n. The following lemma will help.
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Lemma 17.15 Suppose O is a bounded open subset of Rn and let F : O → R
m be a function in Ck

(
O;Rm

)
where m ≥ n with the property that for all x ∈ O, DF (x) has rank n. Then if y0 = F (x0) , there exists a
bounded open set in Rm,W, which contains y0, a bounded open set, U ⊆ O which contains x0 and a function
G : W → U such that G is in Ck

(
W ;Rn

)
and for all x ∈ U,

G (F (x)) = x.

Furthermore, G = G1 ◦P on W where P is a map of the form

P (y) =
(
yi1 , · · ·, yin

)
for some list of indices, i1 < · · · < in.

Proof: Consider the system

F (x) = y.

Since DF (x0) has rank n, the inverse function theorem can be applied to some system of the form

F ij (x) = yij , j = 1, · · ·, n

to obtain open sets, U1 and V1, subsets of Rn and a function, G1 ∈ Ck (V1;U1) such that G1 is one to one and
onto and is the inverse of the function FI where FI (x) is the vector valued function whose jth component
is F ij (x) . If we restrict the open sets, U1 and V1, calling the restricted open sets, U and V respectively, we
can modify G1 off a compact set to obtain G1 ∈ Ck

(
V ;Rn

)
and G1 is the inverse of FI . Now let P and

G be as defined above and let W = V × Z where Z is a bounded open set in Rm−n such that W contains
F (U) . (If n = m, we let W = V.) We can modify P off a compact set which contains W so the resulting
function, still denoted by P is in Ck

(
W ;Rn

)
Then for x ∈ U

G (F (x)) = G1 (P (F (x))) = G1

(
FI (x)

)
= x.

This proves the lemma.
With this lemma we can give a theorem which will provide many other examples.

Theorem 17.16 Let Ω be an n manifold with boundary in Rn and suppose Ω ⊆ O, an open bounded subset
of Rn. Suppose F ∈ Ck

(
O;Rm

)
is one to one on O and DF (x) has rank n for all x ∈ O. Then F (Ω) is

also a manifold with boundary and ∂F (Ω) = F (∂Ω) . If Ω is a Cl manifold for l ≤ k, then so is F (Ω) . If Ω
is orientable, then so is F (Ω) .

Proof: Let (Ur,Rr) be an atlas for Ω and suppose Ur = Or ∩ Ω where Or is an open subset of O. Let
x0 ∈ Ur. By Lemma 17.15 there exists an open set, Wx0 in Rm containing F (x0), an open set in Rn, Ũx0

containing x0, and Gx0 ∈ Ck
(
Wx0 ;Rn

)
such that

Gx0 (F (x)) = x

for all x ∈ Ũx0 . Let Ux0 ≡ Ur ∩ Ũx0 .
Claim: F (Ux0) is open in F (Ω) .
Proof: Let x ∈ Ux0 . If F (x1) is close enough to F (x) where x1 ∈ Ω, then F (x1) ∈Wx0 and so

|x− x1| = |Gx0 (F (x))−Gx0 (F (x1))|
≤ K |(F (x))− F (x1)|

where K is some constant which depends only on

max {||DGx0 (y)|| : y ∈Rm} .
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Therefore, if F (x1) is close enough to F (x) , it follows we can conclude |x− x1| is very small. Since Ux0

is open in Ω it follows that whenever F (x1) is sufficiently close to F (x) , we have x1 ∈ Ux0 . Consequently
F (x1) ∈ F (Ux0) . This shows F (Ux0) is open in F (Ω) and proves the claim.

With this claim it follows that (F (Ux0) ,Rr ◦Gx0) is a chart. The inverse map of Rr◦Gx0 being F ◦R−1
r .

Since Ω is compact there are finitely many of these sets, F (Uxi) covering Ω. This yields an atlas for F (Ω)
of the form (F (Uxi) ,Rr ◦Gxi) where xi ∈ Ur and proves the first part. If the R−1

r are in Cl
(
RrUr;Rn

)
,

then the overlap map for two of these charts is of the form,(
Rs ◦Gxj

)
◦
(
F ◦R−1

r

)
= Rs ◦R−1

r

while the inverse of one of the maps in the chart is of the form

F ◦R−1
r

showing that if Ω is a Cl manifold, then F (Ω) is also. This also verifies the claim that if (Ur,Rr) is an
oriented atlas for Ω, then F (Ω) also has an oriented atlas since the overlap maps described above are all of
the form Rs ◦R−1

r .
It remains to verify the assertion about boundaries. y ∈ ∂F (Ω) if and only if for some xi ∈ Ur,

Rr ◦Gxi (y) ∈ Rn0
if and only if

Gxi (y) ∈ ∂Ω

if and only if

Gxi (F (x)) = x ∈ ∂Ω

where F (x) = y if and only if y ∈ F (∂Ω) . This proves the theorem.
A function F satisfying the condifions listed in Theorem17.16 is called a regular mapping.

17.4 Stokes theorem

One of the most important theorems in this subject is Stokes theorem which relates an integral of a differential
form on an oriented manifold with boundary to another integral of a differential form on the boundary.

Lemma 17.17 Let (Ui,Ri) be an oriented atlas for Ω, an oriented manifold. Also let ω =
∑
aIdxI be a

differential form for which aI has compact support contained in Ur for each I. Then∑
I

∫
RrUr

aI ◦R−1
r (u)

∂
(
xi1 · · · xin

)
∂ (u1 · · · un)

du =
∫

Ω

ω. (17.9)

Proof: Let K ⊆ Ur be a compact set for which aI = 0 off K for all I. Then consider the atlas, (U ′i ,Ri)
where U ′i ≡ Ui∩KC for all i 6= r, Ur ≡ U ′r. Thus (U ′i ,Ri) is also an oriented atlas. Now let {ψi}be a partition
of unity subordinate to the sets {U ′i} . Then if i 6= r

ψi (x) aI (x) = 0

for all I. Therefore, ∫
Ω

ω ≡
∑
i

∑
I

∫
RiUi

(ψiaI) ◦R−1
i (u)

∂
(
xi1 · · · xin

)
∂ (u1 · · · un)

du

=
∑
I

∫
RrUr

aI ◦R−1
r (u)

∂
(
xi1 · · · xin

)
∂ (u1 · · · un)

du

and this proves the lemma.
Before proving Stokes theorem we need a definition. (This subject has a plethora of definitions.)
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Definition 17.18 Let ω =
∑
I aI (x) dxi1 ∧ · · · ∧ dxin−1 be a differential form of order n− 1 where aI is in

C1
c (Rn) . Then we define dω, a differential form of order n by replacing aI (x) with

daI (x) ≡
m∑
k=1

∂aI (x)
∂xk

dxk (17.10)

and putting a wedge after the dxk. Therefore,

dω ≡
∑
I

m∑
k=1

∂aI (x)
∂xk

dxk ∧ dxi1 ∧ · · · ∧ dxin−1 . (17.11)

Having wallowed in definitions, we are finally ready to prove Stoke’s theorem. The proof is very elemen-
tary, amounting to a computation which comes from the definitions.

Theorem 17.19 (Stokes theorem) Let Ω be a C2 orientable manifold with boundary and let ω ≡
∑
I aI (x) dxi1∧

· · · ∧ dxin−1 be a differential form of order n− 1 for which aI is C1. Then∫
∂Ω

ω =
∫

Ω

dω. (17.12)

Proof: We let (Ur,Rr) , r ∈ {1, · · ·, p} be an oriented atlas for Ω and let {ψr} be a partition of unity
subordinate to {Ur} . Let B ≡ {r : RrUr ∩ Rn0 6= ∅} .∫

Ω

dω ≡
m∑
j=1

∑
I

p∑
r=1

∫
RrUr

(
ψr
∂aI
∂xj
◦R−1

r

)
(u)

∂
(
xjxi1 · · · xin−1

)
∂ (u1 · · · un)

du

Now

ψr
∂aI
∂xj

=
∂ (ψraI)
∂xj

− ∂ψr
∂xj

aI

Therefore, ∫
Ω

dω =
m∑
j=1

∑
I

p∑
r=1

∫
RrUr

(
∂ (ψraI)
∂xj

◦R−1
r

)
(u)

∂
(
xjxi1 · · · xin−1

)
∂ (u1 · · · un)

du

−
m∑
j=1

∑
I

p∑
r=1

∫
RrUr

(
∂ψr
∂xj

aI ◦R−1
r

)
(u)

∂
(
xjxi1 · · · xin−1

)
∂ (u1 · · · un)

du (17.13)

Consider the second line in (17.13). The expression, ∂ψr
∂xj aI has compact support in Ur and so by Lemma

17.17, this equals

−
p∑
r=1

∫
Ω

m∑
j=1

∑
I

∂ψr
∂xj

aIdx
j ∧ dxi1 ∧ · · · ∧ dxin−1 =

−
∫

Ω

m∑
j=1

∑
I

p∑
r=1

∂ψr
∂xj

aIdx
j ∧ dxi1 ∧ · · · ∧ dxin−1 =

−
∫

Ω

m∑
j=1

∑
I

∂

∂xj

(
p∑
r=1

ψr

)
aIdx

j ∧ dxi1 ∧ · · · ∧ dxin−1 = 0
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because
∑
r ψr = 1 on Ω. Thus we are left to consider the first line in (17.13).

∂
(
xjxi1 · · · xin−1

)
∂ (u1 · · · un)

=
n∑
k=1

∂xj

∂uk
A1k

where A1k denotes the cofactor of ∂xj

∂uk
. Thus, letting x = R−1

r (u) and using the chain rule,∫
Ω

dω =
m∑
j=1

∑
I

p∑
r=1

∫
RrUr

(
∂ (ψraI)
∂xj

◦R−1
r

)
(u)

∂
(
xjxi1 · · · xin−1

)
∂ (u1 · · · un)

du

=
m∑
j=1

∑
I

p∑
r=1

∫
RrUr

(
∂ (ψraI)
∂xj

(x)
) n∑
k=1

∂xj

∂uk
A1kdu

=
m∑
j=1

∑
I

p∑
r=1

n∑
k=1

∫
RrUr

(
∂
(
ψraI ◦R−1

r

)
∂uk

)
A1kdu

=
n∑
k=1

 m∑
j=1

∑
I

p∑
r=1

∫
R
n
≤

(
∂
(
ψraI ◦R−1

r

)
∂uk

)
A1kdu


There are two cases here on the kth term in the above sum over k. The first case is where k 6= 1. In this
case we integrate by parts and obtain the kth term is

m∑
j=1

∑
I

p∑
r=1

(
−
∫
R
n
≤

ψraI ◦R−1
r

∂A1k

∂uk
du

)

In the case where k = 1, we integrate by parts and obtain the kth term equals

m∑
j=1

∑
I

p∑
r=1

∫
Rn−1

(
ψraI ◦R−1

r A11|0−∞
)
du2 · · · dun −

∫
R
n
≤

ψraI ◦R−1
r

∂A11

∂u1
du

Adding all these terms up and using Lemma 17.8, we finally obtain∫
Ω

dω =
m∑
j=1

∑
I

p∑
r=1

∫
Rn−1

(
ψraI ◦R−1

r A11|0−∞
)

=

m∑
j=1

∑
I

∑
r∈B

∫
Rn−1

(
ψraI ◦R−1

r

) ∂ (xi1 · · · xin−1
)

∂ (u2 · · · un)
(
0, u2, · · ·, un

)
du2 · · · dun

=
m∑
j=1

∑
I

∑
r∈B

∫
RrUr∩Rn0

(
ψraI ◦R−1

r

) ∂ (xi1 · · · xin−1
)

∂ (u2 · · · un)
(
0, u2, · · ·, un

)
du2 · · · dun

=
∫
∂Ω

ω.

This proves Stoke’s theorem.

17.5 A generalization

We used that R−1
i is C2 in the proof of Stokes theorem but the end result is a formula which involves only

the first derivatives of R−1
i . This suggests that it is not necessary to make this assumption. This is in fact
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the case. We give an argument which shows that Stoke’s theorem holds for oriented C1manifolds. For a still
more general theorem see Section 20.7. We do not present this more general result here because it depends
on too many hard theorems which are not proved until later.

Now suppose Ω is only a C1 orientable manifold. Then in the proof of Stoke’s theorem, we can say there
exists some subsequence, n→∞ such that∫

Ω

dω ≡ lim
n→∞

m∑
j=1

∑
I

p∑
r=1

∫
RrUr

(
ψr
∂aI
∂xj
◦
(
R−1
r ∗ φN

))
(u)

∂
(
xjxi1 · · · xin−1

)
∂ (u1 · · · un)

du

where φN is a mollifier and

∂
(
xjxi1 · · · xin−1

)
∂ (u1 · · · un)

is obtained from

x = R−1
r ∗ φN (u) .

The reason we can assert this limit is that from the dominated convergence theorem, it is routine to show(
R−1
r ∗ φN

)
,i

=
(
R−1
r

)
,i
∗ φN

and by results presented in Chapter 12 using Minkowski’s inequality, we see limN→∞
(
R−1
r ∗ φN

)
,i

=
(
R−1
r

)
,i

in Lp (RrUr) for every p. Taking an appropriate subsequence, we can obtain, in addition to this, almost
everywhere convergence for every partial derivative and every Rr.We may also arrange to have

∑
ψr = 1

near Ω. We may do this as follows. If Ur = Or ∩Ω where Or is open in Rm, we see that the compact set, Ω is
covered by the open sets, Or. Consider the compact set, Ω +B (0, δ) ≡ K where δ < dist (Ω,Rm \ ∪pi=1Oi) .
Then take a partition of unity subordinate to the open cover {Oi} which sums to 1 on K. Then for N large
enough, R−1

r ∗ φN (RrUi) will lie in this set, K, where
∑
ψr = 1.

Then we do the computations as in the proof of Stokes theorem. Using the same computations, with
R−1
r ∗ φN in place of R−1

r , along with the dominated convergence theorem,∫
Ω

dω =

lim
n→∞

m∑
j=1

∑
I

∑
r∈B

∫
RrUr∩Rn0

(
ψraI ◦

(
R−1
r ∗ φN

)) ∂ (xi1 · · · xin−1
)

∂ (u2 · · · un)
(
0, u2, · · ·, un

)
du2 · · · dun

=
m∑
j=1

∑
I

∑
r∈B

∫
RrUr∩Rn0

(
ψraI ◦R−1

r

) ∂ (xi1 · · · xin−1
)

∂ (u2 · · · un)
(
0, u2, · · ·, un

)
du2 · · · dun ≡

∫
∂Ω

ω.

This yields the following generalization of Stoke’s theorem to the case of C1 manifolds.

Theorem 17.20 (Stokes theorem) Let Ω be a C1 oriented manifold with boundary and let ω ≡
∑
I aI (x) dxi1∧

· · · ∧ dxin−1 be a differential form of order n− 1 for which aI is C1. Then∫
∂Ω

ω =
∫

Ω

dω. (17.14)
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17.6 Surface measures

Let Ω be a C1 manifold in Rm, oriented or not. Let f be a continuous function defined on Ω, and let (Ui,Ri)
be an atlas and let {ψi} be a C∞ partition of unity subordinate to the sets, Ui as described earlier. If
ω =

∑
I aI (x) dxI is a differential form, we may always assume

dxI = dxi1 ∧ · · · ∧ dxin

where i1 < i2 < · · · < in. The reason for this is that in taking an integral used to integrate the differential

form, a switch in two of the dxj results in switching two rows in the determinant,
∂(xi1 ···xin)
∂(u1···un) , implying that

any two of these differ only by a multiple of −1. Therefore, there is no loss of generality in assuming from
now on that in the sum for ω, I is always a list of indices which are strictly increasing. The case where
some term of ω has a repeat, dxir = dxis can be ignored because such terms deliver zero in integrating the
differential form because they involve a determinant having two equal rows. We emphasize again that from
now on I will refer to an increasing list of indices.

Let

Ji (u) ≡

∑
I

(
∂
(
xi1 · · · xin

)
∂ (u1 · · · un)

)2
1/2

where here the sum is taken over all possible increasing lists of n indices, I, from {1, · · ·,m} and x = R−1
i u.

Thus there are
(
m
n

)
terms in the sum. Note that if m = n we obtain only one term in the sum, the absolute

value of the determinant of Dx (u) . We define a positive linear functional, Λ on C (Ω) as follows:

Λf ≡
p∑
i=1

∫
RiUi

fψi
(
R−1
i (u)

)
Ji (u) du. (17.15)

We will now show this is well defined.

Lemma 17.21 The functional defined in (17.15) does not depend on the choice of atlas or the partition of
unity.

Proof: In (17.15), let {ψi} be a partition of unity as described there which is associated with the atlas
(Ui,Ri) and let {ηi} be a partition of unity associated in the same manner with the atlas (Vi,Si) . Using
the change of variables formula with u =

(
Ri ◦ S−1

j

)
v

p∑
i=1

∫
RiUi

ψif
(
R−1
i (u)

)
Ji (u) du = (17.16)

p∑
i=1

q∑
j=1

∫
RiUi

ηjψif
(
R−1
i (u)

)
Ji (u) du =

p∑
i=1

q∑
j=1

∫
Sj(Ui∩Vj)

ηj
(
S−1
j (v)

)
ψi
(
S−1
j (v)

)
f
(
S−1
j (v)

)
Ji (u)

∣∣∣∣∣∂
(
u1 · · · un

)
∂ (v1 · · · vn)

∣∣∣∣∣ dv

=
p∑
i=1

q∑
j=1

∫
Sj(Ui∩Vj)

ηj
(
S−1
j (v)

)
ψi
(
S−1
j (v)

)
f
(
S−1
j (v)

)
Jj (v) dv. (17.17)
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This yields

the definition of Λf using (Ui,Ri) ≡

p∑
i=1

∫
RiUi

ψif
(
R−1
i (u)

)
Ji (u) du =

p∑
i=1

q∑
j=1

∫
Sj(Ui∩Vj)

ηj
(
S−1
j (v)

)
ψi
(
S−1
j (v)

)
f
(
S−1
j (v)

)
Jj (v) dv

=
q∑
j=1

∫
Sj(Vj)

ηj
(
S−1
j (v)

)
f
(
S−1
j (v)

)
Jj (v) dv

the definition of Λf using (Vi,Si) .

This proves the lemma.
This lemma implies the following theorem.

Theorem 17.22 Let Ω be a Ck manifold with boundary. Then there exists a unique Radon measure, µ,
defined on Ω such that whenever f is a continuous function defined on Ω and (Ui,Ri) denotes an atlas and
{ψi} a partition of unity subordinate to this atlas, we have

Λf =
∫

Ω

fdµ =
p∑
i=1

∫
RiUi

ψif
(
R−1
i (u)

)
Ji (u) du. (17.18)

Furthermore, for any f ∈ L1 (Ω, µ) ,∫
Ω

fdµ =
p∑
i=1

∫
RiUi

ψif
(
R−1
i (u)

)
Ji (u) du (17.19)

and a subset, A, of Ω is µ measurable if and only if for all r,Rr (Ur ∩A) is Jr (u) du measurable.

Proof:We begin by proving the following claim.
Claim :A set, S ⊆ Ui, has µ measure zero in Ui, if and only if RiS has measure zero in RiUi with

respect to the measure, Ji (u) du.
Proof of the claim:Let ε > 0 be given. By outer regularity, there exists a set, V ⊆ Ui, open in Ω

such that µ (V ) < ε and S ⊆ V ⊆ Ui. Then RiV is open in Rn≤ and contains RiS. Letting h ≺ O, where
O ∩ Rn≤ = RiV and mn (O) < mn (RiV ) + ε, and letting h1 (x) ≡ h (Ri (x)) for x ∈ Ui, we see h1 ≺ V. By
Corollary 12.24, we can also choose our partition of unity so that spt (h1) ⊆ {x ∈ Rm : ψi (x) = 1} . Thus
ψjh1

(
R−1
j (u)

)
= 0 unless j = i when this reduces to h1

(
R−1
i (u)

)
. Thus

ε ≥ µ (V ) ≥
∫
V

h1dµ =
∫

Ω

h1dµ =
p∑
j=1

∫
RjUj

ψjh1

(
R−1
j (u)

)
Jj (u) du

=
∫

RiUi

h1

(
R−1
i (u)

)
Ji (u) du =

∫
RiUi

h (u) Ji (u) du =
∫

RiV

h (u) Ji (u) du

≥
∫
O

h (u) Ji (u) du−Kiε,
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where Ki ≥ ||Ji||∞ . Now this holds for all h ≺ O and so∫
RiS

Ji (u) du ≤
∫

RiV

Ji (u) du ≤
∫
O

Ji (u) du ≤ ε (1 +Ki) .

Since ε is arbitrary, this shows RiS has mesure zero with respect to the measure, Ji (u) du as claimed.
Now we prove the converse. Suppose RiS has Jr (u) du measure zero. Then there exists an open set, O

such that O ⊇ RiS and ∫
O

Ji (u) du < ε.

Thus R−1
i (O ∩RiUi) is open in Ω and contains S. Let h ≺ R−1

i (O ∩RiUi) be such that∫
Ω

hdµ+ ε > µ
(
R−1
i (O ∩RiUi)

)
≥ µ (S)

As in the first part, we can choose our partition of unity such that h (x) = 0 off the set,

{x ∈ Rm : ψi (x) = 1}

and so as in this part of the argument,∫
Ω

hdµ ≡
p∑
j=1

∫
RjUj

ψjh
(
R−1
j (u)

)
Jj (u) du

=
∫

RiUi

h
(
R−1
i (u)

)
Ji (u) du

=
∫
O∩RiUi

h
(
R−1
i (u)

)
Ji (u) du

≤
∫
O

Ji (u) du < ε

and so µ (S) ≤ 2ε. Since ε is arbitrary, this proves the claim.
Now let A ⊆ Ur be µ measurable. By the regularity of the measure, there exists an Fσ set, F and a Gδ

set, G such that Ur ⊇ G ⊇ A ⊇ F and µ (G \ F ) = 0.(Recall a Gδ set is a countable intersection of open sets
and an Fσ set is a countable union of closed sets.) Then since Ω is compact, it follows each of the closed sets
whose union equals F is a compact set. Thus if F = ∪∞k=1Fk we know Rr (Fk) is also a compact set and so
Rr (F ) = ∪∞k=1Rr (Fk) is a Borel set. Similarly, Rr (G) is also a Borel set. Now by the claim,∫

Rr(G\F )

Jr (u) du = 0.

We also see that since Rr is one to one,

RrG \RrF = Rr (G \ F )

and so

Rr (F ) ⊆ Rr (A) ⊆ Rr (G)

where Rr (G) \ Rr (F ) has measure zero. By completeness of the measure, Ji (u) du, we see Rr (A) is
measurable. It follows that if A ⊆ Ω is µ measurable, then Rr (Ur ∩A) is Jr (u) du measurable for all r. The
converse is entirely similar.



17.7. DIVERGENCE THEOREM 311

Letting f ∈ L1 (Ω, µ) , we use the fact that µ is a Radon mesure to obtain a sequence of continuous
functions, {fk} which converge to f in L1 (Ω, µ) and for µ a.e. x. Therefore, the sequence

{
fk
(
R−1
i (·)

)}
is

a Cauchy sequence in L1
(
RiUi;ψi

(
R−1
i (u)

)
Ji (u) du

)
. It follows there exists

g ∈ L1
(
RiUi;ψi

(
R−1
i (u)

)
Ji (u) du

)
such that fk

(
R−1
i (·)

)
→ g in L1

(
RiUi;ψi

(
R−1
i (u)

)
Ji (u) du

)
. By the pointwise convergence, g (u) =

f
(
R−1
i (u)

)
for µ a.e. R−1

i (u) ∈ Ui. By the above claim, g = f ◦R−1
i for a.e. u ∈ RiUi and so

f ◦R−1
i ∈ L

1 (RiUi; Ji (u) du)

and we can write ∫
Ω

fdµ = lim
k→∞

∫
Ω

fkdµ = lim
k→∞

p∑
i=1

∫
RiUi

ψifk
(
R−1
i (u)

)
Ji (u) du

=
p∑
i=1

∫
RiUi

ψi
(
R−1
i (u)

)
g (u) Ji (u) du

=
p∑
i=1

∫
RiUi

ψif
(
R−1
i (u)

)
Ji (u) du.

This proves the theorem.

Corollary 17.23 Let f ∈ L1 (Ω;µ) and suppose f (x) = 0 for all x /∈ Ur where (Ur,Rr) is a chart in a Ck

atlas for Ω. Then ∫
Ω

fdµ =
∫
Ur

fdµ =
∫

RrUr

f
(
R−1
r (u)

)
Jr (u) du. (17.20)

Proof: Using regularity of the measures, we can pick a compact subset, K, of Ur such that∣∣∣∣∫
Ur

fdµ−
∫
K

fdµ

∣∣∣∣ < ε.

Now by Corollary 12.24, we can choose the partition of unity such that K ⊆ {x ∈ Rm : ψr (x) = 1} . Then∫
K

fdµ =
p∑
i=1

∫
RiUi

ψifXK
(
R−1
i (u)

)
Ji (u) du

=
∫

RrUr

fXK
(
R−1
r (u)

)
Jr (u) du.

Therefore, letting Kl ↑ RrUr we can take a limit and conclude∣∣∣∣∫
Ur

fdµ−
∫

RrUr

f
(
R−1
r (u)

)
Jr (u) du

∣∣∣∣ ≤ ε.
Since ε is arbitrary, this proves the corollary.

17.7 Divergence theorem

What about writing the integral of a differential form in terms of this measure? This is a useful idea because
it allows us to obtain various important formulas such as the divergence theorem which are traditionally
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written not in terms of differential forms but in terms of measure on the surface and outer normals. Let ω
be a differential form,

ω (x) =
∑
I

aI (x) dxI

where aI is continuous and the sum is taken over all increasing lists from {1, · · ·,m} . We assume Ω is a Ck

manifold which is orientable and that (Ur,Rr) is an oriented atlas for Ω while, {ψr} is a C∞ partition of
unity subordinate to the Ur.

Lemma 17.24 Consider the set,

S ≡
{
x ∈ Ω : for some r,x = R−1

r (u) where x ∈ Ur and Jr (u) = 0
}
.

Then µ (S) = 0.

Proof: Let Sr denote those points, x, of Ur for which x = R−1
r (u) and Jr (u) = 0. Thus S = ∪pr=1Sr.

From Corollary 17.23 ∫
Ω

XSrdµ =
∫

RrUr

XSr
(
R−1
r (u)

)
Jr (u) du = 0

and so

µ (S) ≤
p∑
k=1

µ (Sk) = 0.

This proves the lemma.
With respect to the above atlas, we define a function of x in the following way. For I = (i1, · · ·, in) an

increasing list of indices,

oI (x) ≡


(
∂(xi1 ···xin)
∂(u1···un)

)
/Jr (u) , if x ∈ Ur \ S

0 if x ∈ S

Now it follows from Lemma 17.10 that if we had used a different atlas having the same orientation, then
oI (x) would be unchanged. We define a vector in R(mn) by letting the Ith component of o (x) be defined by
oI (x) . Also note that since µ (S) = 0, ∑

I

oI (x)2 = 1 µ a.e.

Define

ω (x) · o (x) ≡
∑
I

aI (x) oI (x) ,

From the definition of what we mean by the integral of a differential form, Definition 17.11, it follows that∫
Ω

ω ≡
p∑
r=1

∑
I

∫
RrUr

ψr
(
R−1
r (u)

)
aI
(
R−1
r (u)

) ∂ (xi1 · · · xin)
∂ (u1 · · · un)

du

=
p∑
r=1

∫
RrUr

ψr
(
R−1
r (u)

)
ω
(
R−1
r (u)

)
· o
(
R−1
r (u)

)
Jr (u) du

≡
∫

Ω

ω · odµ (17.21)

Note that ω · o is bounded and measurable so is in L1.
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Lemma 17.25 Let Ω be a Ck oriented manifold in Rn with an oriented atlas, (Ur,Rr). Letting x = R−1
r u

and letting 2 ≤ j ≤ n, we have

n∑
i=1

∂xi

∂uj
(−1)i+1

∂
(
x1 · · · x̂i · · · xn

)
∂ (u2 · · · un)

= 0 (17.22)

for each r. Here, x̂i means this is deleted. If for each r,

∂
(
x1 · · · xn

)
∂ (u1 · · · un)

≥ 0 ,

then for each r

n∑
i=1

∂xi

∂u1
(−1)i+1

∂
(
x1 · · · x̂i · · · xn

)
∂ (u2 · · · un)

≥ 0 a.e. (17.23)

Proof: (17.23) follows from the observation that

∂
(
x1 · · · xn

)
∂ (u1 · · · un)

=
n∑
i=1

∂xi

∂u1
(−1)i+1

∂
(
x1 · · · x̂i · · · xn

)
∂ (u2 · · · un)

by expanding the determinant,

∂
(
x1 · · · xn

)
∂ (u1 · · · un)

,

along the first column. Formula (17.22) follows from the observation that the sum in (17.22) is just the
determinant of a matrix which has two equal columns. This proves the lemma.

With this lemma, it is easy to verify a general form of the divergence theorem from Stoke’s theorem.
First we recall the definition of the divergence of a vector field.

Definition 17.26 Let O be an open subset of Rn and let F (x) ≡
∑n
k=1 F

k (x) ek be a vector field for which
F k ∈ C1 (O) . Then

div (F) ≡
n∑
k=1

∂Fk
∂xk

.

Theorem 17.27 Let Ω be an orientable Ck n manifold with boundary in R
n having an oriented atlas,

(Ur,Rr) which satisfies

∂
(
x1 · · · xn

)
∂ (u1 · · · un)

≥ 0 (17.24)

for all r. Then letting n (x) be the vector field whose ith component taken with respect to the usual basis of
R
n is given by

ni (x) ≡

{
(−1)i+1 ∂

(
x1···x̂i···xn

)
∂(u2···un) /Jr (u) if Jr (u) 6= 0

0 if Jr (u) = 0
(17.25)

for x ∈ Ur ∩ ∂Ω, it follows n (x) is independent of the choice of atlas provided the orientation remains
unchanged. Also n (x) is a unit vector for a.e. x ∈ ∂Ω. Let F ∈ C1

(
Ω;Rn

)
. Then we have the following

formula which is called the divergence theorem.∫
Ω

div (F) dx =
∫
∂Ω

F · ndµ, (17.26)

where µ is the surface measure on ∂Ω defined above.
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Proof: Recall that on ∂Ω

Jr (u) =

 n∑
i=1

∂
(
x1 · · · x̂i · · · xn

)
∂ (u2 · · · un)

2


1/2

From Lemma 17.10 and the definition of two atlass having the same orientation, we see that aside from sets
of measure zero, the assertion about the independence of choice of atlas for the normal, n (x) is verified.
Also, by Lemma 17.24, we know Jr (u) 6= 0 off some set of measure zero for each atlas and so n (x) is a unit
vector for µ a.e. x.

Now we define the differential form,

ω ≡
n∑
i=1

(−1)i+1
Fi (x) dx1 ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn.

Then from the definition of dω,

dω = div (F) dx1 ∧ · · · ∧ dxn.

Now let {ψr} be a partition of unity subordinate to the Ur. Then using (17.24) and the change of variables
formula, ∫

Ω

dω ≡
p∑
r=1

∫
RrUr

(ψrdiv (F))
(
R−1
r (u)

) ∂ (x1 · · · xn
)

∂ (u1 · · · un)
du

=
p∑
r=1

∫
Ur

(ψrdiv (F)) (x) dx =
∫

Ω

div (F) dx.

Now

∫
∂Ω

ω ≡
n∑
i=1

(−1)i+1
p∑
r=1

∫
RrUr∩Rn0

ψrFi
(
R−1
r (u)

) ∂ (x1 · · · x̂i · · · xn
)

∂ (u2 · · · un)
du2 · · · dun

=
p∑
r=1

∫
RrUr∩Rn0

ψr

(
n∑
i=1

Fin
i

)(
R−1
r (u)

)
Jr (u) du2 · · · dun

≡
∫
∂Ω

F · ndµ.

By Stoke’s theorem, ∫
Ω

div (F) dx =
∫

Ω

dω =
∫
∂Ω

ω =
∫
∂Ω

F · ndµ

and this proves the theorem.

Definition 17.28 In the context of the divergence theorem, the vector, n is called the unit outer normal.

Since we did not assume
∂(x1···xn)
∂(u1···un) 6= 0 for all x = R−1

r (u) , this is about all we can say about the
geometric significance of n. However, it is usually the case that we are in a situation where this determinant
is non zero. This is the case in the context of Proposition 17.14 for example, when this determinant was
equal to one. The next proposition shows that n does what we would hope it would do if it really does

deserve to be called a unit outer normal when
∂(x1···xn)
∂(u1···un) 6= 0.
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Proposition 17.29 Let n be given by (17.25) at a point of the boundary,

x0 = R−1
r (u0) ,u0 ∈ Rn0 ,

where (Ur,Rr) is a chart for the manifold, Ω, of Theorem 17.27 and

∂
(
x1 · · · xn

)
∂ (u1 · · · un)

(u0) > 0 (17.27)

at this point, then |n| = 1 and for all t > 0 small enough,

x0 + tn /∈ Ω (17.28)

and

n· ∂x
∂uj

= 0 (17.29)

for all j = 2, · · ·, n.

Proof: First note that (17.27) implies Jr (u0) > 0 and that we have already verified that |n| = 1 and
(17.29). Suppose the proposition is not true. Then there exists a sequence, {tj} such that tj > 0 and tj → 0
for which

R−1
r (u0) + tjn ∈ Ω.

Since Ur is open in Ω, it follows that for all j large enough,

R−1
r (u0) + tjn ∈ Ur.

Therefore, there exists uj ∈ Rn≤ such that

R−1
r (uj) = R−1

r (u0) + tjn.

Now by the inverse function theorem, this implies

uj = Rr

(
R−1
r (u0) + tjn

)
= DRr

(
R−1
r (u0)

)
ntj + u0 + o (tj)

= DR−1
r (u0) ntj + u0 + o (tj) .

At this point we take the first component of both sides and utilize the fact that the first component of u0

equals zero. Then

0 ≥ u1
j = tj

(
DR−1

r (u0) n
)
· e1 + o (tj) . (17.30)

We consider the quantity,
(
DR−1

r (u0) n
)
· e1. From the formula for the inverse in terms of the transpose of

the cofactor matrix, we obtain(
DR−1

r (u0) n
)
· e1 =

1
det
(
DR−1

r (u0)
) (−1)1+j

Mj1n
j

where

M j1 =
∂
(
x1 · · · x̂j · · · xn

)
∂ (u2 · · · un)
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is the determinant of the matrix obtained from deleting the jth row and the first column of the matrix,
∂x1

∂u1 (u0) · · · ∂x1

∂un (u0)
...

...
∂xn

∂u1 (u0) · · · ∂xn

∂un (u0)


which is just the matrix of the linear transformation, DR−1

r (u0) taken with respect to the usual basis
vectors. Now using the given formula for nj we see that

(
DR−1

r (u0) n
)
· e1 > 0. Therefore, we can divide

by the positive number tj in (17.30) and choose j large enough that∣∣∣∣o (tj)
tj

∣∣∣∣ <
(
DR−1

r (u0) n
)
· e1

2

to obtain a contradiction. This proves the proposition and gives a geometric justification of the term “unit
outer normal” applied to n.

17.8 Exercises

1. In the section on surface measure we used∑
I

(
∂
(
xi1 · · · xin

)
∂ (u1 · · · un)

)2
1/2

≡ Ji (u)

What if we had used instead [∑
I

∣∣∣∣∣∂
(
xi1 · · · xin

)
∂ (u1 · · · un)

∣∣∣∣∣
p]1/p

≡ Ji (u)?

Would everything have worked out the same? Why is there a preference for the exponent, 2?

2. Suppose Ω is an oriented C1n manifold in Rnand that for one of the charts,
∂(x1···xn)
∂(u1···un) > 0. Can it be

concluded that this condition holds for all the charts? What if we also assume Ω is connected?

3. We defined manifolds with boundary in terms of the maps, Ri mapping into the special half space,
{u ∈ Rn : u1 ≤ 0} . We retained this special half space in the discussion of oriented manifolds. However,
we could have used any half space in our definition. Show that if n ≥ 2, there was no loss of generality
in restricting our attention to this special half space. Is there a problem in defining oriented manifolds
in this manner using this special half space in the case where n = 1?

4. Let Ω be an oriented Lipschitz or Ck n manifold with boundary in Rn and let f ∈ C1
(
Ω;Rk

)
. Show

that ∫
Ω

∂f
∂xj

dx =
∫
∂Ω

fnjdµ

where µ is the surface measure on ∂Ω discussed above. This says essentially that we can exchange
differentiation with respect to xj on Ω with multiplication by the jth component of the exterior normal
on ∂Ω. Compare to the divergence theorem.

5. Recall the vector valued function, o (x) , for a C1 oriented manifold which has values in R(mn). Show
that for an orientable manifold this function is continuous as well as having its length in R(mn) equal
to one where the length is measured in the usual way.
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6. In the proof of Lemma 17.4 we used a very hard result, the invariance of domain theorem. Assume
the manifold in question is a C1 manifold and give a much easier proof based on the inverse function
theorem.

7. Suppose Ω is an oriented, C1 2 manifold in R3. And consider the function

n (x) ≡

(
∂
(
x2x3

)
∂ (u1u2)

/Ji (u)

)
e1 −

(
∂
(
x1x3

)
∂ (u1u2)

/Ji (u)

)
e2 +

(
∂
(
x1x2

)
∂ (u1u2)

/Ji (u)

)
e3. (17.31)

Show this function has unit length in R3, is independent of the choice of atlas having the same orien-
tation, and is a continuous function of x ∈ Ω. Also show this function is perpendicular to Ω at every
point by verifying its dot product with ∂x/∂ui equals zero. To do this last thing, observe the following
determinant. ∣∣∣∣∣∣∣

∂x1

∂ui
∂x1

∂u1
∂x3

∂u2

∂x2

∂ui
∂x2

∂u1
∂x3

∂u2

∂x3

∂ui
∂x3

∂u1
∂x3

∂u2

∣∣∣∣∣∣∣
8. ↑Take a long rectangular piece of paper, put one twist in it and then glue or tape the ends together.

This is called a Moebus band. Take a pencil and draw a line down the center. If you keep drawing,
you will be able to return to your starting point without ever taking the pencil off the paper. In other
words, the shape you have obtained has only one side. Now if we consider the pencil as a normal vector
to the plane, can you explain why the Moebus band is not orientable? For more fun with scissors and
paper, cut the Moebus band down the center line and see what happens. You might be surprised.

9. Let Ω be a Ck 2 manifold with boundary in R3 and let ω = a1 (x) dx1 + a2 (x) dx2 + a3 (x) dx3 be a
one form where the ai are C1 functions. Show that

dω =
(
∂a2

∂x1
− ∂a1

∂x2

)
dx1 ∧ dx2 +

(
∂a3

∂x1
− ∂a1

∂x3

)
dx1 ∧ dx3 +

(
∂a3

∂x2
− ∂a2

∂x3

)
dx2 ∧ dx3.

Stoke’s theorm would say that
∫
∂Ω
ω =

∫
Ω
dω. This is the classical form of Stoke’s theorem.

10. ↑In the context of 9, Stoke’s theorem is usually written in terms of vector notation rather than differen-
tial form notation. This involves the curl of a vector field and a normal to the given 2 manifold. Let n
be given as in (17.31) and let a C1 vector field be given by a (x) ≡ a1 (x) e1 +a2 (x) e2 +a3 (x) e3where
the ej are the standard unit vectors. Recall from elementary calculus courses that

curl (a) =

∣∣∣∣∣∣
e1 e2 e3

∂
∂x1

∂
∂x2

∂
∂x3

a1 (x) a2 (x) a3 (x)

∣∣∣∣∣∣
=

(
∂a3

∂x2
− ∂a2

∂x3

)
e1 +(

∂a1

∂x3
− ∂a3

∂x1

)
e2 +

(
∂a2

∂x1
− ∂a1

∂x2

)
e3.

Letting µ be the surface measure on Ω and µ1 the surface measure on ∂Ω defined above, show that∫
Ω

dω =
∫

Ω

curl (a) · ndµ
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and so Stoke’s formula takes the form∫
Ω

curl (a) · ndµ =
∫
∂Ω

a1 (x) dx1 + a2 (x) dx2 + a3 (x) dx3

=
∫
∂Ω

a ·Tdµ1

where T is a unit tangent vector to ∂Ω given by

T (x) ≡
(
∂x
∂u2

)
/

∣∣∣∣ ∂x
∂u2

∣∣∣∣ .
Assume

∣∣ ∂x
∂u2

∣∣ 6= 0. This means you have a well defined unit tangent vector to ∂Ω.

11. ↑ It is nice to understand the geometric relationship between n and T. Show that − ∂x
∂u1 points into Ω

while ∂x
∂u2 points along ∂Ω and that n× ∂x

∂u2 ·
(
− ∂x
∂u1

)
= Ji (u)2

> 0. Using the geometric description of
the cross product from elementary calculus, show n is the direction of a person walking arround ∂Ω
with Ω on his left hand. The following picture is illustrative of the situation.

PPPPPP∂Ω
�
�
�
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�
�
�
�
���
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Ω
n

∂x
∂u2

− ∂x
∂u1



Representation Theorems

18.1 Radon Nikodym Theorem

This chapter is on various representation theorems. The first theorem, the Radon Nikodym Theorem, is a
representation theorem for one measure in terms of another. The approach given here is due to Von Neumann
and depends on the Riesz representation theorem for Hilbert space.

Definition 18.1 Let µ and λ be two measures defined on a σ-algebra, S, of subsets of a set, Ω. We say that
λ is absolutely continuous with respect to µ and write λ << µ if λ(E) = 0 whenever µ(E) = 0.

Theorem 18.2 (Radon Nikodym) Let λ and µ be finite measures defined on a σ-algebra, S, of subsets of
Ω. Suppose λ << µ. Then there exists f ∈ L1(Ω, µ) such that f(x) ≥ 0 and

λ(E) =
∫
E

f dµ.

Proof: Let Λ : L2(Ω, µ+ λ)→ C be defined by

Λg =
∫

Ω

g dλ.

By Holder’s inequality,

|Λg| ≤
(∫

Ω

12dλ

)1/2(∫
Ω

|g|2 d (λ+ µ)
)1/2

= λ (Ω)1/2 ||g||2

and so Λ ∈ (L2(Ω, µ + λ))′. By the Riesz representation theorem in Hilbert space, Theorem 15.11, there
exists h ∈ L2(Ω, µ+ λ) with

Λg =
∫

Ω

g dλ =
∫

Ω

hgd(µ+ λ). (18.1)

Letting E ={x ∈ Ω : Imh(x) > 0}, and letting g = XE , (18.1) implies

λ(E) =
∫
E

(Reh+ i Imh)d(µ+ λ). (18.2)

Since the left side of (18.2) is real, this shows (µ+ λ)(E) = 0. Similarly, if

E = {x ∈ Ω : Imh (x) < 0},

319
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then (µ + λ)(E) = 0. Thus we may assume h is real-valued. Now let E = {x : h(x) < 0} and let g = XE .
Then from (18.2)

λ(E) =
∫
E

h d(µ+ λ).

Since h(x) < 0 on E, it follows (µ + λ)(E) = 0 or else the right side of this equation would be negative.
Thus we can take h ≥ 0. Now let E = {x : h(x) ≥ 1} and let g = XE . Then

λ(E) =
∫
E

h d(µ+ λ) ≥ µ(E) + λ(E).

Therefore µ(E) = 0. Since λ << µ, it follows that λ(E) = 0 also. Thus we can assume

0 ≤ h(x) < 1

for all x. From (18.1), whenever g ∈ L2(Ω, µ+ λ),∫
Ω

g(1− h)dλ =
∫

Ω

hgdµ. (18.3)

Let g(x) =
∑n
i=0 h

i(x)XE(x) in (18.3). This yields∫
E

(1− hn+1(x))dλ =
∫
E

n+1∑
i=1

hi(x)dµ. (18.4)

Let f(x) =
∑∞
i=1 h

i(x) and use the Monotone Convergence theorem in (18.4) to let n→∞ and conclude

λ(E) =
∫
E

f dµ.

We know f ∈ L1(Ω, µ) because λ is finite. This proves the theorem.
Note that the function, f is unique µ a.e. because, if g is another function which also serves to represent

λ, we could consider the set,

E ≡ {x : f (x)− g (x) > ε > 0}

and conclude that

0 =
∫
E

f (x)− g (x) dµ ≥ εµ (E) .

Since this holds for every ε > 0, it must be the case that the set where f is larger than g has measure zero.
Similarly, the set where g is larger than f has measure zero. The f in the theorem is sometimes denoted by

dλ

dµ
.

The next corollary is a generalization to σ finite measure spaces.

Corollary 18.3 Suppose λ << µ and there exist sets Sn ∈ S with

Sn ∩ Sm = ∅, ∪∞n=1Sn = Ω,

and λ(Sn), µ(Sn) <∞. Then there exists f ≥ 0, where f is µ measurable, and

λ(E) =
∫
E

f dµ

for all E ∈ S. The function f is µ+ λ a.e. unique.
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Proof: Let Sn = {E ∩ Sn : E ∈ S}. Clearly Sn is a σ algebra of subsets of Sn, λ, µ are both finite
measures on Sn, and λ << µ. Thus, by Theorem 18.2, there exists an Sn measurable function fn, fn(x) ≥ 0,
with

λ(E) =
∫
E

fndµ

for all E ∈ Sn. Define f(x) = fn(x) for x ∈ Sn. Then f is measurable because

f−1((a,∞]) = ∪∞n=1f
−1
n ((a,∞]) ∈ S.

Also, for E ∈ S,

λ(E) =
∞∑
n=1

λ(E ∩ Sn) =
∞∑
n=1

∫
XE∩Sn(x)fn(x)dµ

=
∞∑
n=1

∫
XE∩Sn(x)f(x)dµ

=
∫
E

f dµ.

To see f is unique, suppose f1 and f2 both work and consider

E ≡ {x : f1(x)− f2(x) > 0}.

Then

0 = λ(E ∩ Sn)− λ(E ∩ Sn) =
∫
E∩Sn

f1(x)− f2(x)dµ.

Hence µ(E ∩ Sn) = 0 so µ(E) = 0. Hence λ(E) = 0 also. Similarly

(µ+ λ)({x : f2(x)− f1(x) > 0}) = 0.

This version of the Radon Nikodym theorem will suffice for most applications, but more general versions
are available. To see one of these, one can read the treatment in Hewitt and Stromberg. This involves the
notion of decomposable measure spaces, a generalization of σ− finite.

18.2 Vector measures

The next topic will use the Radon Nikodym theorem. It is the topic of vector and complex measures. Here we
are mainly concerned with complex measures although a vector measure can have values in any topological
vector space.

Definition 18.4 Let (V, || · ||) be a normed linear space and let (Ω,S) be a measure space. We call a function
µ : S → V a vector measure if µ is countably additive. That is, if {Ei}∞i=1 is a sequence of disjoint sets of S,

µ(∪∞i=1Ei) =
∞∑
i=1

µ(Ei).

Definition 18.5 Let (Ω,S) be a measure space and let µ be a vector measure defined on S. A subset, π(E),
of S is called a partition of E if π(E) consists of finitely many disjoint sets of S and ∪π(E) = E. Let

|µ|(E) = sup{
∑

F∈π(E)

||µ(F )|| : π(E) is a partition of E}.

|µ| is called the total variation of µ.
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The next theorem may seem a little surprising. It states that, if finite, the total variation is a nonnegative
measure.

Theorem 18.6 If |µ|(Ω) <∞, then |µ| is a measure on S.

Proof: Let E1 ∩ E2 = ∅ and let {Ai1 · · ·Aini} = π(Ei) with

|µ|(Ei)− ε <
ni∑
j=1

||µ(Aij)|| i = 1, 2.

Let π(E1 ∪ E2) = π(E1) ∪ π(E2). Then

|µ|(E1 ∪ E2) ≥
∑

F∈π(E1∪E2)

||µ(F )|| > |µ|(E1) + |µ|(E2)− 2ε.

Since ε > 0 was arbitrary, it follows that

|µ|(E1 ∪ E2) ≥ |µ|(E1) + |µ|(E2). (18.5)

Let {Ej}∞j=1 be a sequence of disjoint sets of S. Let E∞ = ∪∞j=1Ej and let

{A1, · · ·, An} = π(E∞)

be such that

|µ|(E∞)− ε <
n∑
i=1

||µ(Ai)||.

But ||µ(Ai)|| ≤
∑∞
j=1 ||µ(Ai ∩ Ej)||. Therefore,

|µ|(E∞)− ε <
n∑
i=1

∞∑
j=1

||µ(Ai ∩ Ej)||

=
∞∑
j=1

n∑
i=1

||µ(Ai ∩ Ej)||

≤
∞∑
j=1

|µ|(Ej).

The interchange in order of integration follows from Fubini’s theorem or else Theorem 5.44 on the equality
of double sums, and the last inequality follows because A1 ∩ Ej , · · ·, An ∩ Ej is a partition of Ej .

Since ε > 0 is arbitrary, this shows

|µ|(∪∞j=1Ej) ≤
∞∑
j=1

|µ|(Ej).

By induction, (18.5) implies that whenever the Ei are disjoint,

|µ|(∪nj=1Ej) ≥
n∑
j=1

|µ|(Ej).
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Therefore,

∞∑
j=1

|µ|(Ej) ≥ |µ|(∪∞j=1Ej) ≥ |µ|(∪nj=1Ej) ≥
n∑
j=1

|µ|(Ej).

Since n is arbitrary, this implies

|µ|(∪∞j=1Ej) =
∞∑
j=1

|µ|(Ej)

which proves the theorem.
In the case where V = C, it is automatically the case that |µ|(Ω) <∞. This is proved in Rudin [24]. We

will not need to use this fact, so it is left for the interested reader to look up.

Theorem 18.7 Let (Ω,S) be a measure space and let λ : S → C be a complex vector measure with |λ|(Ω) <
∞. Let µ : S → [0, µ(Ω)] be a finite measure such that λ << µ. Then there exists a unique f ∈ L1(Ω) such
that for all E ∈ S, ∫

E

fdµ = λ(E).

Proof: It is clear that Reλ and Imλ are real-valued vector measures on S. Since |λ|(Ω) <∞, it follows
easily that |Reλ|(Ω) and | Imλ|(Ω) <∞. Therefore, each of

|Reλ|+ Reλ
2

,
|Reλ| − Re(λ)

2
,
| Imλ|+ Imλ

2
, and

| Imλ| − Im(λ)
2

are finite measures on S. It is also clear that each of these finite measures are absolutely continuous with
respect to µ. Thus there exist unique nonnegative functions in L1(Ω), f1, f2, g1, g2 such that for all E ∈ S,

1
2

(|Reλ|+ Reλ)(E) =
∫
E

f1dµ,

1
2

(|Reλ| − Reλ)(E) =
∫
E

f2dµ,

1
2

(| Imλ|+ Imλ)(E) =
∫
E

g1dµ,

1
2

(| Imλ| − Imλ)(E) =
∫
E

g2dµ.

Now let f = f1 − f2 + i(g1 − g2).
The following corollary is about representing a vector measure in terms of its total variation.

Corollary 18.8 Let λ be a complex vector measure with |λ|(Ω) <∞. Then there exists a unique f ∈ L1(Ω)
such that λ(E) =

∫
E
fd|λ|. Furthermore, |f | = 1 |λ| a.e. This is called the polar decomposition of λ.

Proof: First we note that λ << |λ| and so such an L1 function exists and is unique. We have to show
|f | = 1 a.e.

Lemma 18.9 Suppose (Ω,S, µ) is a measure space and f is a function in L1(Ω, µ) with the property that

|
∫
E

f dµ| ≤ µ(E)

for all E ∈ S. Then |f | ≤ 1 a.e.
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Proof of the lemma: Consider the following picture.

�
1

(0, 0) .p

B(p, r)

where B(p, r) ∩B(0, 1) = ∅. Let E = f−1(B(p, r)). If µ(E) 6= 0 then∣∣∣∣ 1
µ(E)

∫
E

f dµ− p
∣∣∣∣ =

∣∣∣∣ 1
µ(E)

∫
E

(f − p)dµ
∣∣∣∣

≤ 1
µ(E)

∫
E

|f − p|dµ < r.

Hence

| 1
µ(E)

∫
E

fdµ| > 1,

contradicting the assumption of the lemma. It follows µ(E) = 0. Since {z ∈ C : |z| > 1} can be covered by
countably many such balls, it follows that

µ(f−1({z ∈ C : |z| > 1} )) = 0.

Thus |f(x)| ≤ 1 a.e. as claimed. This proves the lemma.
To finish the proof of Corollary 18.8, if |λ|(E) 6= 0,∣∣∣∣ λ(E)

|λ|(E)

∣∣∣∣ =
∣∣∣∣ 1
|λ|(E)

∫
E

f d|λ|
∣∣∣∣ ≤ 1.

Therefore |f | ≤ 1, |λ| a.e. Now let

En = {x ∈ Ω : |f(x)| ≤ 1− 1
n
}.

Let {F1, · · ·, Fm} be a partition of En such that
m∑
i=1

|λ(Fi)| ≥ |λ|(En)− ε.

Then

|λ|(En)− ε ≤
m∑
i=1

|λ(Fi)| ≤
m∑
i=1

|
∫
Fi

fd |λ| |

≤
(

1− 1
n

) m∑
i=1

|λ| (Fi)

=
(

1− 1
n

)
|λ| (En)

and so
1
n
|λ| (En) ≤ ε.

Since ε was arbitrary, this shows that |λ| (En) = 0. But {x ∈ Ω : |f(x)| < 1} = ∪∞n=1En. So |λ|({x ∈ Ω :
|f(x)| < 1}) = 0. This proves Corollary 18.8.
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18.3 Representation theorems for the dual space of Lp

In Chapter 14 we discussed the definition of a Banach space and the dual space of a Banach space. We also
saw in Chapter 12 that the Lp spaces are Banach spaces. The next topic deals with the dual space of Lp for
p ≥ 1 in the case where the measure space is σ finite or finite.

Theorem 18.10 (Riesz representation theorem) Let p > 1 and let (Ω,S, µ) be a finite measure space. If
Λ ∈ (Lp(Ω))′, then there exists a unique h ∈ Lq(Ω) ( 1

p + 1
q = 1) such that

Λf =
∫

Ω

hfdµ.

Proof: (Uniqueness) If h1 and h2 both represent Λ, consider

f = |h1 − h2|q−2(h1 − h2),

where h denotes complex conjugation. By Holder’s inequality, it is easy to see that f ∈ Lp(Ω). Thus

0 = Λf − Λf =

∫
h1|h1 − h2|q−2(h1 − h2)− h2|h1 − h2|q−2(h1 − h2)dµ

=
∫
|h1 − h2|qdµ.

Therefore h1 = h2 and this proves uniqueness.
Now let λ(E) = Λ(XE). Let A1, · · ·, An be a partition of Ω.

|ΛXAi | = wi(ΛXAi) = Λ(wiXAi)

for some wi ∈ C, |wi| = 1. Thus

n∑
i=1

|λ(Ai)| =
n∑
i=1

|Λ(XAi)| = Λ(
n∑
i=1

wiXAi)

≤ ||Λ||(
∫
|
n∑
i=1

wiXAi |pdµ)
1
p = ||Λ||(

∫
Ω

dµ)
1
p = ||Λ||µ(Ω)

1
p.

Therefore |λ|(Ω) <∞. Also, if {Ei}∞i=1 is a sequence of disjoint sets of S, let

Fn = ∪ni=1Ei, F = ∪∞i=1Ei.

Then by the Dominated Convergence theorem,

||XFn −XF ||p → 0.

Therefore,

λ(F ) = Λ(XF ) = lim
n→∞

Λ(XFn) = lim
n→∞

n∑
k=1

Λ(XEk) =
∞∑
k=1

λ(Ek).
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This shows λ is a complex measure with |λ| finite. It is also clear that λ << µ. Therefore, by the Radon
Nikodym theorem, there exists h ∈ L1(Ω) with

λ(E) =
∫
E

hdµ = Λ(XE).

Now let s =
∑m
i=1 ciXEi be a simple function. We have

Λ(s) =
m∑
i=1

ciΛ(XEi) =
m∑
i=1

ci

∫
Ei

hdµ =
∫
hsdµ. (18.6)

Claim: If f is uniformly bounded and measurable, then

Λ (f) =
∫
hfdµ.

Proof of claim: Since f is bounded and measurable, there exists a sequence of simple functions, {sn}
which converges to f pointwise and in Lp (Ω) . Then

Λ (f) = lim
n→∞

Λ (sn) = lim
n→∞

∫
hsndµ =

∫
hfdµ,

the first equality holding because of continuity of Λ and the second equality holding by the dominated
convergence theorem.

Let En = {x : |h(x)| ≤ n}. Thus |hXEn | ≤ n. Then

|hXEn |q−2(hXEn) ∈ Lp(Ω).

By the claim, it follows that

||hXEn ||qq =
∫
h|hXEn |q−2(hXEn)dµ = Λ(|hXEn |q−2(hXEn))

≤ ||Λ|| || |hXEn |q−2hXEn ||p = ||Λ|| ||hXEn ||
q
p
q .

Therefore, since q − q
p = 1, it follows that

||hXEn ||q ≤ ||Λ||.

Letting n→∞, the Monotone Convergence theorem implies

||h||q ≤ ||Λ||. (18.7)

Now that h has been shown to be in Lq(Ω), it follows from (18.6) and the density of the simple functions,
Theorem 12.8, that

Λf =
∫
hfdµ

for all f ∈ Lp(Ω). This proves Theorem 18.10.

Corollary 18.11 If h is the function of Theorem 18.10 representing Λ, then ||h||q = ||Λ||.

Proof: ||Λ|| = sup{
∫
hf : ||f ||p ≤ 1} ≤ ||h||q ≤ ||Λ|| by (18.7), and Holder’s inequality.

To represent elements of the dual space of L1(Ω), we need another Banach space.
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Definition 18.12 Let (Ω,S, µ) be a measure space. L∞(Ω) is the vector space of measurable functions such
that for some M > 0, |f(x)| ≤M for all x outside of some set of measure zero (|f(x)| ≤M a.e.). We define
f = g when f(x) = g(x) a.e. and ||f ||∞ ≡ inf{M : |f(x)| ≤M a.e.}.

Theorem 18.13 L∞(Ω) is a Banach space.

Proof: It is clear that L∞(Ω) is a vector space and it is routine to verify that || ||∞ is a norm.
To verify completeness, let {fn} be a Cauchy sequence in L∞(Ω). Let

|fn(x)− fm(x)| ≤ ||fn − fm||∞

for all x /∈ Enm, a set of measure 0. Let E = ∪n,mEnm. Thus µ(E) = 0 and for each x /∈ E, {fn(x)}∞n=1 is
a Cauchy sequence in C. Let

f(x) =
{

0 if x ∈ E
limn→∞ fn(x) if x /∈ E = lim

n→∞
XEC (x)fn(x).

Then f is clearly measurable because it is the limit of measurable functions. If

Fn = {x : |fn(x)| > ||fn||∞}

and F = ∪∞n=1Fn, it follows µ(F ) = 0 and that for x /∈ F ∪ E,

|f(x)| ≤ lim inf
n→∞

|fn(x)| ≤ lim inf
n→∞

||fn||∞ <∞

because {fn} is a Cauchy sequence. Thus f ∈ L∞(Ω). Let n be large enough that whenever m > n,

||fm − fn||∞ < ε.

Thus, if x /∈ E,

|f(x)− fn(x)| = lim
m→∞

|fm(x)− fn(x)|

≤ lim
m→∞

inf ||fm − fn||∞ < ε.

Hence ||f − fn||∞ < ε for all n large enough. This proves the theorem.
The next theorem is the Riesz representation theorem for

(
L1 (Ω)

)′.
Theorem 18.14 (Riesz representation theorem) Let (Ω,S, µ) be a finite measure space. If Λ ∈ (L1(Ω))′,
then there exists a unique h ∈ L∞(Ω) such that

Λ(f) =
∫

Ω

hf dµ

for all f ∈ L1(Ω).

Proof: Just as in the proof of Theorem 18.10, there exists a unique h ∈ L1(Ω) such that for all simple
functions, s,

Λ(s) =
∫
hs dµ. (18.8)

To show h ∈ L∞(Ω), let ε > 0 be given and let

E = {x : |h(x)| ≥ ||Λ||+ ε}.
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Let |k| = 1 and hk = |h|. Since the measure space is finite, k ∈ L1(Ω). Let {sn} be a sequence of simple
functions converging to k in L1(Ω), and pointwise. Also let |sn| ≤ 1. Therefore

Λ(kXE) = lim
n→∞

Λ(snXE) = lim
n→∞

∫
E

hsndµ =
∫
E

hkdµ

where the last equality holds by the Dominated Convergence theorem. Therefore,

||Λ||µ(E) ≥ |Λ(kXE)| = |
∫

Ω

hkXEdµ| =
∫
E

|h|dµ

≥ (||Λ||+ ε)µ(E).

It follows that µ(E) = 0. Since ε > 0 was arbitrary, ||Λ|| ≥ ||h||∞. Now we have seen that h ∈ L∞(Ω), the
density of the simple functions and (18.8) imply

Λf =
∫

Ω

hfdµ , ||Λ|| ≥ ||h||∞. (18.9)

This proves the existence part of the theorem. To verify uniqueness, suppose h1 and h2 both represent Λ
and let f ∈ L1(Ω) be such that |f | ≤ 1 and f(h1 − h2) = |h1 − h2|. Then

0 = Λf − Λf =
∫

(h1 − h2)fdµ =
∫
|h1 − h2|dµ.

Thus h1 = h2.

Corollary 18.15 If h is the function in L∞(Ω) representing Λ ∈ (L1(Ω))′, then ||h||∞ = ||Λ||.

Proof: ||Λ|| = sup{|
∫
hfdµ| : ||f ||1 ≤ 1} ≤ ||h||∞ ≤ ||Λ|| by (18.9).

Next we extend these results to the σ finite case.

Lemma 18.16 Let (Ω,S, µ) be a measure space and suppose there exists a measurable function, r such that
r (x) > 0 for all x, there exists M such that |r (x)| < M for all x, and

∫
rdµ <∞. Then for

Λ ∈ (Lp(Ω, µ))′, p ≥ 1,

there exists a unique h ∈ Lq(Ω, µ), L∞(Ω, µ) if p = 1 such that

Λf =
∫
hfdµ.

Also ||h|| = ||Λ||. (||h|| = ||h||q if p > 1, ||h||∞ if p = 1). Here

1
p

+
1
q

= 1.

Proof: We present the proof in the case where p > 1 and leave the case p = 1 to the reader. It involves
routine modifications of the case presented. Define a new measure µ̃, according to the rule

µ̃ (E) ≡
∫
E

rdµ. (18.10)

Thus µ̃ is a finite measure on S. Now define a mapping, η : Lp(Ω, µ̃)→ Lp(Ω, µ) by

ηf = r
1
p f.
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Then η is one to one and onto. Also it is routine to show

||ηf ||Lp(µ) = ||f ||Lp(µ̃). (18.11)

Consider the diagram below which is descriptive of the situation.

Lq (µ̃) Lp (µ̃)′
η∗

← Lp (µ)′ ,Λ

Lp (µ̃)
η
→ Lp (µ)

By the Riesz representation theorem for finite measures, there exists a unique h ∈ Lq (Ω, µ̃) such that for all
f ∈ Lp (µ̃) ,

Λ (ηf) = η∗Λ (f) ≡
∫

Ω

fhdµ̃, (18.12)

||h||Lq(µ̃) = ||η∗Λ|| = ||Λ|| ,

the last equation holding because of (18.11). But from (18.10),∫
Ω

fhdµ̃ =
∫

Ω

(
r

1
p f
)(

hr
1
q

)
dµ

=
∫

Ω

(ηf)
(
hr

1
q

)
dµ

and so we see that

Λ (ηf) =
∫

Ω

(ηf)
(
hr

1
q

)
dµ

for all f ∈ Lp (µ̃) . Since η is onto, this shows hr
1
q represents Λ as claimed. It only remains to verify

||Λ|| =
∣∣∣∣∣∣hr 1

q

∣∣∣∣∣∣
q
. However, this equation comes immediately form (18.10) and (18.12). This proves the

lemma.
A situation in which the conditions of the lemma are satisfied is the case where the measure space is σ

finite. This allows us to state the following theorem.

Theorem 18.17 (Riesz representation theorem) Let (Ω,S, µ) be σ finite and let

Λ ∈ (Lp(Ω, µ))′, p ≥ 1.

Then there exists a unique h ∈ Lq(Ω, µ), L∞(Ω, µ) if p = 1 such that

Λf =
∫
hfdµ.

Also ||h|| = ||Λ||. (||h|| = ||h||q if p > 1, ||h||∞ if p = 1). Here

1
p

+
1
q

= 1.

Proof: Let {Ωn} be a sequence of disjoint elements of S having the property that

0 < µ(Ωn) <∞, ∪∞n=1Ωn = Ω.
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Define

r(x) =
∞∑
n=1

1
n2
XΩn(x) µ(Ωn)−1, µ̃(E) =

∫
E

rdµ.

Thus ∫
Ω

rdµ = µ̃(Ω) =
∞∑
n=1

1
n2

<∞

so µ̃ is a finite measure. By the above lemma we obtain the existence part of the conclusion of the theorem.
Uniqueness is done as before.

With the Riesz representation theorem, it is easy to show that

Lp(Ω), p > 1

is a reflexive Banach space.

Theorem 18.18 For (Ω,S, µ) a σ finite measure space and p > 1, Lp(Ω) is reflexive.

Proof: Let δr : (Lr(Ω))′ → Lr
′
(Ω) be defined for 1

r + 1
r′

= 1 by∫
(δrΛ)g dµ = Λg

for all g ∈ Lr(Ω). From Theorem 18.17 δr is 1-1, onto, continuous and linear. By the Open Map theorem,
δ−1
r is also 1-1, onto, and continuous (δrΛ equals the representor of Λ). Thus δ∗r is also 1-1, onto, and

continuous by Corollary 14.28. Now observe that J = δ∗p ◦ δ
−1
q . To see this, let z∗ ∈ (Lq)′, y∗ ∈ (Lp)′,

δ∗p ◦ δ
−1
q (δqz∗)(y∗) = (δ∗pz

∗)(y∗)
= z∗(δpy∗)

=
∫

(δqz∗)(δpy∗)dµ,

J(δqz∗)(y∗) = y∗(δqz∗)

=
∫

(δpy∗)(δpz∗)dµ.

Therefore δ∗p ◦ δ
−1
q = J on δq(Lq)′ = Lp. But the two δ maps are onto and so J is also onto.

18.4 Riesz Representation theorem for non σ finite measure spaces

It is not necessary to assume µ is either finite or σ finite to establish the Riesz representation theorem for
1 < p < ∞. This involves the notion of uniform convexity. First we recall Clarkson’s inequality for p ≥ 2.
This was Problem 24 in Chapter 12.

Lemma 18.19 (Clarkson inequality p ≥ 2) For p ≥ 2,

||f + g

2
||pp + ||f − g

2
||pp ≤

1
2
||f ||pp +

1
2
||g||pp.
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Definition 18.20 A Banach space, X, is said to be uniformly convex if whenever ||xn|| ≤ 1 and ||xn+xm
2 || →

1 as n,m→∞, then {xn} is a Cauchy sequence and xn → x where ||x|| = 1.

Observe that Clarkson’s inequality implies Lp is uniformly convex for all p ≥ 2. Uniformly convex spaces
have a very nice property which is described in the following lemma. Roughly, this property is that any
element of the dual space achieves its norm at some point of the closed unit ball.

Lemma 18.21 Let X be uniformly convex and let L ∈ X ′. Then there exists x ∈ X such that

||x|| = 1, Lx = ||L||.

Proof: Let ||x̃n|| ≤ 1 and |Lx̃n| → ||L||. Let xn = wnx̃n where |wn| = 1 and

wnLx̃n = |Lx̃n|.

Thus Lxn = |Lxn| = |Lx̃n| → ||L||.

Lxn → ||L||, ||xn|| ≤ 1.

We can assume, without loss of generality, that

Lxn = |Lxn| ≥
||L||

2

and L 6= 0.
Claim ||xn+xm

2 || → 1 as n,m→∞.
Proof of Claim: Let n,m be large enough that Lxn, Lxm ≥ ||L||− ε

2 where 0 < ε. Then ||xn+xm|| 6= 0
because if it equals 0, then xn = −xm so −Lxn = Lxm but both Lxn and Lxm are positive. Therefore we
can consider xn+xm

||xn+xm|| a vector of norm 1. Thus,

||L|| ≥ |L (xn + xm)
||xn + xm||

| ≥ 2||L|| − ε
||xn + xm||

.

Hence

||xn + xm|| ||L|| ≥ 2||L|| − ε.

Since ε > 0 is arbitrary, limn,m→∞ ||xn + xm|| = 2. This proves the claim.
By uniform convexity, {xn} is Cauchy and xn → x, ||x|| = 1. Thus Lx = limn→∞ Lxn = ||L||. This

proves Lemma 18.21.
The proof of the Riesz representation theorem will be based on the following lemma which says that if

you can show certain things, then you can represent a linear functional.

Lemma 18.22 (McShane) Let X be a complex normed linear space and let L ∈ X ′. Suppose there exists
x ∈ X, ||x|| = 1 with Lx = ||L|| 6= 0. Let y ∈ X and let ψy(t) = ||x+ ty|| for t ∈ R. Suppose ψ′y(0) exists for
each y ∈ X. Then for all y ∈ X,

ψ′y(0) + iψ′−iy(0) = ||L||−1Ly.

Proof: Suppose first that ||L|| = 1. Then

L(x+ t(y − L(y)x)) = Lx = 1 = ||L||.

Therefore, ||x+ t(y − L(y)x)|| ≥ 1. Also for small t, |L(y)t| < 1, and so

1 ≤ ||x+ t(y − L(y)x)|| = ||(1− L(y)t)x+ ty||
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≤ |1− L (y) t|
∣∣∣∣∣∣∣∣x+

t

1− L (y) t
y

∣∣∣∣∣∣∣∣.
This implies

1
|1− tL(y)|

≤ ||x+
t

1− L(y)t
y||. (18.13)

Using the formula for the sum of a geometric series,

1
1− tLy

= 1 + tLy + o (t)

where limt→0 o (t) (t−1) = 0. Using this in (18.13), we obtain

|1 + tL(y) + o (t) | ≤ ||x+ ty + o(t)||

Now if t > 0, since ||x|| = 1, we have

(ψy(t)− ψy(0))t−1 = (||x+ ty|| − ||x||)t−1

≥ (|1 + t L(y)| − 1)t−1 +
o(t)
t

≥ ReL(y) +
o(t)
t

.

If t < 0,

(ψy(t)− ψy(0))t−1 ≤ ReL(y) +
o(t)
t

.

Since ψ′y(0) is assumed to exist, this shows

ψ′y(0) = ReL(y). (18.14)

Now

Ly = ReL(y) + i ImL(y)

so

L(−iy) = −i(Ly) = −i ReL(y) + ImL(y)

and

L(−iy) = ReL (−iy) + i ImL (−iy).

Hence

ReL(−iy) = ImL(y).

Consequently, by (18.14)

Ly = ReL(y) + i ImL(y) = ReL (y) + iReL (−iy)

= ψ′y(0) + i ψ′−iy(0).
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This proves the lemma when ||L|| = 1. For arbitrary L 6= 0, let Lx = ||L||, ||x|| = 1. Then from above, if
L1y ≡ ||L||−1

L (y) , ||L1|| = 1 and so from what was just shown,

L1 (y) =
L(y)
||L||

= ψ′y(0) + iψ−iy(0)

and this proves McShane’s lemma.
We will use the uniform convexity and this lemma to prove the Riesz representation theorem next. Let

p ≥ 2 and let η : Lq → (Lp)′ be defined by

η(g)(f) =
∫

Ω

gf dµ. (18.15)

Theorem 18.23 (Riesz representation theorem p ≥ 2) The map η is 1-1, onto, continuous, and

||ηg|| = ||g||, ||η|| = 1.

Proof: Obviously η is linear. Suppose ηg = 0. Then 0 =
∫
gf dµ for all f ∈ Lp. Let

f = |g|q−2g.

Then f ∈ Lpand so 0 =
∫
|g|qdµ. Hence g = 0 and η is 1-1. That ηg ∈ (Lp)′ is obvious from the Holder

inequality. In fact,

|η(g)(f)| ≤ ||g||q||f ||p,

and so ||η(g)|| ≤ ||g||q. To see that equality holds, let

f = |g|q−2g ||g||1−qq .

Then ||f ||p = 1 and

η(g)(f) =
∫

Ω

|g|qdµ||g||1−qq = ||g||q.

Thus ||η|| = 1. It remains to show η is onto. Let L ∈ (Lp)′. We need show L = ηg for some g ∈ Lq. Without
loss of generality, we may assume L 6= 0. Let

Lg = ||L||, g ∈ Lp, ||g|| = 1.

We can assert the existence of such a g by Lemma 18.21. For f ∈ Lp,

ψf (t) ≡ ||g + tf ||p ≡ φf (t)
1
p .

We show φ′f (0) exists. Let [g = 0] denote the set {x : g (x) = 0}.

φf (t)− φf (0)
t

=

1
t

∫
(|g + tf |p − |g|p)dµ =

1
t

∫
[g=0]

|t|p |f |pdµ

+
∫

[g 6=0]

p|g(x) + s(x)f(x)|p−2 Re[(g(x) + s(x)f(x))f̄(x)]dµ (18.16)
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where the Mean Value theorem is being used on the function t→ |g (x) + tf (x) |p and s(x) is between 0 and
t, the integrand in the second integral of (18.16) equaling

1
t
(|g(x) + tf(x)|p − |g(x)|p).

Now if |t| < 1, the integrand in the last integral of (18.16) is bounded by

p

[
(|g(x)|+ |f(x)|)p

q
+
|f(x)|p

p

]
which is a function in L1 since f, g are in Lp(we used the inequality ab ≤ aq

q + bp

p ). Because of this, we can
apply the Dominated Convergence theorem and obtain

φ′f (0) = p

∫
|g(x)|p−2 Re(g(x)f̄(x))dµ.

Hence

ψ′f (0) = ||g||
−p
q

∫
|g(x)|p−2 Re(g(x)f̄(x))dµ.

Note 1
p − 1 = − 1

q . Therefore,

ψ′−if (0) = ||g||
−p
q

∫
|g(x)|p−2 Re(ig(x)f̄(x))dµ.

But Re(igf̄) = Im(−gf̄) and so by the McShane lemma,

Lf = ||L|| ||g||
−p
q

∫
|g(x)|p−2[Re(g(x)f̄(x)) + i Re(ig(x)f̄(x))]dµ

= ||L|| ||g||
−p
q

∫
|g(x)|p−2[Re(g(x)f̄(x)) + i Im(−g(x)f̄(x))]dµ

= ||L|| ||g||
−p
q

∫
|g(x)|p−2g(x)f(x)dµ.

This shows that

L = η(||L|| ||g||
−p
q |g|p−2g)

and verifies η is onto. This proves the theorem.
To prove the Riesz representation theorem for 1 < p < 2, one can verify that Lp is uniformly convex and

then repeat the above argument. Note that no reference to p ≥ 2 was used in the proof. Unfortunately,
this requires Clarkson’s Inequalities for p ∈ (1, 2) which are more technical than the case where p ≥ 2. To
see this done see Hewitt & Stromberg [15] or Ray [22]. Here we take a different approach using the Milman
theorem which states that uniform convexity implies the space is Reflexive.

Theorem 18.24 (Riesz representation theorem) Let 1 < p <∞ and let η : Lq → (Lp)′ be given by (18.15).
Then η is 1-1, onto, and ||ηg|| = ||g||.

Proof: Everything is the same as the proof of Theorem 18.23 except for the assertion that η is onto.
Suppose 1 < p < 2. (The case p ≥ 2 was done in Theorem 18.23.) Then q > 2 and so we know from Theorem
18.23 that η : Lp → (Lq)′ defined as

ηf (g) ≡
∫

Ω

fgdµ
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is onto and ||ηf || = ||f ||. Then η∗ : (Lq)′′ → (Lp)′ is also 1-1, onto, and ||η∗L|| = ||L||. By Milman’s
theorem, J is onto from Lq → (Lq)′′. This occurs because of the uniform convexity of Lq which follows from
Clarkson’s inequality. Thus both maps in the following diagram are 1-1 and onto.

Lq
J→ (Lq)′′

η∗→ (Lp)′.

Now if g ∈ Lq, f ∈ Lp, then

η∗J(g)(f) = Jg(ηf) = (ηf)(g) =
∫

Ω

fg dµ.

Thus if η : Lq → (Lp)′ is the mapping of (18.15), this shows η = η∗J . Also

||ηg|| = ||η∗Jg|| = ||Jg|| = ||g||.

This proves the theorem.
In the case where p = 1, it is also possible to give the Riesz representation theorem in a more general

context than σ finite spaces. To see this done, see Hewitt and Stromberg [15]. The dual space of L∞ has
also been studied. See Dunford and Schwartz [9].

18.5 The dual space of C (X)

Next we represent the dual space of C(X) where X is a compact Hausdorff space. It will turn out to be a
space of measures. The theorems we will present hold for X a compact or locally compact Hausdorff space
but we will only give the proof in the case where X is also a metric space. This is because the proof we use
depends on the Riesz representation theorem for positive linear functionals and we only gave such a proof
in the special case where X was a metric space. With the more general theorem in hand, the arguments
give here will apply unchanged to the more general setting. Thus X will be a compact metric space in what
follows.

Let L ∈ C(X)′. Also denote by C+(X) the set of nonnegative continuous functions defined on X. Define
for f ∈ C+(X)

λ(f) = sup{|Lg| : |g| ≤ f}.

Note that λ(f) <∞ because |Lg| ≤ ||L|| ||g|| ≤ ||L|| ||f || for |g| ≤ f .

Lemma 18.25 If c ≥ 0, λ(cf) = cλ(f), f1 ≤ f2 implies λf1 ≤ λf2, and

λ(f1 + f2) = λ(f1) + λ(f2).

Proof: The first two assertions are easy to see so we consider the third. Let |gj | ≤ fj and let g̃j = eiθjgj
where θj is chosen such that eiθjLgj = |Lgj |. Thus Lg̃j = |Lgj |. Then

|g̃1 + g̃2| ≤ f1 + f2.

Hence

|Lg1|+ |Lg2| = Lg̃1 + Lg̃2 =

L(g̃1 + g̃2) = |L(g̃1 + g̃2)| ≤ λ(f1 + f2). (18.17)

Choose g1 and g2 such that |Lgi|+ ε > λ(fi). Then (18.17) shows

λ(f1) + λ(f2)− 2ε ≤ λ(f1 + f2).
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Since ε > 0 is arbitrary, it follows that

λ(f1) + λ(f2) ≤ λ(f1 + f2). (18.18)

Now let |g| ≤ f1 + f2, |Lg| ≥ λ(f1 + f2)− ε. Let

hi (x) =

{
fi(x)g(x)
f1(x)+f2(x) if f1 (x) + f2 (x) > 0,
0 if f1 (x) + f2 (x) = 0.

Then hi is continuous and h1(x) + h2(x) = g(x), |hi| ≤ fi. Therefore,

−ε+ λ(f1 + f2) ≤ |Lg| ≤ |Lh1 + Lh2| ≤ |Lh1|+ |Lh2|
≤ λ(f1) + λ(f2).

Since ε > 0 is arbitrary, this shows with (18.18) that

λ(f1 + f2) ≤ λ(f1) + λ(f2) ≤ λ(f1 + f2)

which proves the lemma.
Let C(X;R) be the real-valued functions in C(X) and define

ΛR(f) = λf+ − λf−

for f ∈ C(X;R). Using Lemma 18.25 and the identity

(f1 + f2)+ + f−1 + f−2 = f+
1 + f+

2 + (f1 + f2)−

to write

λ(f1 + f2)+ − λ(f1 + f2)− = λf+
1 − λf

−
1 + λf+

2 − λf
−
2 ,

we see that ΛR(f1+f2) = ΛR(f1)+ΛR(f2). To show that ΛR is linear, we need to verify that ΛR(cf) = cΛR(f)
for all c ∈ R. But

(cf)± = cf±,

if c ≥ 0 while

(cf)+ = −c(f)−,

if c < 0 and

(cf)− = (−c)f+,

if c < 0. Thus, if c < 0,

ΛR(cf) = λ(cf)+ − λ(cf)− = λ
(
(−c) f−

)
− λ

(
(−c)f+

)
= −cλ(f−) + cλ(f+) = c(λ(f+)− λ(f−)).

(If this looks familiar it may be because we used this approach earlier in defining the integral of a real-valued
function.) Now let

Λf = ΛR(Re f) + iΛR(Im f)

for arbitrary f ∈ C(X). It is easy to see that Λ is a positive linear functional on C(X) (= Cc(X) since X is
compact). By the Riesz representation theorem for positive linear functionals, there exists a unique Radon
measure µ such that

Λf =
∫
X

f dµ

for all f ∈ C(X). Thus Λ(1) = µ(X). Now we present the Riesz representation theorem for C(X)′.
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Theorem 18.26 Let L ∈ (C(X))′. Then there exists a Radon measure µ and a function σ ∈ L∞(X,µ) such
that

L(f) =
∫
X

f σ dµ.

Proof: Let f ∈ C(X). Then there exists a unique Radon measure µ such that

|Lf | ≤ Λ(|f |) =
∫
X

|f |dµ = ||f ||1.

Since µ is a Radon measure, we know C(X) is dense in L1(X,µ). Therefore L extends uniquely to an element
of (L1(X,µ))′. By the Riesz representation theorem for L1, there exists a unique σ ∈ L∞(X,µ) such that

Lf =
∫
X

f σ dµ

for all f ∈ C(X).
It is possible to give a simple generalization of the above theorem to locally compact Hausdorff spaces.

We will do this in the special case where X = R
n. Define

X̃ ≡
n∏
i=1

[−∞,∞]

With the product topology where a subbasis for a topology on [−∞,∞] will consist of sets of the form
[−∞, a), (a, b) or (a,∞]. We can also make X̃ into a metric space by using the metric,

ρ (x, y) ≡
n∑
i=1

|arctanxi − arctan yi|

We also define by C0 (X) the space of continuous functions, f , defined on X such that

lim
dist(x,X̃\X)→0

f (x) = 0.

For this space of functions, ||f ||0 ≡ sup {|f (x)| : x ∈ X} is a norm which makes this into a Banach space.
Then the generalization is the following corollary.

Corollary 18.27 Let L ∈ (C0 (X))′ where X = R
n. Then there exists σ ∈ L∞ (X,µ) for µ a Radon measure

such that for all f ∈ C0 (X),

L (f) =
∫
X

fσdµ.

Proof: Let

D̃ ≡
{
f ∈ C

(
X̃
)

: f (z) = 0 if z ∈ X̃ \X
}
.

Thus D̃ is a closed subspace of the Banach space C
(
X̃
)

. Let θ : C0 (X)→ D̃ be defined by

θf (x) =
{
f (x) if x ∈ X,
0 if x ∈ X̃ \X



338 REPRESENTATION THEOREMS

Then θ is an isometry of C0 (X) and D̃. (||θu|| = ||u|| .)It follows we have the following diagram.

C0 (X)′ θ∗

←

(
D̃
)′

i∗

← C
(
X̃
)′

C0 (X) →
θ D̃ →

i C
(
X̃
)

By the Hahn Banach theorem, there exists L1 ∈ C
(
X̃
)′

such that θ∗i∗L1 = L. Now we apply Theorem

18.26 to get the existence of a Radon measure, µ1, on X̃ and a function σ ∈ L∞
(
X̃, µ1

)
, such that

L1g =
∫
X̃

gσdµ1.

Letting the σ algebra of µ1 measurable sets be denoted by S1, we define

S ≡
{
E \

{
X̃ \X

}
: E ∈ S1

}
and let µ be the restriction of µ1 to S. If f ∈ C0 (X),

Lf = θ∗i∗L1f ≡ L1iθf = L1θf =
∫
X̃

θfσdµ1 =
∫
X

fσdµ.

This proves the corollary.

18.6 Weak ∗ convergence

A very important sort of convergence in applications of functional analysis is the concept of weak or weak
∗ convergence. It is important because it allows us to extract a convergent subsequence of a given bounded
sequence. The only problem is the convergence is very weak so it does not tell us as much as we would like.
Nevertheless, it is a very useful concept. The big theorems in the subject are the Eberlein Smulian theorem
and the Banach Alaoglu theorem about the weak or weak ∗ compactness of the closed unit balls in either a
Banach space or its dual space. These theorems are proved in Yosida [29]. Here we will consider a special
case which turns out to be by far the most important in applications and it is not hard to get from the
results of this chapter. First we define what we mean by weak and weak ∗ convergence.

Definition 18.28 Let X ′ be the dual of a Banach space X and let {x∗n} be a sequence of elements of X ′.
Then we say x∗n converges weak ∗ to x∗ if and only if for all x ∈ X,

lim
n→∞

x∗n (x) = x∗ (x) .

We say a sequence in X, {xn} converges weakly to x ∈ X if and only if for all x∗ ∈ X ′

lim
n→∞

x∗ (xn) = x∗ (x) .

The main result is contained in the following lemma.

Lemma 18.29 Let X ′ be the dual of a Banach space, X and suppose X is separable. Then if {x∗n} is a
bounded sequence in X ′, there exists a weak ∗ convergent subsequence.

Proof: Let D be a dense countable set in X. Then the sequence, {x∗n (x)} is bounded for all x and in
particular for all x ∈ D. Use the Cantor diagonal process to obtain a subsequence, still denoted by n such
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that x∗n (d) converges for each d ∈ D. Now let x ∈ X be completely arbitrary. We will show {x∗n (x)} is a
Cauchy sequence. Let ε > 0 be given and pick d ∈ D such that for all n

|x∗n (x)− x∗n (d)| < ε

3
.

We can do this because D is dense. By the first part of the proof, there exists Nε such that for all m,n > Nε,

|x∗n (d)− x∗m (d)| < ε

3
.

Then for such m,n,

|x∗n (x)− x∗m (x)| ≤ |x∗n (x)− x∗n (d)|+ |x∗n (d)− x∗m (d)|

+ |x∗m (d)− x∗m (x)| <
ε

3
+
ε

3
+
ε

3
= ε.

Since ε is arbitrary, this shows {x∗n (x)} is a Cauchy sequence for all x ∈ X.
Now we define f (x) ≡ limn→∞ x∗n (x) . Since each x∗n is linear, it follows f is also linear. In addition to

this,

|f (x)| = lim
n→∞

|x∗n (x)| ≤ K ||x||

where K is some constant which is larger than all the norms of the x∗n. We know such a constant exists
because we assumed that the sequence, {x∗n} was bounded. This proves the lemma.

The lemma implies the following important theorem.

Theorem 18.30 Let Ω be a measurable subset of Rn and let {fk} be a bounded sequence in Lp (Ω) where
1 < p ≤ ∞. Then there exists a weak ∗ convergent subsequence.

Proof: We know from Corollary 12.15 that Lp
′
(Ω) is separable. From the Riesz representation theorem,

we obtain the desired result.
Note that from the Riesz representation theorem, it follows that if p < ∞, then we also have the

susequence converges weakly.

18.7 Exercises

1. Suppose λ (E) =
∫
E
fdµ where λ and µ are two measures and f ∈ L1(µ). Show λ << µ.

2. Show that λ << µ for µ and λ two finite measures, if and only if for every ε > 0 there exists δ > 0
such that whenever µ (E) < δ, it follows λ (E) < ε.

3. Suppose λ, µ are two finite measures defined on a σ algebra S. Show λ = λS +λA where λS and λAare
finite measures satisfying

λS(E) = λS(E ∩ S) , µ(S) = 0 for some S ⊆ S,

λA << µ.

This is called the Lebesgue decomposition. Hint: This is just a generalization of the Radon Nikodym
theorem. In the proof of this theorem, let

S = {x : h(x) = 1}, λS(E) = λ(E ∩ S),

λA(E) = λ(E ∩ Sc).

We write µ⊥λS and λA << µ in this situation.
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4. ↑ Generalize the result of Problem 3 to the case where µ is σ finite and λ is finite.

5. Let F be a nondecreasing right continuous, bounded function,

lim
x→−∞

F (x) = 0.

Let Lf =
∫
fdF where f ∈ Cc(R) and this is just the Riemann Stieltjes integral. Let λ be the Radon

measure representing L. Show

λ((a, b]) = F (b)− F (a) , λ((a, b)) = F (b−)− F (a).

6. ↑ Using Problems 3, 4, and 5, show there is a bounded nondecreasing function G(x) such that G(x) ≤
F (x) and G(x) =

∫ x
−∞ `(t)dt for some ` ≥ 0 , ` ∈ L1(m). Also, if F (x) − G(x) = S(x), then

S(x) is non decreasing and if λS is the measure representing
∫
fdS, then λS⊥m. Hint: Consider

G(x) = λA((−∞, x]).

7. Let λ and µ be two measures defined on S, a σ algebra of subsets of Ω. Suppose µ is σ finite and g
≥ 0 with g measurable. Show that

g =
dλ

dµ
, (λ(E) =

∫
E

gdµ)

if and only if for all A ∈ S ,and α, β,≥ 0,

λ(A ∩ {x : g(x) ≥ α}) ≥ αµ(A ∩ {x : g(x) ≥ α}),

λ(A ∩ {x : g(x) < β}) ≤ βµ(A ∩ {x : g(x) < β}).

Hint: To show g = dλ
dµ from the two conditions, use the conditions to argue that for µ(A) <∞,

βµ(A ∩ {x : g(x) ∈ [α, β)}) ≥ λ(A ∩ {x : g(x) ∈ [α, β)})

≥ αµ(A ∩ {x : g(x) ∈ [α, β)}).

8. Let r, p, q ∈ (1,∞) satisfy

1
r

=
1
p

+
1
q
− 1

and let f ∈ Lp (Rn) , g ∈ Lq (Rn) , f, g ≥ 0. Young’s inequality says that

||f ∗ g||r ≤ ||g||q ||f ||p .

Prove Young’s inequality by justifying or modifying the steps in the following argument using Problem
27 of Chapter 12. Let

h ∈ Lr
′
(Rn) .

(
1
r

+
1
r′

= 1
)

∫
f ∗ g (x) |h (x)| dx =

∫ ∫
f (y) g (x− y) |h (x)| dxdy.
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Let rθ = p so θ ∈ (0, 1), p′ (1− θ) = q, p′ ≥ r′. Then the above

≤
∫ ∫

|f (y)| |g (x− y)|θ |g (x− y)|1−θ |h (x)| dydx

≤
∫ (∫ (

|g (x− y)|1−θ |h (x)|
)r′

dx

)1/r′

·

(∫ (
|f (y)| |g (x− y)|θ

)r
dx

)1/r

dy

≤

[∫ (∫ (
|g (x− y)|1−θ |h (x)|

)r′
dx

)p′/r′
dy

]1/p′

·

[∫ (∫ (
|f (y)| |g (x− y)|θ

)r
dx

)p/r
dy

]1/p

≤

[∫ (∫ (
|g (x− y)|1−θ |h (x)|

)p′
dy

)r′/p′
dx

]1/r′

·

[∫
|f (y)|p

(∫
|g (x− y)|θr dx

)p/r
dy

]1/p

=

[∫
|h (x)|r

′
(∫
|g (x− y)|(1−θ)p

′
dy

)r′/p′
dx

]1/r′

||g||q/rq ||f ||p

= ||g||q/rq ||g||q/p
′

q ||f ||p ||h||r′ = ||g||q ||f ||p ||h||r′ .

Therefore ||f ∗ g||r ≤ ||g||q ||f ||p. Does this inequality continue to hold if r, p, q are only assumed to be
in [1,∞]? Explain.

9. Let X = [0,∞] with a subbasis for the topology given by sets of the form [0, b) and (a,∞]. Show that
X is a compact set. Consider all functions of the form

n∑
k=0

ake
−xkt

where t > 0. Show that this collection of functions is an algebra of functions in C (X) if we define

e−t∞ ≡ 0,

and that it separates the points and annihilates no point. Conclude that this algebra is dense in C (X).
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10. ↑ Suppose f ∈ C (X) and for all t large enough, say t ≥ δ,∫ ∞
0

e−txf (x) dx = 0.

Show that f (x) = 0 for all x ∈ (0,∞). Hint: Show the measure given by dµ = e−δxdx is a regular
measure and so C (X) is dense in L2 (X,µ). Now use Problem 9 to conclude that f (x) = 0 a.e.

11. ↑ Suppose f is continuous on (0,∞), and for some γ > 0,∣∣f (x) e−γx
∣∣ ≤ C

for all x ∈ (0,∞), and suppose also that for all t large enough,∫ ∞
0

f (x) e−txdx = 0.

Show f (x) = 0 for all x ∈ (0,∞). A common procedure in elementary differential equations classes is
to obtain the Laplace transform of an unknown function and then, using a table of Laplace transforms,
find what the unknown function is. Can the result of this problem be used to justify this procedure?

12. ↑ The following theorem is called the mean ergodic theorem.

Theorem 18.31 Let (Ω,S, µ) be a finite measure space and let ψ : Ω→ Ω satisfy ψ−1 (E) ∈ S for all
E ∈ S. Also suppose for all positive integers, n, that

µ
(
ψ−n (E)

)
≤ Kµ (E) .

For f ∈ Lp (Ω) , and p ≥ 1, let

Tf ≡ f ◦ ψ. (18.19)

Then T ∈ L (Lp (Ω) , Lp (Ω)) with

||Tn|| ≤ K1/p. (18.20)

Defining An ∈ L (Lp (Ω) , Lp (Ω)) by

An ≡
1
n

n−1∑
k=0

T k,

there exists A ∈ L (Lp (Ω) , Lp (Ω)) such that for all f ∈ Lp (Ω) ,

Anf → Af weakly (18.21)

and A is a projection, A2 = A, onto the space of all f ∈ Lp (Ω) such that Tf = f . The norm of A
satisfies

||A|| ≤ K1/p. (18.22)

To prove this theorem first show (18.20) by verifying it for simple functions and then using the density
of simple functions in Lp (Ω) . Next let

M ≡
{
g ∈ Lp (Ω) : ||Ang||p → 0.

}
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Show M is a closed subspace of Lp (Ω) containing (I − T ) (Lp (Ω)) . Next show that if

Ankf → h weakly,

then Th = h. If ξ ∈ Lp′ (Ω) is such that
∫
ξgdµ = 0 for all g ∈ M, then using the definition of An, it

follows that for all k ∈ Lp (Ω) ,∫
ξkdµ =

∫
(ξTnk + ξ (I − Tn) k) dµ =

∫
ξTnkdµ

and so ∫
ξkdµ =

∫
ξAnkdµ. (18.23)

Using (18.23) show that if Ankf → g weakly and Amkf → h weakly, then∫
ξgdµ = lim

k→∞

∫
ξAnkfdµ =

∫
ξfdµ = lim

k→∞

∫
ξAmkfdµ =

∫
ξhdµ. (18.24)

Now argue that

Tng = weak lim
k→∞

TnAnkf = weak lim
k→∞

AnkT
nf = g.

Conclude that An (g − h) = g − h so if g 6= h, then g − h /∈M because

An (g − h)→ g − h 6= 0.

Now show there exists ξ ∈ Lp
′
(Ω) such that

∫
ξ (g − h) dµ 6= 0 but

∫
ξkdµ = 0 for all k ∈ M,

contradicting (18.24). Use this to conclude that if p > 1 then Anf converges weakly for each f ∈ Lp (Ω) .
Let Af denote this weak limit and verify that the conclusions of the theorem hold in the case where
p > 1. To get the case where p = 1 use the theorem just proved for p > 1 on L2 (Ω) ∩ L1 (Ω) a dense
subset of L1 (Ω) along with the observation that L∞ (Ω) ⊆ L2 (Ω) due to the assumption that we are
in a finite measure space.

13. Generalize Corollary 18.27 to X = C
n.

14. Show that in a reflexive Banach space, weak and weak ∗ convergence are the same.
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Weak Derivatives

19.1 Test functions and weak derivatives

In elementary courses in mathematics, functions are often thought of as things which have a formula associ-
ated with them and it is the formula which receives the most attention. For example, in beginning calculus
courses the derivative of a function is defined as the limit of a difference quotient. We start with one function
which we tend to identify with a formula and, by taking a limit, we get another formula for the derivative.
A jump in abstraction occurs as soon as we encounter the derivative of a function of n variables where the
derivative is defined as a certain linear transformation which is determined not by a formula but by what it
does to vectors. When this is understood, we see that it reduces to the usual idea in one dimension. The
idea of weak partial derivatives goes further in the direction of defining something in terms of what it does
rather than by a formula, and extra generality is obtained when it is used. In particular, it is possible to
differentiate almost anything if we use a weak enough notion of what we mean by the derivative. This has
the advantage of letting us talk about a weak partial derivative of a function without having to agonize over
the important question of existence but it has the disadvantage of not allowing us to say very much about
this weak partial derivative. Nevertheless, it is the idea of weak partial derivatives which makes it possible
to use functional analytic techniques in the study of partial differential equations and we will show in this
chapter that the concept of weak derivative is useful for unifying the discussion of some very important
theorems. We will also show that certain things we wish were true, such as the equality of mixed partial
derivatives, are true within the context of weak derivatives.

Let Ω ⊆ Rn. A distribution on Ω is defined to be a linear functional on C∞c (Ω), called the space of test
functions. The space of all such linear functionals will be denoted by D∗ (Ω) . Actually, more is sometimes
done here. One imposes a topology on C∞c (Ω) making it into something called a topological vector space,
and when this has been done, D′ (Ω) is defined as the dual space of this topological vector space. To see
this, consult the book by Yosida [29] or the book by Rudin [25].

Example: The space L1
loc (Ω) may be considered as a subset of D∗ (Ω) as follows.

f (φ) ≡
∫

Ω

f (x)φ (x) dx

for all φ ∈ C∞c (Ω). Recall that f ∈ L1
loc (Ω) if fXK ∈ L1 (Ω) whenever K is compact.

Example: δx ∈ D∗ (Ω) where δx (φ) ≡ φ (x).
It will be observed from the above two examples and a little thought that D∗ (Ω) is truly enormous. We

shall define the derivative of a distribution in such a way that it agrees with the usual notion of a derivative
on those distributions which are also continuously differentiable functions. With this in mind, let f be the
restriction to Ω of a smooth function defined on Rn. Then Dxif makes sense and for φ ∈ C∞c (Ω)

Dxif (φ) ≡
∫

Ω

Dxif (x)φ (x) dx = −
∫

Ω

fDxiφdx = −f (Dxiφ).

Motivated by this we make the following definition.

345
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Definition 19.1 For T ∈ D∗ (Ω)

DxiT (φ) ≡ −T (Dxiφ).

Of course one can continue taking derivatives indefinitely. Thus,

DxixjT ≡ Dxi

(
DxjT

)
and it is clear that all mixed partial derivatives are equal because this holds for the functions in C∞c (Ω).
Thus we can differentiate virtually anything, even functions that may be discontinuous everywhere. However
the notion of “derivative” is very weak, hence the name, “weak derivatives”.

Example: Let Ω = R and let

H (x) ≡
{

1 if x ≥ 0,
0 if x < 0.

Then

DH (φ) = −
∫
H (x)φ′ (x) dx = φ (0) = δ0(φ).

Note that in this example, DH is not a function.
What happens when Df is a function?

Theorem 19.2 Let Ω = (a, b) and suppose that f and Df are both in L1 (a, b). Then f is equal to a
continuous function a.e., still denoted by f and

f (x) = f (a) +
∫ x

a

Df (t) dt.

In proving Theorem 19.2 we shall use the following lemma.

Lemma 19.3 Let T ∈ D∗ (a, b) and suppose DT = 0. Then there exists a constant C such that

T (φ) =
∫ b

a

Cφdx.

Proof: T (Dφ) = 0 for all φ ∈ C∞c (a, b) from the definition of DT = 0. Let

φ0 ∈ C∞c (a, b) ,
∫ b

a

φ0 (x) dx = 1,

and let

ψφ (x) =
∫ x

a

[φ (t)−

(∫ b

a

φ (y) dy

)
φ0 (t)]dt

for φ ∈ C∞c (a, b). Thus ψφ ∈ C∞c (a, b) and

Dψφ = φ−

(∫ b

a

φ (y) dy

)
φ0.

Therefore,

φ = Dψφ +

(∫ b

a

φ (y) dy

)
φ0
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and so

T (φ) = T (Dψφ) +

(∫ b

a

φ (y) dy

)
T (φ0) =

∫ b

a

T (φ0)φ (y) dy.

Let C = Tφ0. This proves the lemma.
Proof of Theorem 19.2 Since f and Df are both in L1 (a, b),

Df (φ)−
∫ b

a

Df (x)φ (x) dx = 0.

Consider

f (·)−
∫ (·)

a

Df (t) dt

and let φ ∈ C∞c (a, b).

D

(
f (·)−

∫ (·)

a

Df (t) dt

)
(φ)

≡ −
∫ b

a

f (x)φ′ (x) dx+
∫ b

a

(∫ x

a

Df (t) dt
)
φ′ (x) dx

= Df (φ) +
∫ b

a

∫ b

t

Df (t)φ′ (x) dxdt

= Df (φ)−
∫ b

a

Df (t)φ (t) dt = 0.

By Lemma 19.3, there exists a constant, C, such that(
f (·)−

∫ (·)

a

Df (t) dt

)
(φ) =

∫ b

a

Cφ (x) dx

for all φ ∈ C∞c (a, b). Thus ∫ b

a

{
(
f (x)−

∫ x

a

Df (t) dt
)
− C}φ (x) dx = 0

for all φ ∈ C∞c (a, b). It follows from Lemma 19.6 in the next section that

f (x)−
∫ x

a

Df (t) dt− C = 0 a.e. x.

Thus we let f (a) = C and write

f (x) = f (a) +
∫ x

a

Df (t) dt.

This proves Theorem 19.2.
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Theorem 19.2 says that

f (x) = f (a) +
∫ x

a

Df (t) dt

whenever it makes sense to write
∫ x
a
Df (t) dt, if Df is interpreted as a weak derivative. Somehow, this is

the way it ought to be. It follows from the fundamental theorem of calculus in Chapter 20 that f ′ (x) exists
for a.e. x where the derivative is taken in the sense of a limit of difference quotients and f ′ (x) = Df (x).
This raises an interesting question. Suppose f is continuous on [a, b] and f ′ (x) exists in the classical sense
for a.e. x. Does it follow that

f (x) = f (a) +
∫ x

a

f ′ (t) dt?

The answer is no. To see an example, consider Problem 3 of Chapter 7 which gives an example of a function
which is continuous on [0, 1], has a zero derivative for a.e. x but climbs from 0 to 1 on [0, 1]. Thus this
function is not recovered from integrating its classical derivative.

In summary, if the notion of weak derivative is used, one can at least give meaning to the derivative of
almost anything, the mixed partial derivatives are always equal, and, in one dimension, one can recover the
function from integrating its derivative. None of these claims are true for the classical derivative. Thus weak
derivatives are convenient and rule out pathologies.

19.2 Weak derivatives in Lploc

Definition 19.4 We say f ∈ Lploc (Rn) if fXK ∈ Lp whenever K is compact.

Definition 19.5 For α = (k1, · · ·, kn) where the ki are nonnegative integers, we define

|α| ≡
n∑
i=1

|kxi |, Dαf (x) ≡ ∂|α|f (x)
∂xk1

1 ∂x
k2
2 · · · ∂x

kn
n

.

We want to consider the case where u and Dαu for |α| = 1 are each in Lploc (Rn). The next lemma is the
one alluded to in the proof of Theorem 19.2.

Lemma 19.6 Suppose f ∈ L1
loc (Rn) and suppose∫

fφdx = 0

for all φ ∈ C∞c (Rn). Then f ( x) = 0 a.e. x.

Proof: Without loss of generality f is real-valued. Let

E ≡ { x : f (x) > ε}

and let

Em ≡ E ∩B(0,m).

We show that m (Em) = 0. If not, there exists an open set, V , and a compact set K satisfying

K ⊆ Em ⊆ V ⊆ B (0,m) , m (V \K) < 4−1m (Em) ,
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V \K
|f | dx < ε4−1m (Em) .

Let H and W be open sets satisfying

K ⊆ H ⊆ H ⊆W ⊆W ⊆ V

and let

H ≺ g ≺W

where the symbol, ≺, has the same meaning as it does in Chapter 6. Then let φδ be a mollifier and let
h ≡ g ∗ φδ for δ small enough that

K ≺ h ≺ V.

Thus

0 =
∫
fhdx =

∫
K

fdx+
∫
V \K

fhdx

≥ εm (K)− ε4−1m (Em)
≥ ε

(
m (Em)− 4−1m (Em)

)
− ε4−1m (Em)

≥ 2−1εm(Em).

Therefore, m (Em) = 0, a contradiction. Thus

m (E) ≤
∞∑
m=1

m (Em) = 0

and so, since ε > 0 is arbitrary,

m ({ x : f ( x) > 0}) = 0.

Similarly m ({ x : f ( x) < 0}) = 0. This proves the lemma.
This lemma allows the following definition.

Definition 19.7 We say for u ∈ L1
loc (Rn) that Dαu ∈ L1

loc (Rn) if there exists a function g ∈ L1
loc (Rn),

necessarily unique by Lemma 19.6, such that for all φ ∈ C∞c (Rn),∫
gφdx = Dαu (φ) =

∫
(−1)|α| u (Dαφ) dx.

We call g Dαu when this occurs.

Lemma 19.8 Let u ∈ L1
loc and suppose u,i ∈ L1

loc, where the subscript on the u following the comma denotes
the ith weak partial derivative. Then if φε is a mollifier and uε ≡ u ∗φε, we can conclude that uε,i ≡ u,i ∗φε.

Proof: If ψ ∈ C∞c (Rn), then∫
u ( x− y)ψ,i ( x) dx =

∫
u (z)ψ,i (z + y) dz

= −
∫
u,i (z)ψ (z + y) dz

= −
∫
u,i (x− y)ψ ( x) dx.
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Therefore,

uε,i (ψ) = −
∫
uεψ,i = −

∫ ∫
u ( x− y)φε ( y)ψ,i ( x) d ydx

= −
∫ ∫

u ( x− y)ψ,i ( x)φε ( y) dxdy

=
∫ ∫

u,i ( x− y)ψ ( x)φε ( y) dxdy

=
∫
u,i ∗ φε ( x)ψ ( x) dx.

The technical questions about product measurability in the use of Fubini’s theorem may be resolved by
picking a Borel measurable representative for u. This proves the lemma.

Next we discuss a form of the product rule.

Lemma 19.9 Let ψ ∈ C∞ (Rn) and suppose u, u,i ∈ Lploc (Rn). Then (uψ),i and uψ are in Lploc and

(uψ),i = u,iψ + uψ,i.

Proof: Let ψ ∈ C∞c (Rn) then

(uψ),i (φ) = −
∫
uψφ,idx

= −
∫
u[(ψφ),i − φψ,i]dx

=
∫ (

u,iψφ+ uψ,iφ
)
dx.

This proves the lemma. We recall the notation for the gradient of a function.

∇u (x) ≡ (u,1 (x) · · · u,n (x))T

thus

Du (x) v =∇u (x) · v.

19.3 Morrey’s inequality

The following inequality will be called Morrey’s inequality. It relates an expression which is given pointwise
to an integral of the pth power of the derivative.

Lemma 19.10 Let u ∈ C1 (Rn) and p > n. Then there exists a constant, C, depending only on n such that
for any x, y ∈ Rn,

|u (x)− u (y)|

≤ C

(∫
B(x,2|x−y|)

|∇u (z) |pdz

)1/p (
| x− y|(1−n/p)

)
.
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Proof: In the argument C will be a generic constant which depends on n.∫
B(x,r)

|u (x)− u (y)| dy =
∫ r

0

∫
Sn−1

|u (x + ρω)− u (x)| ρn−1dσdρ

≤
∫ r

0

∫
Sn−1

∫ ρ

0

|∇u (x + tω) |ρn−1dtdσdρ

≤
∫
Sn−1

∫ r

0

∫ r

0

|∇u (x + tω) |ρn−1dρdtdσ

≤ Crn
∫
Sn−1

∫ r

0

|∇u (x + tω) |dtdσ

= Crn
∫
Sn−1

∫ r

0

|∇u (x + tω) |
tn−1

tn−1dtdσ

= Crn
∫
B(x,r)

|∇u (z)|
| z− x|n−1 dz.

Thus if we define ∫
−
E

fdx =
1

m (E)

∫
E

fdx,

then ∫
−
B(x,r)

|u (y)− u (x)| dy ≤ C
∫
B(x,r)

|∇u (z) ||z− x|1−ndz. (19.1)

Now let r = |x− y| and

U = B (x, r), V = B (y, r), W = U ∩ V.

Thus W equals the intersection of two balls of radius r with the center of one on the boundary of the other.
It is clear there exists a constant, C, depending only on n such that

m (W )
m (U)

=
m (W )
m (V )

= C.

Then from (19.1),

|u (x)− u (y)| =
∫
−
W

|u (x)− u (y)| dz

≤
∫
−
W

|u (x)− u (z)| dz +
∫
−
W

|u (z)− u (y)| dz

=
C

m (U)

[∫
W

|u (x)− u (z)| dz +
∫
W

|u (z)− u (y)| dz
]

≤ C
[∫
−
U

|u (x)− u (z)| dz +
∫
−
V

|u (y)− u (z)| dz
]
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≤ C
[∫

U

|∇u (z) ||z− x|1−ndz +
∫
V

|∇u (z) ||z− y|1−ndz
]
. (19.2)

Consider the first of these two integrals. This is no smaller than

≤ C

(∫
B(x,r)

|∇u (z) |pdz

)1/p(∫
B(x,r)

(|z− x|1−n)p/(p−1)dz

)(p−1)/p

= C

(∫
B(x,r)

|∇u (z) |pdz

)1/p(∫ r

0

∫
Sn−1

ρp(1−n)/(p−1)ρn−1dσdρ

)(p−1)/p

= C

(∫
B(x,r)

|∇u (z) |pdz

)1/p(∫ r

0

ρ(1−n)/(p−1)dρ

)(p−1)/p

= C

(∫
B(x,r)

|∇u (z) |pdz

)1/p

r(1−n/p) (19.3)

≤ C

(∫
B(x,2|x−y|)

|∇u (z) |pdz

)1/p

r(1−n/p). (19.4)

The second integral in (19.2) is dominated by the same expression found in (19.3) except the ball over which
the integral is taken is centered at y not x. Thus this integral is also dominated by the expression in (19.4)
and so,

|u (x)− u (y)| ≤ C

(∫
B(x,2|x−y|)

|∇u (z) |pdz

)1/p

|x− y|(1−n/p) (19.5)

which proves the lemma.

19.4 Rademacher’s theorem

Next we extend this inequality to the case where we only have u and u,i in Lploc for p > n. This leads to an
elegant proof of the differentiability a.e. of a Lipschitz continuous function. Let ψk ∈ C∞c (Rn) , ψk ≥ 0, and
ψk (z) = 1 for all z ∈ B (0, k). Then

uψk, (uψk),i ∈ Lp(Rn).

Let φε be a mollifier and consider

(uψk)ε ≡ uψk ∗ φε.

By Lemma 19.8,

(uψk)ε,i = (uψk),i ∗ φε.

Therefore

(uψk)ε,i → (uψk),i in Lp (Rn) (19.6)
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and

(uψk)ε → uψk in Lp (Rn) (19.7)

as ε→ 0. By (19.7), there exists a subsequence ε→ 0 such that

(uψk)ε (z)→ uψk (z) a.e. (19.8)

Since ψk (z) = 1 for |z| < k, this shows

(uψk)ε (z)→ u (z) (19.9)

and for a.e. z with |z| <k. Denoting the exceptional set of (19.9) by Ek, let

x,y /∈ ∪∞k=1Ek ≡ E.

Also let k be so large that

B (0,k) ⊇ B (x,2|x− y|).

Then by (19.5),

|(uψk)ε (x)− (uψk)ε (y)|

≤ C

(∫
B(x,2|y−x|)

|∇(uψk)ε|pdz

)1/p

|x− y|(1−n/p)

where C depends only on n. Now by (19.8), there exists a subsequence, ε → 0, such that (19.9), holds for
z = x,y. Thus, from (19.6),

|u (x)− u (y)| ≤ C

(∫
B(x,2|y−x|)

|∇u|pdz

)1/p

|x− y|(1−n/p). (19.10)

Redefining u on E, in the case where p > n, we can obtain (19.10) for all x,y. This has proved the following
theorem.

Theorem 19.11 Suppose u, u,i ∈ Lploc (Rn) for i = 1, · · ·, n and p > n. Then u has a representative, still
denoted by u, such that for all x,y ∈Rn,

|u (x)− u (y)| ≤ C

(∫
B(x,2|y−x|)

|∇u|pdz

)1/p

|x− y|(1−n/p).

The next corollary is a very remarkable result. It says that not only is u continuous by virtue of having
weak partial derivatives in Lp for large p, but also it is differentiable a.e.

Corollary 19.12 Let u, u,i ∈ Lploc (Rn) for i = 1, · · ·, n and p > n. Then the representative of u described
in Theorem 19.11 is differentiable a.e.

Proof: Consider

|u (y)− u (x)−∇u (x) · (y − x)|



354 WEAK DERIVATIVES

where u,i is a representative of u,i, an element of Lp. Define

g (z) ≡ u (z) +∇u (x) · (y − z).

Then the above expression is of the form

|g (y)− g (x) |

and

∇g (z) = ∇u (z)−∇u (x).

Therefore g ∈ Lploc (Rn) and g,i ∈ Lploc (Rn). It follows from Theorem 19.11 that

|g (y)− g (x) | = |u (y)− u (x)−∇u (x) · (y − x)|

≤ C

(∫
B(x,2|y−x|)

|∇g (z) |pdz

)1/p

|x− y|(1−n/p)

= C

(∫
B(x,2|y−x|)

|∇u (z)−∇u (x) |pdz

)1/p

|x− y|(1−n/p)

= C

(∫
−
B(x,2|y−x|)

|∇u (z)−∇u (x) |pdz

)1/p

|x− y|.

This last expression is o (|y − x|) at every Lebesgue point, x, of ∇u. This proves the corollary and shows
∇u is the gradient a.e.

Now suppose u is Lipschitz on Rn,

|u (x)− u (y)| ≤ K |x− y|

for some constant K. We define Lip (u) as the smallest value of K that works in this inequality. The following
corollary is known as Rademacher’s theorem. It states that every Lipschitz function is differentiable a.e.

Corollary 19.13 If u is Lipschitz continuous then u is differentiable a.e. and ||u,i||∞ ≤ Lip (u).

Proof: We do this by showing that Lipschitz continuous functions have weak derivatives in L∞ (Rn)
and then using the previous results. Let

Dh
eiu (x) ≡ h−1 [u (x+ hei)− u (x)].

Then Dh
eiu is bounded in L∞ (Rn) and

||Dh
eiu||∞ ≤ Lip (u).

It follows that Dh
eiu is contained in a ball in L∞ (Rn), the dual space of L1 (Rn). By Theorem 18.30 there

is a subsequence h→ 0 such that

Dh
eiu ⇀ w, ||w||∞ ≤ Lip (u) (19.11)
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where the convergence takes place in the weak ∗ topology of L∞(Rn). Let φ ∈ C∞c (Rn). Then∫
wφdx = lim

h→0

∫
Dh

eiuφdx

= lim
h→0

∫
u (x)

(φ (x− hei)− φ (x))
h

dx

= −
∫
u (x)φ,i (x) dx.

Thus w = u,i and we see that u,i ∈ L∞ (Rn) for each i. Hence u, u,i ∈ Lploc (Rn) for all p > n and so u is
differentiable a.e. and ∇u is given in terms of the weak derivatives of u by Corollary 19.12. This proves the
corollary.

19.5 Exercises

1. Let K be a bounded subset of Lp (Rn) and suppose that for all ε > 0, there exist a δ > 0 and G such
that G is compact such that if |h| < δ, then∫

|u (x + h)− u (x)|p dx < εp

for all u ∈ K and ∫
Rn\G

|u (x)|p dx < εp

for all u ∈ K. Show that K is precompact in Lp (Rn). Hint: Let φk be a mollifier and consider

Kk ≡ {u ∗ φk : u ∈ K} .

Verify the conditions of the Ascoli Arzela theorem for these functions defined on G and show there is
an ε net for each ε > 0. Can you modify this to let an arbitrary open set take the place of Rn?

2. In (19.11), why is ||w||∞ ≤ Lip (u)?

3. Suppose Dh
eiu is bounded in Lp (Rn) for p > n. Can we conclude as in Corollary 19.13 that u is

differentiable a.e.?

4. Show that a closed subspace of a reflexive Banach space is reflexive. Hint: The proof of this is an
exercise in the use of the Hahn Banach theorem. Let Y be the closed subspace of the reflexive space
X and let y∗∗ ∈ Y ′′. Then i∗∗y∗∗ ∈ X ′′ and so i∗∗y∗∗ = Jx for some x ∈ X because X is reflexive.
Now argue that x ∈ Y as follows. If x /∈ Y , then there exists x∗ such that x∗ (Y ) = 0 but x∗ (x) 6= 0.
Thus, i∗x∗ = 0. Use this to get a contradiction. When you know that x = y ∈ Y , the Hahn Banach
theorem implies i∗ is onto Y ′ and for all x∗ ∈ X ′,

y∗∗ (i∗x∗) = i∗∗y∗∗ (x∗) = Jx (x∗) = x∗ (x) = x∗ (iy) = i∗x∗ (y).

5. For an arbitrary open set U ⊆ Rn, we define X1p (U) as the set of all functions in Lp (U) whose weak
partial derivatives are also in Lp (U). Here we say a function in Lp (U) , g equals u,i if and only if∫

U

gφdx = −
∫
U

uφ,idx
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for all φ ∈ C∞c (U). The norm in this space is given by

||u||1p ≡
(∫

U

|u|p + |∇u|p dx
)1/p

.

Then we define the Sobolev space W 1p (U) to be the closure of C∞
(
U
)

in X1p (U) where C∞
(
U
)

is
defined to be restrictions of all functions in C∞c (Rn) to U . Show that this definition of weak derivative
is well defined and that X1p (U) is a reflexive Banach space. Hint: To do this, show the operator
u → u,i is a closed operator and that X1p (U) can be considered as a closed subspace of Lp (U)n+1.
Show that in general the product of reflexive spaces is reflexive and then use Problem 4 above which
states that a closed subspace of a reflexive Banach space is reflexive. Thus, conclude that W 1p (U) is
also a reflexive Banach space.

6. Theorem 19.11 shows that if the weak derivatives of a function u ∈ Lp (Rn) are in Lp (Rn) , for p > n,
then the function has a continuous representative. (In fact, one can conclude more than continuity
from this theorem.) It is also important to consider the case when p < n. To aid in the study of this
case which will be carried out in the next few problems, show the following inequality for n ≥ 2.∫

Rn

n∏
j=1

|wj (x)| dmn ≤
n∏
i=1

(∫
Rn−1

|wj (x)|n−1
dmn−1

)1/n−1

where wj does not depend on the jth component of x, xj . Hint: First show it is true for n = 2 and
then use Holder’s inequality and induction. You might benefit from first trying the case n = 3 to get
the idea.

7. ↑ Show that if φ ∈ C∞c (Rn), then

||φ||n/(n−1) ≤
1
n
√
n

n∑
j=1

∣∣∣∣∣∣∣∣ ∂φ∂xj
∣∣∣∣∣∣∣∣

1

.

Hint: First show that if ai ≥ 0, then
n∏
i=1

a
1/n
i ≤ 1

n
√
n

n∑
j=1

ai.

Then observe that

|φ (x)| ≤
∫ ∞
−∞

∣∣φ,j (x)
∣∣ dxj

so

||φ||n/(n−1)
n/(n−1) =

∫
|φ|n/(n−1)

dmn

≤
∫ n∏

j=1

(∫ ∞
−∞

∣∣φ,j (x)
∣∣ dxj)1/(n−1)

dmn

≤
n∏
j=1

(∫ ∣∣φ,j (x)
∣∣ dmn

)1/(n−1)

.

Hence

||φ||n/(n−1) ≤
n∏
j=1

(∫ ∣∣φ,j (x)
∣∣ dmn

)1/n

.
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8. ↑ Show that if φ ∈ C∞c (Rn), then if 1
q = 1

p −
1
n , where p < n, then

||φ||q ≤
1
n
√
n

(n− 1) p
n− p

n∑
j=1

∣∣∣∣φ,i∣∣∣∣p.
Also show that if u ∈W 1p (Rn), then u ∈ Lq (Rn) and the inclusion map is continuous. This is part of
the Sobolev embedding theorem. For more on Sobolev spaces see Adams [1]. Hint: Let r > 1. Then
|φ|r ∈ C∞c (Rn) and ∣∣∣|φ|r,i∣∣∣ = r |φ|r−1 ∣∣φ,i∣∣ .
Now apply the result of Problem 7 to write(∫

|φ|
rn
n−1 dmn

)(n−1)/n

≤ r
n
√
n

n∑
i=1

∫
|φ|r−1 ∣∣φ,i∣∣ dmn

≤ r
n
√
n

n∑
i=1

(∫ ∣∣φ,i∣∣p)1/p(∫ (
|φ|r−1

)p/(p−1)

dmn

)(p−1)/p

.

Now choose r such that

(r − 1) p
p− 1

=
rn

n− 1

so that the last term on the right can be cancelled with the first term on the left and simplify.
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Fundamental Theorem of Calculus

One of the most remarkable theorems in Lebesgue integration is the Lebesgue fundamental theorem of
calculus which says that if f is a function in L1, then the indefinite integral,

x→
∫ x

a

f (t) dt,

can be differentiated for a.e. x and gives f (x) a.e. This is a very significant generalization of the usual
fundamental theorem of calculus found in calculus. To prove this theorem, we use a covering theorem due to
Vitali and theorems on maximal functions. This approach leads to very general results without very many
painful technicalities. We will be in the context of (Rn,S,m) where m is n-dimensional Lebesgue measure.
When this important theorem is established, it will be used to prove the very useful theorem about change
of variables in multiple integrals.

By Lemma 6.6 of Chapter 6 and the completeness of m, we know that the Lebesgue measurable sets are
exactly those measurable in the sense of Caratheodory. Also, we can regard m as an outer measure defined
on all of P(Rn). We will use the following notation.

B(p, r) = {x : |x− p| < r}. (20.1)

If

B = B(p, r), then B̂ = B(p, 5r).

20.1 The Vitali covering theorem

Lemma 20.1 Let F be a collection of balls as in (20.1). Suppose

∞ > M ≡ sup{r : B(p, r) ∈ F} > 0.

Then there exists G ⊆ F such that

if B(p, r) ∈ G then r >
M

2
, (20.2)

if B1, B2 ∈ G then B1 ∩B2 = ∅, (20.3)

G is maximal with respect to Formulas (20.2) and (20.3).

Proof: Let H = {B ⊆ F such that (20.2) and (20.3) hold}. Obviously H 6= ∅ because there exists
B(p, r) ∈ F with r > M

2 . Partially order H by set inclusion and use the Hausdorff maximal theorem (see
the appendix on set theory) to let C be a maximal chain in H. Clearly ∪C satisfies (20.2) and (20.3). If ∪C
is not maximal with respect to these two properties, then C was not a maximal chain. Let G = ∪C.

359
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Theorem 20.2 (Vitali) Let F be a collection of balls and let

A ≡ ∪{B : B ∈ F}.

Suppose

∞ > M ≡ sup{r : B(p, r) ∈ F} > 0.

Then there exists G ⊆ F such that G consists of disjoint balls and

A ⊆ ∪{B̂ : B ∈ G}.

Proof: Let G1 ⊆ F satisfy

B(p, r) ∈ G1 implies r >
M

2
, (20.4)

B1, B2 ∈ G1 implies B1 ∩B2 = ∅, (20.5)

G1 is maximal with respect to Formulas (20.4), and (20.5).

Suppose G1, · · ·,Gm−1 have been chosen, m ≥ 2. Let

Fm = {B ∈ F : B ⊆ Rn \ ∪{G1 ∪ · · · ∪ Gm−1}}.

Let Gm ⊆ Fm satisfy the following.

B(p, r) ∈ Gm implies r >
M

2m
, (20.6)

B1, B2 ∈ Gm implies B1 ∩B2 = ∅, (20.7)

Gm is a maximal subset of Fm with respect to Formulas (20.6) and (20.7).

If Fm = ∅, Gm = ∅. Define

G ≡ ∪∞k=1Gk.

Thus G is a collection of disjoint balls in F . We need to show {B̂ : B ∈ G} covers A. Let x ∈ A. Then
x ∈ B(p, r) ∈ F . Pick m such that

M

2m
< r ≤ M

2m−1
.

We claim x ∈ B̂ for some B ∈ G1 ∪ · · · ∪ Gm. To see this, note that B(p, r) must intersect some set of
G1 ∪ · · · ∪ Gm because if it didn’t, then

Gm ∪ {B(p, r)} = G′m
would satisfy Formulas (20.6) and (20.7), and G′m % Gm contradicting the maximality of Gm. Let the set
intersected be B(p0, r0). Thus r0 > M2−m.

�
r0

p0

?
r

p
.x

Then if x ∈ B(p, r),

|x− p0| ≤ |x− p|+ |p− p0| < r + r0 + r

≤ 2M
2m−1

+ r0 < 4r0 + r0 = 5r0

since r0 > M/2−m. Hence B(p, r) ⊆ B(p0, 5r0) and this proves the theorem.
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20.2 Differentiation with respect to Lebesgue measure

The covering theorem just presented will now be used to establish the fundamental theorem of calculus. In
discussing this, we introduce the space of functions which is locally integrable in the following definition.
This space of functions is the most general one for which the maximal function defined below makes sense.

Definition 20.3 f ∈ L1
loc(R

n) means fXB(0,R) ∈ L1(Rn) for all R > 0. For f ∈ L1
loc(R

n), the Hardy
Littlewood Maximal Function, Mf , is defined by

Mf(x) ≡ sup
r>0

1
m(B(x, r))

∫
B(x,r)

|f(y)|dy.

Theorem 20.4 If f ∈ L1(Rn), then for α > 0,

m([Mf > α]) ≤ 5n

α
||f ||1.

(Here and elsewhere, [Mf > α] ≡ {x ∈ Rn : Mf(x) > α} with other occurrences of [ ] being defined
similarly.)

Proof: Let S ≡ [Mf > α]. For x ∈ S, choose rx > 0 with

1
m(B(x, rx))

∫
B(x,rx)

|f | dm > α.

The rx are all bounded because

m(B(x, rx)) <
1
α

∫
B(x,rx)

|f | dm <
1
α
||f ||1.

By the Vitali covering theorem, there are disjoint balls B(xi, ri) such that

S ⊆ ∪x∈SB(x, rx) ⊆ ∪∞i=1B(xi, 5ri)

and

1
m(B(xi, ri))

∫
B(xi,ri)

|f | dm > α.

Therefore

m(S) ≤
∞∑
i=1

m(B(xi, 5ri)) = 5n
∞∑
i=1

m(B(xi, ri))

≤ 5n

α

∞∑
i=1

∫
B(xi,ri)

|f | dm

≤ 5n

α

∫
Rn

|f | dm,

the last inequality being valid because the balls B(xi, ri) are disjoint. This proves the theorem.

Lemma 20.5 Let f ≥ 0, and f ∈ L1, then

lim
r→0

1
m(B(x, r))

∫
B(x,r)

f(y)dy = f(x) a.e. x.
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Proof: Let α > 0 and let

Bα =

[
lim sup

r→0

∣∣∣∣∣ 1
m(B(x, r))

∫
B(x,r)

f(y)dy − f(x)

∣∣∣∣∣ > α

]
.

Then for any g ∈ Cc(Rn), Bα equals[
lim sup

r→0

∣∣∣∣∣ 1
m(B(x, r))

∫
B(x,r)

f(y)− g(y)dy − (f(x)− g(x))

∣∣∣∣∣ > α

]

because for any g ∈ Cc(Rn),

lim
r→0

1
m(B(x, r))

∫
B(x,r)

g(y)dy = g(x).

Thus

Bα ⊆ [M (|f − g|) + |f − g| > α],

and so

Bα ⊆
[
M(|f − g|) > α

2

]
∪
[
|f − g| > α

2

]
.

Now

α

2
m
([
|f − g| > α

2

])
=
α

2

∫
[|f−g|>α

2 ]

dx

≤
∫

[|f−g|>α
2 ]

|f − g|dx ≤ ||f − g||1.

Therefore by Theorem 20.4,

m(Bα) ≤
(

2(5n)
α

+
2
α

)
||f − g||1.

Since Cc(Rn) is dense in L1(Rn) and g is arbitrary, this estimate shows m(Bα) = 0. It follows by Lemma
6.6, since Bα is measurable in the sense of Caratheodory, that Bα is Lebesgue measurable and m(Bα) = 0.[

lim sup
r→0

∣∣∣∣∣ 1
m(B(x, r))

∫
B(x,r)

f(y)dy − f(x)

∣∣∣∣∣ > 0

]
⊆ ∪∞m=1B 1

m
(20.8)

and each set B1/m has measure 0 so the set on the left in (20.8) is also Lebesgue measurable and has measure
0. Thus, if x is not in this set,

0 = lim sup
r→0

∣∣∣∣∣ 1
m(B(x, r))

∫
B(x,r)

f(y)dy − f(x)

∣∣∣∣∣ ≥
≥ lim inf

r→0

∣∣∣∣∣ 1
m(B(x, r))

∫
B(x,r)

f(y)dy − f(x)

∣∣∣∣∣ ≥ 0.

This proves the lemma.



20.2. DIFFERENTIATION WITH RESPECT TO LEBESGUE MEASURE 363

Corollary 20.6 If f ≥ 0 and f ∈ L1
loc(R

n), then

lim
r→0

1
m(B(x, r))

∫
B(x,r)

f(y)dy = f(x) a.e. x. (20.9)

Proof: Apply Lemma 20.5 to fXB(0,R) for R = 1, 2, 3, · · ·. Thus (20.9) holds for a.e. x ∈ B(0, R) for
each R = 1, 2, · · ·.

Theorem 20.7 (Fundamental Theorem of Calculus) Let f ∈ L1
loc(R

n). Then there exists a set of measure
0, B, such that if x /∈ B, then

lim
r→0

1
m(B(x, r))

∫
B(x,r)

|f(y)− f(x)|dy = 0.

Proof: Let {di}∞i=1 be a countable dense subset of C. By Corollary 20.6, there exists a set of measure 0,
Bi, such that if x /∈ Bi

lim
r→0

1
m(B(x, r))

∫
B(x,r)

|f(y)− di|dy = |f(x)− di|. (20.10)

Let B = ∪∞i=1Bi and let x /∈ B. Pick di such that |f(x)− di| < ε
2 . Then

1
m(B(x, r))

∫
B(x,r)

|f(y)− f(x)|dy ≤ 1
m(B(x, r))

∫
B(x,r)

|f(y)− di|dy

+
1

m(B(x, r))

∫
B(x,r)

|f(x)− di|dy

≤ ε

2
+

1
m(B(x, r))

∫
B(x,r)

|f(y)− di|dy.

By (20.10)

1
m(B(x, r))

∫
B(x,r)

|f(y)− f(x)|dy ≤ ε

whenever r is small enough. This proves the theorem.

Definition 20.8 For B the set of Theorem 20.7, BC is called the Lebesgue set or the set of Lebesgue points.

Let f ∈ L1
loc(R

n). Then

lim
r→0

1
m(B(x, r))

∫
B(x,r)

f(y)dy = f(x) a.e. x.

The next corollary is a one dimensional version of what was just presented.

Corollary 20.9 Let f ∈ L1(R) and let

F (x) =
∫ x

−∞
f(t)dt.

Then for a.e. x, F ′(x) = f(x).
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Proof: For h > 0

1
h

∫ x+h

x

|f(y)− f(x)|dy ≤ 2(
1

2h
)
∫ x+h

x−h
|f(y)− f(x)|dy

By Theorem 20.7, this converges to 0 a.e. Similarly

1
h

∫ x

x−h
|f(y)− f(x)|dy

converges to 0 a.e. x. ∣∣∣∣F (x+ h)− F (x)
h

− f(x)
∣∣∣∣ ≤ 1

h

∫ x+h

x

|f(y)− f(x)|dy

and ∣∣∣∣F (x)− F (x− h)
h

− f(x)
∣∣∣∣ ≤ 1

h

∫ x

x−h
|f(y)− f(x)|dy.

Therefore,

lim
h→0

F (x+ h)− F (x)
h

= f(x) a.e. x

This proves the corollary.

20.3 The change of variables formula for Lipschitz maps

This section is on a generalization of the change of variables formula for multiple integrals presented in
Chapter 11. In this section, Ω will be a Lebesgue measurable set in Rn and h : Ω → R

n will be Lipschitz.
We recall Rademacher’s theorem a proof of which was given in Chapter 19.

Theorem 20.10 Let f :Rn → R
m be Lipschitz. Then Df (x) exists a.e.and ||fi,j ||∞ ≤ Lip (f) .

It turns out that a Lipschitz function defined on some subset of Rn always has a Lipschitz extension to
all of Rn. The next theorem gives a proof of this. For more on this sort of theorem we refer to [12].

Theorem 20.11 If h : Ω → R
m is Lipschitz, then there exists h : Rn → R

m which extends h and is also
Lipschitz.

Proof: It suffices to assume m = 1 because if this is shown, it may be applied to the components of h
to get the desired result. Suppose

|h (x)− h (y)| ≤ K |x− y|. (20.11)

Define

h̄ (x) ≡ inf{h (w) +K |x−w| : w ∈ Ω}. (20.12)

If x ∈ Ω, then for all w ∈ Ω,

h (w) +K |x−w| ≥ h (x)

by (20.11). This shows h (x) ≤ h̄ (x). But also we can take w = x in (20.12) which yields h̄ (x) ≤ h (x).
Therefore h̄ (x) = h (x) if x ∈ Ω.
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Now suppose x,y ∈ Rn and consider
∣∣h̄ (x)− h̄ (y)

∣∣. Without loss of generality we may assume h̄ (x) ≥
h̄ (y) . (If not, repeat the following argument with x and y interchanged.) Pick w ∈ Ω such that

h (w) +K |y −w| − ε < h̄ (y).

Then ∣∣h̄ (x)− h̄ (y)
∣∣ = h̄ (x)− h̄ (y) ≤ h (w) +K |x−w| −

[h (w) +K |y −w| − ε] ≤ K |x− y|+ ε.

Since ε is arbitrary, ∣∣h̄ (x)− h̄ (y)
∣∣ ≤ K |x− y|

and this proves the theorem.
We will use h to denote a Lipschitz extension of the Lipschitz function h. From now on h will denote a

Lipschitz map from a measurable set in Rn to Rn. The next lemma is an application of the Vitali covering
theorem. It states that every open set can be filled with disjoint balls except for a set of measure zero.

Lemma 20.12 Let V be an open set in Rr,mr (V ) <∞. Then there exists a sequence of disjoint open balls
{Bi} having radii less than δ and a set of measure 0, T , such that

V = (∪∞i=1Bi) ∪ T.

Proof: This is left as a problem. See Problem 8 in this chapter.
We wish to show that h maps Lebesgue measurable sets to Lebesgue measurable sets. In showing this

the key result is the next lemma which states that h maps sets of measure zero to sets of measure zero.

Lemma 20.13 If mn (T ) = 0 then mn

(
h (T )

)
= 0.

Proof: Let V be an open set containing T whose measure is less than ε. Now using the Vitali covering
theorem, there exists a sequence of disjoint balls {Bi}, Bi = B (xi, ri), which are contained in V such that
the sequence of enlarged balls,

{
B̂i

}
, having the same center but 5 times the radius, covers T . Then

mn

(
h (T )

)
≤ mn

(
h
(
∪∞i=1B̂i

))

≤
∞∑
i=1

mn

(
h
(
B̂i

))

≤
∞∑
i=1

α (n)
(
Lip

(
h
))n

5nrni = 5n
(
Lip

(
h
))n ∞∑

i=1

mn (Bi)

≤
(
Lip

(
h
))n

5nmn (V ) ≤ ε
(
Lip

(
h
))n

5n.

Since ε is arbitrary, this proves the lemma.
Actually, the argument in this lemma holds in other contexts which do not imply h is Lipschitz continuous.

For one such example, see Problem 23.
With the conclusion of this lemma, the next lemma is fairly easy to obtain.
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Lemma 20.14 If A is Lebesgue measurable, then h (A ) is Lebesgue measurable. Furthermore,

mn

(
h̄ (A)

)
≤
(
Lip

(
h
))n

mn (A). (20.13)

Proof: Let Ak = A ∩ B (0, k) , k ∈ N. We establish (20.13) for Ak in place of A and then let k → ∞
to obtain (20.13). Let V ⊇ Ak and let mn (V ) < ∞. By Lemma 20.12, there is a sequence of disjoint balls
{Bi}, and a set of measure 0, T , such that

V = ∪∞i=1Bi ∪ T, Bi = B(xi, ri).

Then by Lemma 20.13,

mn

(
h̄ (Ak)

)
≤ mn

(
h̄ (V )

)
≤ mn

(
h̄ (∪∞i=1Bi)

)
+mn

(
h̄ (T )

)
= mn

(
h̄ (∪∞i=1Bi)

)

≤
∞∑
i=1

mn

(
h̄ (Bi)

)
≤
∞∑
i=1

mn

(
B
(
h̄ (xi) ,Lip

(
h̄
)
ri
))

≤
∞∑
i=1

α (n)
(
Lip

(
h̄
)
ri
)n = Lip

(
h̄
)n ∞∑

i=1

mn (Bi) = Lip
(
h̄
)n
mn (V ).

Since V is an arbitrary open set containing Ak, it follows from regularity of Lebesgue measure that

mn

(
h̄ (Ak)

)
≤ Lip

(
h̄
)n
mn (Ak). (20.14)

Now let k →∞ to obtain (20.13). This proves the formula. It remains to show h̄ (A) is Lebesgue measurable.
By inner regularity of Lebesgue measure, there exists a set, F , which is the countable union of compact

sets and a set T with mn (T ) = 0 such that

F ∪ T = Ak.

Then h̄ (F ) ⊆ h̄ (Ak) ⊆ h̄ (F )∪ h̄ (T ). By continuity of h̄, h̄ (F ) is a countable union of compact sets and so
it is Borel. By (20.14) with T in place of Ak,

mn

(
h̄ (T )

)
= 0

and so h̄ (T ) is Lebesgue measurable. Therefore, h̄ (Ak) is Lebesgue measurable because mn is a complete
measure and we have exhibited h̄ (Ak) between two Lebesgue measurable sets whose difference has measure
0. Now

h̄ (A) = ∪∞k=1h̄ (Ak)

so h̄ (A) is also Lebesgue measurable and this proves the lemma.
The following lemma, found in Rudin [25], is interesting for its own sake and will serve as the basis for

many of the theorems and lemmas which follow. Its proof is based on the Brouwer fixed point theorem, a
short proof of which is given in the chapter on the Brouwer degree. The idea is that if a continuous function
mapping a ball in Rk to Rk doesn’t move any point very much, then the image of the ball must contain a
slightly smaller ball.
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Lemma 20.15 Let B = B (0, r), a ball in Rk and let F : B → R
k be continuous and suppose for some

ε < 1,

|F (v)−v| < εr

for all v ∈ B. Then

F
(
B
)
⊇ B (0, r (1− ε)).

Proof: Suppose a ∈ B (0, r (1− ε)) \ F
(
B
)

and let

G (v) ≡ r (a− F (v))
|a− F (v)|

.

If |v| = r,

v · (a− F (v)) = v · a− v · F (v)

= v · a− v · (F (v)− v)− r2

< r2 (1− ε) + εr2 − r2 = 0.

Then for |v| = r, G (v) 6= v because we just showed that v ·G (v) < 0 but v · v =r2 > 0. If |v| < r, it
follows that G (v) 6= v because |G (v)| = r but |v| < r. This lack of a fixed point contradicts the Brouwer
fixed point theorem and this proves the lemma.

We are interested in generalizing the change of variables formula. Since h is only Lipschitz, Dh (x) may
not exist for all x but from the theorem of Rademacher Dh̄ (x) exists a.e. x.

In the arguments below, we will define a measure and use the Radon Nikodym theorem to obtain a
function which is of interest to us. Then we will identify this function. In order to do this, we need some
technical lemmas.

Lemma 20.16 Let x ∈ Ω be a point where Dh̄ (x)−1 and Dh̄ (x) exists. Then if ε ∈ (0, 1) the following
hold for all r small enough.

mn

(
h
(
B (x,r)

))
= mn

(
h (B (x,r))

)
≥ mn

(
Dh̄ (x)B (0, r (1− ε))

)
, (20.15)

h̄ (B (x, r)) ⊆ h̄ (x) +Dh̄ (x)B (0, r (1 + ε)), (20.16)

mn

(
h̄ (B (x,r))

)
≤ mn

(
Dh̄ (x)B (0, r (1 + ε))

)
(20.17)

If x is also a point of density of Ω, then

lim
r→0

mn

(
h̄ (B (x, r) ∩ Ω)

)
mn

(
h̄ (B (x, r))

) = 1. (20.18)

Proof: Since Dh̄ (x) exists,

h̄ (x + v) = h̄ (x) +Dh̄ (x) v+o (|v|) (20.19)

= h̄ (x) +Dh̄ (x)
(
v+Dh̄ (x)−1

o (|v|)
)

(20.20)
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Consequently, when r is small enough, (20.16) holds. Therefore, (20.17) holds. From (20.20),

h̄ (x + v) = h̄ (x) +Dh̄ (x) (v+o (|v|)).

Thus, from the assumption that Dh̄ (x)−1 exists,

Dh̄ (x)−1 h̄ (x + v)−Dh̄ (x)−1 h̄ (x)− v =o(|v|). (20.21)

Letting

F (v) = Dh̄ (x)−1 h̄ (x + v)−Dh̄ (x)−1 h̄ (x),

we can apply Lemma 20.15 in (20.21) to conclude that for r small enough,

Dh̄ (x)−1 h̄ (x + v)−Dh̄ (x)−1 h̄ (x) ⊇ B (0, (1− ε) r).

Therefore,

h̄
(
B (x,r)

)
⊇ h̄ (x) +Dh̄ (x)B (0, (1− ε) r)

which implies

mn

(
h
(
B (x,r)

))
≥ mn

(
Dh̄ (x)B (0, r (1− ε))

)
which shows (20.15).

Now suppose that x is also a point of density of Ω. Then whenever r is small enough,

mn (B (x,r) \ Ω) < εα (n) rn. (20.22)

Then for such r we write

1 ≥
mn

(
h̄ (B (x, r) ∩ Ω)

)
mn

(
h̄ (B (x, r))

)

≥
mn

(
h̄ (B (x, r))

)
−mn

(
h̄ (B (x,r) \ Ω)

)
mn

(
h̄ (B (x, r))

) .

From Lemma 20.14, and (20.15), this is no larger than

1−
Lip

(
h̄
)n
εα (n) rn

mn

(
Dh̄ (x)B (0, r (1− ε))

) .
By the theorem on the change of variables for a linear map, this expression equals

1−
Lip

(
h̄
)n
εα (n) rn∣∣det

(
Dh̄ (x)

)∣∣ rnα (n) (1− ε)n
≡ 1− g (ε)

where limε→0g (ε) = 0. Then for all r small enough,

1 ≥
mn

(
h̄ (B (x, r) ∩ Ω)

)
mn

(
h̄ (B (x, r))

) ≥ 1− g (ε)

which proves the lemma since ε is arbitrary.
For simplicity in notation, we write J (x) for the expression

∣∣det
(
Dh̄ (x)

)∣∣ .
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Theorem 20.17 Let N ≡ {x ∈ Ω : Dh̄ (x) does not exist }. Then N has measure zero and if x /∈N then

J (x) = lim
r→0

mn

(
h (B (x, r))

)
mn (B (x,r))

. (20.23)

Proof: Suppose first that Dh̄ (x)−1 exists. Using (20.15), (20.17) and the change of variables formula
for linear maps,

J (x) (1− ε)n =
mn

(
Dh̄ (x)B (0,r (1− ε))

)
mn (B (x, r))

≤
mn

(
h̄(B (x, r))

)
mn (B (x, r))

≤
mn

(
Dh̄ (x)B (0,r (1 + ε))

)
mn (B (x, r))

= J (x) (1 + ε)n

whenever r is small enough. It follows that since ε > 0 is arbitrary, (20.23) holds.
Now suppose Dh̄ (x)−1 does not exist. Then from the definition of the derivative,

h (x + v) = h (x) +Dh (x) v + o (v) ,

and so for all r small enough, h (B (x, r)) lies in a cylinder having height rε and diameter no more than∣∣∣∣Dh (x)
∣∣∣∣ 2r (1 + ε) .

Therefore, for such r,

mn

(
h (B (x, r))

)
mn (B (x,r))

≤
(∣∣∣∣Dh (x)

∣∣∣∣ r (1 + ε)
)n−1

rε

rn
≤ Cε

Since ε is arbitrary,

J (x) = 0 = lim
r→0

mn

(
h (B (x, r))

)
mn (B (x,r))

.

This proves the theorem.
We define the following two sets for future reference

S ≡ {x ∈ Ω : Dh̄ (x) exists but Dh̄ (x)−1 does not exist} (20.24)

N ≡ {x ∈ Ω : Dh̄ (x) does not exist}, (20.25)

and we assume for now that h :Ω → R
n is one to one and Lipschitz. Since h is one to one, Lemma 20.14

implies we can define a measure, ν, on the σ− algebra of Lebesgue measurable sets as follows.

ν (E) ≡ mn (h (E ∩ Ω)).

By Lemma 20.14, we see this is a measure and ν << mn. Therefore by the corollary to the Radon Nikodym
theorem, Corollary 18.3, there exists f ∈ L1

loc (Rn) , f ≥ 0, f (x) = 0 if x /∈ Ω, and

ν (E) =
∫
E

fdm =
∫

Ω∩E
fdm.

We want to identify f . Define

Q ≡ {x ∈ Ω : x is not a point of density of Ω} ∪N ∪
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{x ∈ Ω : x is not a Lebesgue point of f}.

Then E is a set of measure zero and if x ∈ (Ω \Q) ∩ SC , Lemma 20.16 and Theorem 20.17 imply

f (x) = lim
r→0

1
mn (B (x,r))

∫
B(x,r)

f (y) dm = lim
r→0

mn

(
h (B (x,r) ∩ Ω)

)
mn (B (x,r))

= lim
r→0

mn

(
h (B (x,r) ∩ Ω)

)
mn

(
h (B (x,r))

) mn

(
h (B (x,r))

)
mn (B (x,r))

= J (x).

On the other hand, if x ∈ (Ω \Q) ∩ S, then by Theorem 20.17,

f (x) = lim
r→0

1
mn (B (x,r))

∫
B(x,r)

f (y) dm = lim
r→0

mn

(
h (B (x,r) ∩ Ω)

)
mn (B (x,r))

≤ lim
r→0

mn

(
h (B (x,r))

)
mn (B (x,r))

= J (x) = 0.

Therefore, f (x) = J (x) a.e., whenever x ∈ Ω \Q.
Now let F be a Borel measurable set in Rn. Recall this implies F is Lebesgue measurable. Then∫

h(Ω)

XF (y) dmn =
∫
XF∩h(Ω) (y) dmn = mn

(
h
(
h−1 (F ) ∩ Ω

))

= ν
(
h−1 (F )

)
=
∫
XΩ∩h−1(F ) (x) J (x) dmn =

∫
Ω

XF (h (x)) J (x) dmn. (20.26)

Can we write a similar formula for F only mn measurable? Note that there are no measurability questions
in the above formula because h−1 (F ) is a Borel set due to the continuity of h but it is not clear h−1 (F ) is
measurable for F only Lebesgue measurable.

First consider the case where E is only Lebesgue measurable but

mn (E ∩ h (Ω)) = 0.

By regularity of Lebesgue measure, there exists a Borel set F ⊇ E ∩ h (Ω) such that

mn (F ) = mn (E ∩ h (Ω)) = 0.

Then from (20.26),

XΩ∩h−1(F ) (x) J (x) = 0 a.e.

But

0 ≤ XΩ∩h−1(E) (x) J (x) ≤ XΩ∩h−1(F ) (x) J (x) (20.27)

which shows the two functions in (20.27) are equal a.e. Therefore

XΩ∩h−1(E) (x) J (x)

is Lebesgue measurable and so from (20.26),

0 =
∫
XE∩h(Ω) (y) dmn =

∫
XF∩h(Ω) (y) dmn
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=
∫
XΩ∩h−1(F ) (x) J (x) dm =

∫
XΩ∩h−1(E) (x) J (x) dm, (20.28)

which shows (20.26) holds in this case where

mn (E ∩ h (Ω)) = 0.

Now let ΩR ≡ Ω ∩ B (0,R) where R is large enough that ΩR 6= ∅ and let E be mn measurable. By
regularity of Lebesgue measure, there exists F ⊇ E ∩ h (ΩR) such that F is Borel and

mn (F \ (E ∩ h (ΩR))) = 0. (20.29)

Now

(E ∩ h (ΩR)) ∪ (F \ (E ∩ h (ΩR)) ∩ h (ΩR)) = F ∩ h (ΩR)

and so

XΩR∩h−1(F )J = XΩR∩h−1(E)J + XΩR∩h−1(F\(E∩h(ΩR)))J

where from (20.29) and (20.28), the second function on the right of the equal sign is Lebesgue measurable
and equals zero a.e. Therefore, by completeness of Lebesgue measure, the first function on the right of the
equal sign is also Lebesgue measurable and equals the function on the left a.e. Thus,∫

XE∩h(ΩR) (y) dmn =
∫
XF∩h(ΩR) (y) dmn

=
∫
XΩR∩h−1(F ) (x) J (x) dmn =

∫
XΩR∩h−1(E) (x) J (x) dmn. (20.30)

Letting R→∞ we obtain (20.30) with Ω replacing ΩR and the function

x→ XΩ∩h−1(E) (x) J (x)

is Lebesgue measurable. Writing this in a more familiar form yields∫
h(Ω)

XE (y) dmn =
∫

Ω

XE (h (x)) J (x) dm. (20.31)

From this, it follows that if s is a nonnegative mn measurable simple function, (20.31) continues to be valid
with s in place of XE . Then approximating an arbitrary nonnegative mn measurable function, g, by an
increasing sequence of simple functions, it follows that (20.31) holds with g in place of XE and there are
no measurability problems because x → g (h (x)) J (x) is Lebesgue measurable. This proves the following
change of variables theorem.

Theorem 20.18 Let g : h (Ω)→ [0,∞] be Lebesgue measurable where h is one to one and Lipschitz on Ω,
and Ω is a Lebesgue measurable set. Then if J (x) is defined to equal 0 for x ∈ N ,

x→ (g ◦ h) (x) J (x)

is Lebesgue measurable and ∫
h(Ω)

g (y) dmn =
∫

Ω

g (h (x)) J (x) dmn.

For another version of this theorem based on the same arguments given here, in which the function h is
not assumed to be Lipschitz, see Problems 23 - 26.
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20.4 Mappings that are not one to one

In this section, h :Ω→Rn will only be Lipschitz. We drop the requirement that h be one to one. Let S and
N be given in (20.24) and (20.25). The following lemma is a version of Sard’s theorem.

Lemma 20.19 For S defined above, mn (h (S)) = 0.

Proof: From Theorem 20.17, whenever x ∈ S and r is small enough,

mn

(
h (B (x,r))

)
mn (B (x,r))

< ε.

Therefore, whenever x ∈ S and r small enough,

mn

(
h (B (x,r))

)
≤ εα (n) rn. (20.32)

Let Sk = S ∩B (0,k) and for each x ∈ Sk, let rx be such that (20.32) holds with r replaced by 5rx and

B (x,rx) ⊆ B (0,k).

By the Vitali covering theorem, there is a disjoint subsequence of these balls, {B (xi, ri)}, with the property
that {B (xi, 5ri)} ≡

{
B̂i

}
covers Sk. Then by the way these balls were defined, with (20.32) holding for

r = 5ri,

mn

(
h (Sk)

)
≤
∞∑
i=1

mn

(
h
(
B̂i

))
≤ 5nε

∞∑
i=1

α (n) rni

= 5nε
∞∑
i=1

mn (B (xi, ri)) ≤ 5nεmn (B (0, k)).

Since ε is arbitrary, this shows mn

(
h (Sk)

)
= 0. Now letting k → ∞, this shows mn

(
h (S)

)
= 0 which

proves the lemma.
Thus mn (N) = 0 and mn (h (S)) = 0 and so by Lemma 20.14

mn (h (S ∪N)) ≤ mn (h (S)) +mn (h (N)) = 0. (20.33)

Let B ≡ Ω \ (S ∪N).
A similar lemma to the following was proved in the section on the change of variables formula for a C1

map. There the proof was based on the inverse function theorem. However, this is no longer possible; so, a
slightly more technical argument is required.

Lemma 20.20 There exists a sequence of disjoint measurable sets, {Fi}, such that

∪∞i=1Fi = B

and h is one to one on Fi.

Proof: L (Rn,Rn) is a finite dimensional normed linear space. In fact,

{ei ⊗ ej : i, j ∈ {1, · · ·, n}}

is easily seen to be a basis. Let I be the elements of L (Rn,Rn) which are invertible and let F be a countable
dense subset of I. Also let C be a countable dense subset of B. For c ∈ C and T ∈ F,

E (c, T, i) ≡ {b ∈ B
(
c, i−1

)
∩B such that (a.) and (b.) hold}
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where the conditions (a.) and (b.) are as follows.

1
1 + ε

|Tv| ≤ |Dh (b) v| for all v (a.)

|h (a)− h (b)−Dh (b) (a− b) | ≤ ε|T (a− b) | (b.)

for all a ∈ B
(
b, 2i−1

)
. Here 0 < ε < 1/2.

Obviously, there are countably many E (c, T, i). Now suppose a,b ∈ E (c, T, i) and h (a) = h (b). Then

|a− b| ≤ |a− c|+ |c− b| < 2
i
.

Therefore, from (a.) and (b.),

1
1 + ε

|T (a− b)| ≤ |Dh (b) (a− b)|

= |h (a)− h (b)−Dh (b) (a− b)| ≤ ε |T (a− b)|.

Since T is one to one, this shows that a = b. Thus h is one to one on E (c, T, i).
Now let b ∈ B. Choose T ∈ F such that

||Dh (b)− T || < ε
∣∣∣∣∣∣Dh (b)−1

∣∣∣∣∣∣−1

.

Then for all v ∈ Rn,

|Tv −Dh (b) v| ≤ ε
∣∣∣∣∣∣Dh (b)−1

∣∣∣∣∣∣−1

|v| ≤ ε |Dh (b) v|

and so

|Tv| ≤ (1 + ε) |Dh (b) v|

which yields (a.). Now choose i large enough that for |a− b| < 2i−1,

|h (a)− h (b)−Dh (b) (a− b)| <
ε

||T−1||
|a− b|

≤ ε |T (a− b)|

and pick c ∈ C∩B
(
b,i−1

)
. Then b ∈ E (c, T, i) and this shows that B equals the union of these sets.

Let {Ei} be an enumeration of these sets and define F1 ≡ E1, and if F1, · · ·, Fn have been chosen,
Fn+1 ≡ En+1 \ ∪ni=1Fi. Then {Fi} satisfies the conditions of the lemma and this proves the lemma.

The following corollary is also of interest.

Corollary 20.21 For each Ei in Lemma 20.20, h−1 is Lipschitz on h (Ei).

Proof: Pick a,b ∈ Ei. Then by condition a. and b.,

|h (a)− h (b) | ≥ |Dh (b) (a− b)| − ε |T (a− b)|

≥
(

1
1 + ε

− ε
)
|T (a− b) | ≥ r |a− b|
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for some r > 0 by the equivalence of all norms on a finite dimensional space. Therefore,∣∣h−1 (h (a))− h−1 (h (b))
∣∣ ≤ 1

r
|h (a)− h (b)|

and this proves the corollary.
Now let g : h (Ω)→ [0,∞] be mn measurable. By Theorem 20.18,∫

h(Ω)

Xh(Fi) (y) g (y) dmn =
∫
Fi

g (h (x)) J (x) dm. (20.34)

Now define

n (y) =
∞∑
i=1

Xh(Fi) (y).

By Lemma 20.14, h (Fi) is mn measurable and so n is a mn measurable function. For each y ∈ B, n (y)
gives the number of elements in h−1 (y) ∩B. From (20.34),∫

h(Ω)

n (y) g (y) dmn =
∫
B

g (h (x)) J (x) dm. (20.35)

Now define

# (y) ≡ number of elements in h−1 (y).

Theorem 20.22 The function y→ # (y) is mn measurable and if

g : h (Ω)→ [0,∞]

is mn measurable, then ∫
h(Ω)

g (y) # (y) dmn =
∫

Ω

g (h (x)) J (x) dm.

Proof: If y /∈ h (S ∪N), then n (y) = # (y). By (20.33)

mn (h (S ∪N)) = 0

and so n (y) = # (y) a.e. Since mn is a complete measure, # (·) is mn measurable. Letting

G ≡ h (Ω) \ h (S ∪N),

(20.35) implies ∫
h(Ω)

g (y) # (y) dmn =
∫
G

g (y) n (y) dmn

=
∫
B

g (h (x)) J (x) dm

=
∫

Ω

g (h (x)) J (x) dm.

This proves the theorem.
This theorem is a special case of the area formula proved in [19] and [11].
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20.5 Differential forms on Lipschitz manifolds

With the change of variables formula for Lipschitz maps, we can generalize much of what was done for
Ck manifolds to Lipschitz manifolds. To begin with we define what these are and then we will discuss the
integration of differential forms on Lipschitz manifolds.

In order to show the integration of differential forms is well defined, we need a version of the chain rule
valid in the context of Lipschitz maps.

Theorem 20.23 Let f ,g and h be Lipschitz mappings from R
n to Rn with g (f (x)) = h (x) on A, a

measurable set. Also suppose that f−1 is Lipschitz on f (A) . Then for a.e. x ∈ A, Dg (f (x)), Df (x),
Dh (x) ,and D (f ◦ g) (x) all exist and

Dh (x) = D (g ◦ f) (x) = Dg (f (x))Df (x).

The proof of this theorem is based on the following lemma.

Lemma 20.24 Let k : Rn → R
n be Lipschitz, then if k (x) = 0 for all x ∈ A, then det (Dk (x)) = 0

a.e.x ∈ A.

Proof: By the change of variables formula, Theorem 20.22, 0 =
∫
{0}# (y) dy =

∫
A
|det (Dk (x))| dx and

so det (Dk (x)) = 0 a.e.
Proof of the theorem: On A, g (f (x))−h (x) = 0 and so by the lemma, there exists a set of measure

zero, N1 such that if x /∈ N1, D (g ◦ f) (x)−Dh (x) = 0. Let M be the set of points in f (A) where g fails
to be differentiable and let N2 ≡ f−1 (M)∩A, also a set of measure zero because by Lemma 20.13, Lipschitz
functions map sets of measure zero to sets of measure zero. Finally let N3 be the set of points where f
fails to be differentiable. Then if x ∈ A\ (N1 ∪N2 ∪N3) , the chain rule implies Dh (x) = D (g ◦ f) (x) =
Dg (f (x)) Df (x). This proves the theorem.

Definition 20.25 We say Ω is a Lipschitz manifold with boundary if it is a manifold with boundary for
which the maps, Ri and R−1

i are Lipschitz. It will be called orientable if there is an atlas, (Ui,Ri) for which
det
(
D
(
Ri ◦R−1

j

)
(u)
)
> 0 for a.e. u ∈ Rj (Ui ∩ Uj) . We will call such an atlas a Lipschitz atlas.

Note we had to say the determinant of the derivative of the overlap map is greater than zero a.e. because
all we know is that this map is Lipschitz and so it only has a derivative a.e.

Lemma 20.26 Suppose (V,S) and (U,R) are two charts for a Lipschitz n manifold, Ω ⊆ Rm, that det (Du (v))
exists for a.e. v ∈ S (V ∩ U) , and det (Dv (u)) exists for a.e. u ∈ R (U ∩ V ) . Here we are writing u (v)
for R ◦ S−1 (v) with a similar definition for v (u) . Then letting I = (i1, · · ·, in) be a sequence of indices, we
have the following formula for a.e. u ∈ R (U ∩ V ) .

∂
(
xi1 · · · xin

)
∂ (u1 · · · un)

=
∂
(
xi1 · · · xin

)
∂ (v1 · · · vn)

∂
(
v1 · · · vn

)
∂ (u1 · · · un)

. (20.36)

Proof: Let xI ∈ Rn denote
(
xi1 , · · ·, xin

)
. Then using Theorem 20.23, we can say that there is a set of

Lebesgue measure zero, N ⊆ R (U ∩ V ) , such that if u /∈ N, then

DxI (u) = DxI (v)Dv (u) .

Taking determinants, we obtain (20.36) for u /∈ N. This proves the lemma.
Similarly we have the following formula which holds for a.e. v ∈ S (U ∩ V ) .

∂
(
xi1 · · · xin

)
∂ (v1 · · · vn)

=
∂
(
xi1 · · · xin

)
∂ (u1 · · · un)

∂
(
u1 · · · un

)
∂ (v1 · · · vn)

.



376 FUNDAMENTAL THEOREM OF CALCULUS

20.6 Some examples of orientable Lipschitz manifolds

The following simple proposition will give many examples of Lipschitz manifolds.

Proposition 20.27 Suppose Ω is a bounded open subset of Rn with n ≥ 2 having the property that for all
p ∈ ∂Ω ≡ Ω \Ω, there exists an open set, U1, containing p, and an orthogonal transformation, P : Rn → R

n

whose determinant equals 1, having the following properties. The set, P (U1) is of the form

B × (a, b)

where B is a bounded open subset of Rn−1. Letting

U ≡ Ũ ∩ Ω,

it follows that

P (U) =
{
u ∈ Rn : û ∈ B and u1 ∈ (a, g (û))

}
(20.37)

while

P (∂Ω ∩ U1) =
{
u ∈ Rn : û ∈ B and u1 = g (û)

}
(20.38)

where g is a Lipschitz map and

û ≡
(
u2, · · ·, un

)T
where u =

(
u1, u2 · ··, un

)T
.

Then Ω is an oriented Lipschitz manifold.

The following picture is descriptive of the situation described in the proposition.
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Proof: Let U1, U, and g be as described above. For x ∈ U define

R (x) ≡ α ◦ P (x)

where

α (u) ≡
(
u1 − g (û) u2 · · · un

)T
The pair, (U,R) is a chart in an atlas for Ω. It is clear that R is Lipschitz continuous. Furthermore, it is
clear that the inverse map, R−1 is given by the formula

R−1 (u) = P ∗ ◦ α−1 (u)

where

α−1 (u) =
(
u1 + g (û) u2 · · · un

)T
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and that R , R−1, α and α−1 are all are Lipschitz continuous. Then the version of the chain rule found in
Theorem 20.23 implies DR (x) , and DR−1 (x) exist and have postive determinant a.e. Thus if (U,R) and
(V,S) are two of these charts, we may apply Theorem 20.23 to find that for a.e. v,

det
(
D
(
R ◦ S−1

)
(v)
)

= det
(
DR

(
S−1 (v)

)
DS−1 (v)

)
= det

(
DR

(
S−1 (v)

))
det
(
DS−1 (v)

)
> 0.

The set, ∂Ω is compact and so there are p of these sets, U1j covering ∂Ω along with functions Rj as just
described. Let U0 satisfy

Ω \ ∪pj=1U1j ⊆ U0 ⊆ U0 ⊆ Ω

and let R0 (x) ≡
(
x1 − k x2 · · · xn

)
where k is chosen large enough that R0 maps U0 into Rn<. Then

(Ur,Rr) is an oriented atlas for Ω if we define Ur ≡ U1r ∩Ω. As above, the chain rule shows the derivatives
of the overlap maps have positive determinants.

For example, a ball of radius r > 0 is an oriented Lipschitz n manifold with boundary because it satisfies
the conditions of the above proposition. So is a box,

∏n
i=1 (ai, bi) . This proposition gives examples of

Lipschitz n manifolds in Rn but we want to have examples of n manifolds in Rm for m > n. We recall the
following lemma from Section 17.3.

Lemma 20.28 Suppose O is a bounded open subset of Rn and let F : O → R
m be a function in Ck

(
O;Rm

)
where m ≥ n with the property that for all x ∈ O, DF (x) has rank n. Then if y0 = F (x0) , there exists a
bounded open set in Rm,W, which contains y0, a bounded open set, U ⊆ O which contains x0 and a function
G : W → U such that G is in Ck

(
W ;Rn

)
and for all x ∈ U,

G (F (x)) = x.

Furthermore, G = G1 ◦P on W where P is a map of the form

P (y) =
(
yi1 , · · ·, yin

)
for some list of indices, i1 < · · · < in.

With this lemma we can give a theorem which will provide many other examples. We note that G, and
F are Lipschitz continuous in the above because of the requirement that they are restrictions of Ck functions
defined on Rn which have compact support.

Theorem 20.29 Let Ω be a Lipschitz n manifold with boundary in Rn and suppose Ω ⊆ O, an open bounded
subset of Rn. Suppose F ∈ C1

(
O;Rm

)
is one to one on O and DF (x) has rank n for all x ∈ O. Then F (Ω)

is also a Lipschitz manifold with boundary and ∂F (Ω) = F (∂Ω) .

Proof: Let (Ur,Rr) be an atlas for Ω and suppose Ur = Or ∩ Ω where Or is an open subset of O. Let
x0 ∈ Ur. By Lemma 20.28 there exists an open set, Wx0 in Rm containing F (x0), an open set in Rn, Ũx0

containing x0, and Gx0 ∈ Ck
(
Wx0 ;Rn

)
such that

Gx0 (F (x)) = x

for all x ∈ Ũx0 . Let Ux0 ≡ Ur ∩ Ũx0 .
Claim: F (Ux0) is open in F (Ω) .
Proof: Let x ∈ Ux0 . If F (x1) is close enough to F (x) where x1 ∈ Ω, then F (x1) ∈Wx0 and so

|x− x1| = |Gx0 (F (x))−Gx0 (F (x1))|
≤ K |(F (x))− F (x1)|
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where K is some constant which depends only on

max {||DGx0 (y)|| : y ∈Rm} .

Therefore, if F (x1) is close enough to F (x) , it follows we can conclude |x− x1| is very small. Since Ux0

is open in Ω it follows that whenever F (x1) is sufficiently close to F (x) , we have x1 ∈ Ux0 . Consequently
F (x1) ∈ F (Ux0) . This shows F (Ux0) is open in F (Ω) and proves the claim.

With this claim it follows that (F (Ux0) ,Rr ◦Gx0) is a chart and since Rr is given to be Lipschitz
continuous, we know the map, Rr ◦Gx0 is Lipschitz continuous. The inverse map of Rr ◦Gx0 is also seen to
equal F ◦R−1

r , also Lipschitz continuous. Since Ω is compact there are finitely many of these sets, F (Uxi)
covering F (Ω) . This yields an atlas for F (Ω) of the form (F (Uxi) ,Rr ◦Gxi) where xi ∈ Ur and proves
F (Ω) is a Lipschitz manifold.

Since the R−1
r are Lipschitz, the overlap map for two of these charts is of the form,(

Rs ◦Gxj

)
◦
(
F ◦R−1

r

)
= Rs ◦R−1

r ,

showing that if (Ur,Rr) is an oriented atlas for Ω, then F (Ω) also has an oriented atlas since the overlap
maps described above are all of the form Rs ◦R−1

r .
It remains to verify the assertion about boundaries. y ∈ ∂F (Ω) if and only if for some xi ∈ Ur,

Rr ◦Gxi (y) ∈ Rn0

if and only if

Gxi (y) ∈ ∂Ω

if and only if

Gxi (F (x)) = x ∈ ∂Ω

where F (x) = y if and only if y ∈ F (∂Ω) . This proves the theorem.

20.7 Stoke’s theorem on Lipschitz manifolds

In the proof of Stoke’s theorem, we used that R−1
i is C2 but the end result is a formula which involves only

the first derivatives of R−1
i . This suggests that it is not necessary to make this assumption. Here we will

show that one can do with assuming the manifold in question is only a Lipschitz manifold.
Using the Theorem 20.22 and the version of the chain rule for Lipschitz maps given above, we can verify

that the integral of a differential form makes sense for an orientable Lipschitz manifold using the same
arguments given earlier in the chapter on differential forms. Now suppose Ω is only a Lipschitz orientable n
manifold. Then in the proof of Stoke’s theorem, we can say that for some sequence of n→∞,∫

Ω

dω ≡ lim
n→∞

m∑
j=1

∑
I

p∑
r=1

∫
RrUr

(
ψr
∂aI
∂xj
◦
(
R−1
r ∗ φN

))
(u)

∂
(
xjxi1 · · · xin−1

)
∂ (u1 · · · un)

du (20.39)

where φN is a mollifier and

∂
(
xjxi1 · · · xin−1

)
∂ (u1 · · · un)

is obtained from

x = R−1
r ∗ φN (u) .
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The reason we can write the above limit is that from Rademacher’s theorem and the dominated convergence
theorem we may write (

R−1
r ∗ φN

)
,i

=
(
R−1
r

)
,i
∗ φN .

As in Chapter 12 we see
(
R−1
r ∗ φN

)
,i
→
(
R−1
r

)
,i

in Lp (RrUr) for every p. Taking an appropriate subse-
quence, we can obtain, in addition to this, almost everywhere convergence for every partial derivative and
every Rr yielding (20.39) for that subsequence.

We may also arrange to have
∑
ψr = 1 near Ω. Then for N large enough, R−1

r ∗ φN (RrUi) will lie in
this set where

∑
ψr = 1. Then we do the computations as in the proof of Stokes theorem. Using the same

computations, with R−1
r ∗ φN in place of R−1

r , ∫
Ω

dω =

lim
n→∞

m∑
j=1

∑
I

∑
r∈B

∫
RrUr∩Rn0

(
ψraI ◦

(
R−1
r ∗ φN

)) ∂ (xi1 · · · xin−1
)

∂ (u2 · · · un)
(
0, u2, · · ·, un

)
du2 · · · dun

=
m∑
j=1

∑
I

∑
r∈B

∫
RrUr∩Rn0

(
ψraI ◦R−1

r

) ∂ (xi1 · · · xin−1
)

∂ (u2 · · · un)
(
0, u2, · · ·, un

)
du2 · · · dun ≡

∫
∂Ω

ω.

This yields the following significant generalization of Stoke’s theorem.

Theorem 20.30 (Stokes theorem) Let Ω be a Lipschitz orientable manifold with boundary and let ω ≡∑
I aI (x) dxi1 ∧ · · · ∧ dxin−1 be a differential form of order n− 1 for which aI is C1. Then∫

∂Ω

ω =
∫

Ω

dω. (20.40)

The theorem can be generalized further but this version seems particularly natural so we stop with this
one. You need a change of variables formula and you need to be able to take the derivative of R−1

i a.e. These
ingredients are available for more general classes of functions than Lipschitz continuous functions. See [19]
in the exercises on the area formula. You could also relax the assumptions on aI slightly.

20.8 Surface measures on Lipschitz manifolds

Let Ω be a Lipschitz manifold in Rm, oriented or not. Let f be a continuous function defined on Ω, and let
(Ui,Ri) be an atlas and let {ψi} be a C∞ partition of unity subordinate to the sets, Ui as described earlier.
If ω =

∑
I aI (x) dxI is a differential form, we may always assume

dxI = dxi1 ∧ · · · ∧ dxin

where i1 < i2 < · · · < in. The reason for this is that in taking an integral used to integrate the differential

form, a switch in two of the dxj results in switching two rows in the determinant,
∂(xi1 ···xin)
∂(u1···un) , implying that

any two of these differ only by a multiple of −1. Therefore, there is no loss of generality in assuming from
now on that in the sum for ω, I is always a list of indices which are strictly increasing. The case where
some term of ω has a repeat, dxir = dxis can be ignored because such terms deliver zero in integrating the
differential form because they involve a determinant having two equal rows. We emphasize again that from
now on I will refer to an increasing list of indices.
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Let

Ji (u) ≡

∑
I

(
∂
(
xi1 · · · xin

)
∂ (u1 · · · un)

)2
1/2

where here the sum is taken over all possible increasing lists of indices, I, from {1, · · ·,m} and x = R−1
i u.

Thus there are
(
m
n

)
terms in the sum. We define a positive linear functional, Λ on C (Ω) as follows:

Λf ≡
p∑
i=1

∫
RiUi

fψi
(
R−1
i (u)

)
Ji (u) du. (20.41)

We will now show this is well defined.

Lemma 20.31 The functional defined in (20.41) does not depend on the choice of atlas or the partition of
unity.

Proof: In (20.41), let {ψi} be a partition of unity as described there which is associated with the atlas
(Ui,Ri) and let {ηi} be a partition of unity associated in the same manner with the atlas (Vi,Si) . Using
the change of variables formula, Theorem 20.22 with u =

(
Ri ◦ S−1

j

)
v,

p∑
i=1

∫
RiUi

ψif
(
R−1
i (u)

)
Ji (u) du = (20.42)

p∑
i=1

q∑
j=1

∫
RiUi

ηjψif
(
R−1
i (u)

)
Ji (u) du =

p∑
i=1

q∑
j=1

∫
Sj(Ui∩Vj)

ηj
(
S−1
j (v)

)
ψi
(
S−1
j (v)

)
f
(
S−1
j (v)

)
Ji (u)

∣∣∣∣∣∂
(
u1 · · · un

)
∂ (v1 · · · vn)

∣∣∣∣∣ dv
=

p∑
i=1

q∑
j=1

∫
Sj(Ui∩Vj)

ηj
(
S−1
j (v)

)
ψi
(
S−1
j (v)

)
f
(
S−1
j (v)

)
Jj (v) dv. (20.43)

This yields

the definition of Λf using (Ui,Ri) ≡

p∑
i=1

∫
RiUi

ψif
(
R−1
i (u)

)
Ji (u) du =

p∑
i=1

q∑
j=1

∫
Sj(Ui∩Vj)

ηj
(
S−1
j (v)

)
ψi
(
S−1
j (v)

)
f
(
S−1
j (v)

)
Jj (v) dv

=
q∑
j=1

∫
Sj(Vj)

ηj
(
S−1
j (v)

)
f
(
S−1
j (v)

)
Jj (v) dv

the definition of Λf using (Vi,Si) .

This proves the lemma.
This lemma implies the following theorem.
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Theorem 20.32 Let Ω be a Lipschitz manifold with boundary. Then there exists a unique Radon measure,
µ, defined on Ω such that whenever f is a continuous function defined on Ω and (Ui,Ri) denotes an atlas
and {ψi} a partition of unity subordinate to this atlas, we have

Λf =
∫

Ω

fdµ =
p∑
i=1

∫
RiUi

ψif
(
R−1
i (u)

)
Ji (u) du. (20.44)

Furthermore, for any f ∈ L1 (Ω, µ) ,∫
Ω

fdµ =
p∑
i=1

∫
RiUi

ψif
(
R−1
i (u)

)
Ji (u) du (20.45)

and a subset, A, of Ω is µ measurable if and only if for all r,Rr (Ur ∩A) is Jr (u) du measurable.

Proof:We begin by proving the following claim.
Claim :A set, S ⊆ Ui, has µ measure zero in Ui, if and only if RiS has measure zero in RiUi with

respect to the measure, Ji (u) du.
Proof of the claim:Let ε > 0 be given. By outer regularity, there exists a set, V ⊆ Ui, open in Ω

such that µ (V ) < ε and S ⊆ V ⊆ Ui. Then RiV is open in Rn≤ and contains RiS. Letting h ≺ O, where
O ∩ Rn≤ = RiV and mn (O) < mn (RiV ) + ε, and letting h1 (x) ≡ h (Ri (x)) for x ∈ Ui, we see h1 ≺ V. By
Corollary 12.24, we can also choose our partition of unity so that spt (h1) ⊆ {x ∈ Rm : ψi (x) = 1} . Thus
ψjh1

(
R−1
j (u)

)
= 0 unless j = i when this reduces to h1

(
R−1
i (u)

)
. Thus

ε ≥ µ (V ) ≥
∫
V

h1dµ =
∫

Ω

h1dµ =
p∑
j=1

∫
RjUj

ψjh1

(
R−1
j (u)

)
Jj (u) du

=
∫

RiUi

h1

(
R−1
i (u)

)
Ji (u) du =

∫
RiUi

h (u) Ji (u) du =
∫

RiV

h (u) Ji (u) du

≥
∫
O

h (u) Ji (u) du−Kiε,

where Ki ≥ ||Ji||∞ . Now this holds for all h ≺ O and so∫
RiS

Ji (u) du ≤
∫

RiV

Ji (u) du ≤
∫
O

Ji (u) du ≤ ε (1 +Ki) .

Since ε is arbitrary, this shows RiS has mesure zero with respect to the measure, Ji (u) du as claimed.
Now we prove the converse. Suppose RiS has Jr (u) du measure zero. Then there exists an open set, O

such that O ⊇ RiS and ∫
O

Ji (u) du < ε.

Thus R−1
i (O ∩RiUi) is open in Ω and contains S. Let h ≺ R−1

i (O ∩RiUi) be such that∫
Ω

hdµ+ ε > µ
(
R−1
i (O ∩RiUi)

)
≥ µ (S)

As in the first part, we can choose our partition of unity such that h (x) = 0 off the set,

{x ∈ Rm : ψi (x) = 1}
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and so as in this part of the argument,∫
Ω

hdµ ≡
p∑
j=1

∫
RjUj

ψjh
(
R−1
j (u)

)
Jj (u) du

=
∫

RiUi

h
(
R−1
i (u)

)
Ji (u) du

=
∫
O∩RiUi

h
(
R−1
i (u)

)
Ji (u) du

≤
∫
O

Ji (u) du < ε

and so µ (S) ≤ 2ε. Since ε is arbitrary, this proves the claim.
Now let A ⊆ Ur be µ measurable. By the regularity of the measure, there exists an Fσ set, F and a Gδ

set, G such that Ur ⊇ G ⊇ A ⊇ F and µ (G \ F ) = 0.(Recall a Gδ set is a countable intersection of open sets
and an Fσ set is a countable union of closed sets.) Then since Ω is compact, it follows each of the closed sets
whose union equals F is a compact set. Thus if F = ∪∞k=1Fk we know Rr (Fk) is also a compact set and so
Rr (F ) = ∪∞k=1Rr (Fk) is a Borel set. Similarly, Rr (G) is also a Borel set. Now by the claim,∫

Rr(G\F )

Jr (u) du = 0.

We also see that since Rr is one to one,

RrG \RrF = Rr (G \ F )

and so

Rr (F ) ⊆ Rr (A) ⊆ Rr (G)

where Rr (G) \ Rr (F ) has measure zero. By completeness of the measure, Ji (u) du, we see Rr (A) is
measurable. It follows that if A ⊆ Ω is µ measurable, then Rr (Ur ∩A) is Jr (u) du measurable for all r. The
converse is entirely similar.

Letting f ∈ L1 (Ω, µ) , we use the fact that µ is a Radon mesure to obtain a sequence of continuous
functions, {fk} which converge to f in L1 (Ω, µ) and for µ a.e. x. Therefore, the sequence

{
fk
(
R−1
i (·)

)}
is

a Cauchy sequence in L1
(
RiUi;ψi

(
R−1
i (u)

)
Ji (u) du

)
. It follows there exists

g ∈ L1
(
RiUi;ψi

(
R−1
i (u)

)
Ji (u) du

)
such that fk

(
R−1
i (·)

)
→ g in L1

(
RiUi;ψi

(
R−1
i (u)

)
Ji (u) du

)
. By the pointwise convergence, g (u) =

f
(
R−1
i (u)

)
for µ a.e. R−1

i (u) ∈ Ui. By the above claim, g = f ◦R−1
i for a.e. u ∈ RiUi and so

f ◦R−1
i ∈ L

1 (RiUi; Ji (u) du)

and we can write ∫
Ω

fdµ = lim
k→∞

∫
Ω

fkdµ = lim
k→∞

p∑
i=1

∫
RiUi

ψifk
(
R−1
i (u)

)
Ji (u) du

=
p∑
i=1

∫
RiUi

ψi
(
R−1
i (u)

)
g (u) Ji (u) du

=
p∑
i=1

∫
RiUi

ψif
(
R−1
i (u)

)
Ji (u) du.
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This proves the theorem.
In the case of a Lipschitz manifold, note that by Rademacher’s theorem the set in RrUr on which R−1

r

has no derivative has Lebesgue measure zero and so contributes nothing to the definition of µ and can be
ignored. We will do so from now on. Other sets of measure zero in the sets RrUr can also be ignored and
we do so whenever convenient.

Corollary 20.33 Let f ∈ L1 (Ω;µ) and suppose f (x) = 0 for all x /∈ Ur where (Ur,Rr) is a chart in a
Lipschitz atlas for Ω. Then ∫

Ω

fdµ =
∫
Ur

fdµ =
∫

RrUr

f
(
R−1
r (u)

)
Jr (u) du. (20.46)

Proof: Using regularity of the measures, we can pick a compact subset, K, of Ur such that∣∣∣∣∫
Ur

fdµ−
∫
K

fdµ

∣∣∣∣ < ε.

Now by Corollary 12.24, we can choose the partition of unity such that K ⊆ {x ∈ Rm : ψr (x) = 1} . Then∫
K

fdµ =
p∑
i=1

∫
RiUi

ψifXK
(
R−1
i (u)

)
Ji (u) du

=
∫

RrUr

fXK
(
R−1
r (u)

)
Jr (u) du.

Therefore, letting Kl ↑ RrUr we can take a limit and conclude∣∣∣∣∫
Ur

fdµ−
∫

RrUr

f
(
R−1
r (u)

)
Jr (u) du

∣∣∣∣ ≤ ε.
Since ε is arbitrary, this proves the corollary.

20.9 The divergence theorem for Lipschitz manifolds

What about writing the integral of a differential form in terms of this measure? Let ω be a differential form,

ω (x) =
∑
I

aI (x) dxI

where aI is continuous or Borel measurable if you desire, and the sum is taken over all increasing lists from
{1, · · ·,m} . We assume Ω is a Lipschitz or Ck manifold which is orientable and that (Ur,Rr) is an oriented
atlas for Ω while, {ψr} is a C∞ partition of unity subordinate to the Ur.

Lemma 20.34 Consider the set,

S ≡
{
x ∈ Ω : for some r,x = R−1

r (u) where x ∈ Ur and Jr (u) = 0
}
.

Then µ (S) = 0.

Proof: Let Sr denote those points, x, of Ur for which x = R−1
r (u) and Jr (u) = 0. Thus S = ∪pr=1Sr.

From Corollary 20.33 ∫
Ω

XSrdµ =
∫

RrUr

XSr
(
R−1
r (u)

)
Jr (u) du = 0
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and so

µ (S) ≤
p∑
k=1

µ (Sk) = 0.

This proves the lemma.
With respect to the above atlas, we define a function of x in the following way. For I = (i1, · · ·, in) an

increasing list of indices,

oI (x) ≡


(
∂(xi1 ···xin)
∂(u1···un)

)
/Jr (u) , if x ∈ Ur \ S

0 if x ∈ S

Then (20.36) implies this is well defined aside from a possible set of measure zero, N. Now it follows from
Corollary 20.33 that R−1 (N) is a set of µ measure zero on Ω and that oI is given by the top line off a set of
µ measure zero. It also shows that if we had used a different atlas having the same orientation, then o (x)
defined using the new atlas would change only on a set of µ measure zero. Also note∑

I

oI (x)2 = 1 µ a.e.

Thus we may consider oI (x) to be well defined if we regard two functions as equal provided they differ only
on a set of measure zero. Now we define a vector valued function, o having values in R(mn) by letting the Ith

component of o (x) equal oI (x) . Also define

ω (x) · o (x) ≡
∑
I

aI (x) oI (x) ,

From the definition of what we mean by the integral of a differential form, Definition 17.11, it follows that∫
Ω

ω ≡
p∑
r=1

∑
I

∫
RrUr

ψr
(
R−1
r (u)

)
aI
(
R−1
r (u)

) ∂ (xi1 · · · xin)
∂ (u1 · · · un)

du

=
p∑
r=1

∫
RrUr

ψr
(
R−1
r (u)

)
ω
(
R−1
r (u)

)
· o
(
R−1
r (u)

)
Jr (u) du

≡
∫

Ω

ω · odµ (20.47)

Note that ω ·o is bounded and measurable so is in L1. For convenience, we state the following lemma whose
proof is essentially the same as the proof of Lemma 17.25.

Lemma 20.35 Let Ω be a Lipschitz oriented manifold in R
n with an oriented atlas, (Ur,Rr). Letting

x = R−1
r u and letting 2 ≤ j ≤ n, we have

n∑
i=1

∂xi

∂uj
(−1)i+1

∂
(
x1 · · · x̂i · · · xn

)
∂ (u2 · · · un)

= 0 a.e. (20.48)

for each r. Here, x̂i means this is deleted. If for each r,

∂
(
x1 · · · xn

)
∂ (u1 · · · un)

≥ 0 a.e.,

then for each r

n∑
i=1

∂xi

∂u1
(−1)i+1

∂
(
x1 · · · x̂i · · · xn

)
∂ (u2 · · · un)

≥ 0 a.e. (20.49)
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Proof: (20.49) follows from the observation that

∂
(
x1 · · · xn

)
∂ (u1 · · · un)

=
n∑
i=1

∂xi

∂u1
(−1)i+1

∂
(
x1 · · · x̂i · · · xn

)
∂ (u2 · · · un)

by expanding the determinant,

∂
(
x1 · · · xn

)
∂ (u1 · · · un)

,

along the first column. Formula (20.48) follows from the observation that the sum in (20.48) is just the
determinant of a matrix which has two equal columns. This proves the lemma.

With this lemma, it is easy to verify a general form of the divergence theorem from Stoke’s theorem.
First we recall the definition of the divergence of a vector field.

Definition 20.36 Let O be an open subset of Rn and let F (x) ≡
∑n
k=1 F

k (x) ek be a vector field for which
F k ∈ C1 (O) . Then

div (F) ≡
n∑
k=1

∂Fk
∂xk

.

Theorem 20.37 Let Ω be an orientable Lipschitz n manifold with boundary in Rn having an oriented atlas,
(Ur,Rr) which satisfies

∂
(
x1 · · · xn

)
∂ (u1 · · · un)

≥ 0 (20.50)

for all r. Then letting n (x) be the vector field whose ith component taken with respect to the usual basis of
R
n is given by

ni (x) ≡

{
(−1)i+1 ∂

(
x1···x̂i···xn

)
∂(u2···un) /Jr (u) if Jr (u) 6= 0

0 if Jr (u) = 0
(20.51)

for x ∈ Ur ∩ ∂Ω, it follows n (x) is independent of the choice of atlas provided the orientation remains
unchanged. Also n (x) is a unit vector for a.e. x ∈ ∂Ω. Let F ∈ C1

(
Ω;Rn

)
. Then we have the following

formula which is called the divergence theorem.∫
Ω

div (F) dx =
∫
∂Ω

F · ndµ, (20.52)

where µ is the surface measure on ∂Ω defined above.

Proof: Recall that on ∂Ω

Jr (u) =

 n∑
i=1

∂
(
x1 · · · x̂i · · · xn

)
∂ (u2 · · · un)

2


1/2

From Lemma 20.26 and the definition of two atlass having the same orientation, we see that aside from sets
of measure zero, the assertion about the independence of choice of atlas for the normal, n (x) is verified.
Also, by Lemma 20.34, we know Jr (u) 6= 0 off some set of measure zero for each atlas and so n (x) is a unit
vector for µ a.e. x.
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Now we define the differential form,

ω ≡
n∑
i=1

(−1)i+1
Fi (x) dx1 ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn.

Then from the definition of dω,

dω = div (F) dx1 ∧ · · · ∧ dxn.

Now let {ψr} be a partition of unity subordinate to the Ur. Then using (20.50) and the change of variables
formula, ∫

Ω

dω ≡
p∑
r=1

∫
RrUr

(ψrdiv (F))
(
R−1
r (u)

) ∂ (x1 · · · xn
)

∂ (u1 · · · un)
du

=
p∑
r=1

∫
Ur

(ψrdiv (F)) (x) dx =
∫

Ω

div (F) dx.

Now ∫
∂Ω

ω ≡
n∑
i=1

(−1)i+1
p∑
r=1

∫
RrUr∩Rn0

ψrFi
(
R−1
r (u)

) ∂ (x1 · · · x̂i · · · xn
)

∂ (u2 · · · un)
du2 · · · dun

=
p∑
r=1

∫
RrUr∩Rn0

ψr

(
n∑
i=1

Fin
i

)(
R−1
r (u)

)
Jr (u) du2 · · · dun

≡
∫
∂Ω

F · ndµ.

By Stoke’s theorem, ∫
Ω

div (F) dx =
∫

Ω

dω =
∫
∂Ω

ω =
∫
∂Ω

F · ndµ

and this proves the theorem.

Definition 20.38 In the context of the divergence theorem, the vector, n is called the unit outer normal.

20.10 Exercises

1. Let E be a Lebesgue measurable set. We say x ∈ E is a point of density if

lim
r→0

m(E ∩B(x, r))
m(B(x, r))

= 1.

Show that a.e. point of E is a point of density.

2. Let (Ω,S, µ) be any σ finite measure space, f ≥ 0, f real-valued, and measurable. Let φ be an
increasing C1 function with φ(0) = 0. Show∫

Ω

φ ◦ fdµ =
∫ ∞

0

φ′(t)µ([f(x)̇ > t])dt.

Hint: ∫
Ω

φ(f(x))dµ =
∫

Ω

∫ f(x)

0

φ′(t)dtdµ =
∫

Ω

∫ ∞
0

X[0,f(x))(t)φ
′(t)dtdµ.

Argue φ′(t)X[0,f(x))(t) is product measurable and use Fubini’s theorem. The function t→ µ ([f (x) > t])
is called the distribution function.
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3. Let f be in L1
loc(R

n). Show Mf is Borel measurable.

4. If f ∈ Lp, 1 < p <∞, show Mf ∈ Lp and

||Mf ||p ≤ A(p, n)||f ||p.

Hint: Let

f1(x) ≡
{

f(x) if |f(x)| > α/2,
0 if |f(x)| ≤ α/2.

Argue [Mf(x) > α] ⊆ [Mf1(x) > α/2]. Then by Problem 2,∫
(Mf)pdx =

∫ ∞
0

pαp−1m([Mf > α])dα

≤
∫ ∞

0

pαp−1m([Mf1 > α/2])dα.

Now use Theorem 20.4 and Fubini’s Theorem as needed.

5. Show |f(x)| ≤Mf(x) at every Lebesgue point of f whenever f ∈ L1(Rn).

6. In the proof of the Vitali covering theorem there is nothing sacred about the constant 1
2 . Go through

the proof replacing this constant with λ where λ ∈ (0, 1) . Show that it follows that for every δ > 0,
the conclusion of the Vitali covering theorem follows with 5 replaced by (3 + δ) in the definition of B̂.

7. Suppose A is covered by a finite collection of Balls, F . Show that then there exists a disjoint collection
of these balls, {Bi}pi=1 , such that A ⊆ ∪pi=1B̂i where 5 can be replaced with 3 in the definition of B̂.
Hint: Since the collection of balls is finite, we can arrange them in order of decreasing radius.

8. The result of this Problem is sometimes called the Vitali Covering Theorem. It is very important in
some applications. It has to do with covering sets in except for a set of measure zero with disjoint
balls. Let E ⊆ Rn be Lebesgue measurable, m(E) < ∞, and let F be a collection of balls that cover
E in the sense of Vitali. This means that if x ∈ E and ε > 0, then there exists B ∈ F , diameter
of B < ε and x ∈ B. Show there exists a countable sequence of disjoint balls of F , {Bj}, such that
m(E \ ∪∞j=1Bj) = 0. Hint: Let E ⊆ U , U open and

m(E) > (1− 10−n)m(U).

Let {Bj} be disjoint,

E ⊆ ∪∞j=1B̂j , Bj ⊆ U.

Thus

m(E) ≤ 5nm(∪∞j=1Bj).

Then

m(E) > (1− 10−n)m(U)

≥ (1− 10−n)[m(E \ ∪∞j=1Bj) +m(∪∞j=1Bj)]
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≥ (1− 10−n)[m(E \ ∪∞j=1Bj) + 5−nm(E)].

Hence

m(E \ ∪∞j=1Bj) ≤ (1− 10−n)−1(1− (1− 10−n)5−n)m(E).

Let (1− 10−n)−1(1− (1− 10−n)5−n) < θ < 1 and pick N1 large enough that

θm(E) ≥ m(E \ ∪N1
j=1Bj).

Let F1 = {B ∈ F : Bj ∩B = ∅, j = 1, · · ·, N1}. If E \∪N1
j=1Bj 6= ∅, then F1 6= ∅ and covers E \∪N1

j=1Bj

in the sense of Vitali. Repeat the same argument, letting E \ ∪N1
j=1Bj play the role of E.

9. ↑Suppose E is a Lebesgue measurable set which has positive measure and let B be an arbitrary open
ball and let D be a set dense in Rn. Establish the result of Smítal, [4]which says that under these
conditions, mn ((E +D) ∩B) = mn (B) where here mn denotes the outer measure determined by mn.
Is this also true for X, an arbitrary possibly non measurable set replacing E in which mn (X) > 0?
Hint: Let x be a point of density of E and let D′ denote those elements of D, d, such that d+ x ∈ B.
Thus D′ is dense in B. Now use translation invariance of Lebesgue measure to verify that there exists,
R > 0 such that if r < R, we have the following holding for d ∈ D′ and rd < R.

mn ((E +D) ∩B (x+ d, rd)) ≥

mn ((E + d) ∩B (x+ d, rd)) ≥ (1− ε)mn (B (x+ d, rd)) .

Argue the balls, mn (B (x+ d, rd)) , form a Vitali cover of B.

10. Suppose λ is a Radon measure on Rn, and λ(S) < ∞ where mn(S) = 0 and λ(E) = λ(E ∩ S). (If
λ(E) = λ(E ∩ S) where mn (S) = 0 we say λ⊥mn.) Show that for mn a.e. x the following holds. If
Bi ↓ {x}, then limi→∞

λ(Bi)
mn(Bi)

= 0. Hint: You might try this. Set ε, r > 0, and let

Eε = {x ∈ SC : there exists {Bx
i }, Bx

i ↓ {x} with
λ(Bx

i )
mn(Bx

i )
≥ ε}.

Let K be compact, λ(S \K) < rε. Let F consist of those balls just described that do not intersect K
and which have radius < 1. This is a Vitali cover of Eε. Let B1, · · ·, Bk be disjoint balls from F and

mn(Eε \ ∪ki=1Bi) < r.

Then

mn(Eε) < r +
k∑
i=1

mn(Bi) < r + ε−1
k∑
i=1

λ(Bi) =

r + ε−1
k∑
i=1

λ(Bi ∩ S) ≤ r + ε−1λ(S \K) < 2r.

Since r is arbitrary, mn(Eε) = 0. Consider E = ∪∞k=1Ek−1 and let x /∈ S ∪ E.

11. ↑ Is it necessary to assume λ(S) <∞ in Problem 10? Explain.
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12. ↑ Let S be an increasing function on R which is right continuous,

lim
x→−∞

S(x) = 0,

and S is bounded. Let λ be the measure representing
∫
fdS. Thus λ((−∞, x]) = S(x). Suppose λ⊥m.

Show S′(x) = 0 m a.e. Hint:

0 ≤ h−1(S(x+ h)− S(x))

=
λ((x, x+ h])
m((x, x+ h])

≤ 3
λ((x− h, x+ 2h))
m((x− h, x+ 2h))

.

Now apply Problem 10. Similarly h−1(S(x)− S(x− h))→ 0.

13. ↑ Let f be increasing, bounded above and below, and right continuous. Show f ′(x) exists a.e. Hint:
See Problem 6 of Chapter 18.

14. ↑ Suppose |f(x)− f(y)| ≤ K|x− y|. Show there exists g ∈ L∞(R), ||g||∞ ≤ K, and

f(y)− f(x) =
∫ y

x

g(t)dt.

Hint: Let F (x) = Kx + f(x) and let λ be the measure representing
∫
fdF . Show λ << m. What

does this imply about the differentiability of a Lipschitz continuous function?

15. ↑ Let f be increasing. Show f ′(x) exists a.e.

16. Let f(x) = x2. Thus
∫ 1

−1
f(x)dx = 2/3. Let’s change variables. u = x2, du = 2xdx = 2u1/2dx. Thus

2/3 =
∫ 1

−1

x2dx =
∫ 1

1

u/2u1/2du = 0.

Can this be done correctly using a change of variables theorem?

17. Consider the construction employed to obtain the Cantor set, but instead of removing the middle third
interval, remove only enough that the sum of the lengths of all the open intervals which are removed
is less than one. That which remains is called a fat Cantor set. Show it is a compact set which has
measure greater than zero which contains no interval and has the property that every point is a limit
point of the set. Let P be such a fat Cantor set and consider

f (x) =
∫ x

0

XPC (t) dt.

Show that f is a strictly increasing function which has the property that its derivative equals zero on
a set of positive measure.

18. Let f be a function defined on an interval, (a, b) . The Dini derivates are defined as

D+f (x) ≡ lim inf
h→0+

f (x+ h)− f (x)
h

,D+f (x) ≡ lim sup
h→0+

f (x+ h)− f (x)
h

D−f (x) ≡ lim inf
h→0+

f (x)− f (x− h)
h

,D−f (x) ≡ lim sup
h→0+

f (x)− f (x− h)
h

.
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Suppose f is continuous on (a, b) and for all x ∈ (a, b) , D+f (x) ≥ 0. Show that then f is increasing on
(a, b) . Hint: Consider the function, H (x) ≡ f (x) (d− c)−x (f (d)− f (c)) where a < c < d < b. Thus
H (c) = H (d) . Also it is easy to see that H cannot be constant if f (d) < f (c) due to the assumption
that D+f (x) ≥ 0. If there exists x1 ∈ (a, b) where H (x1) > H (c) , then let x0 ∈ (c, d) be the point
where the maximum of f occurs. Consider D+f (x0) . If, on the other hand, H (x) < H (c) for all
x ∈ (c, d) , then consider D+H (c) .

19. ↑ Suppose in the situation of the above problem we only know D+f (x) ≥ 0 a.e. Does the conclusion
still follow? What if we only know D+f (x) ≥ 0 for every x outside a countable set? Hint: In the
case of D+f (x) ≥ 0,consider the bad function in the exercises for the chapter on the construction of
measures which was based on the Cantor set. In the case where D+f (x) ≥ 0 for all but countably
many x, by replacing f (x) with f̃ (x) ≡ f (x) + εx, consider the situation where D+f̃ (x) > 0 for all
but countably many x. If in this situation, f̃ (c) > f̃ (d) for some c < d, and y ∈

(
f̃ (d) , f̃ (c)

)
,let

z ≡ sup
{
x ∈ [c, d] : f̃ (x) > y0

}
.

Show that f̃ (z) = y0 and D+f̃ (z) ≤ 0. Conclude that if f̃ fails to be increasing, then D+f̃ (z) ≤ 0 for
uncountably many points, z. Now draw a conclusion about f.

20. Consider in the formula for Γ (α+ 1) the following change of variables. t = α + α1/2s. Then in terms
of the new variable, s, the formula for Γ (α+ 1) is

e−ααα+ 1
2

∫ ∞
−
√
α

e−
√
αs

(
1 +

s√
α

)α
ds = e−ααα+ 1

2

∫ ∞
−
√
α

e
α
[
ln
(

1+ s√
α

)
− s√

α

]
ds

Show the integrand converges to e−
s2
2 . Show that then

lim
α→∞

Γ (α+ 1)
e−ααα+(1/2)

=
∫ ∞
−∞

e
−s2

2 ds =
√

2π.

You will need to obtain a dominating function for the integral so that you can use the dominated
convergence theorem. This formula is known as Stirling’s formula.

21. Let Ω be an oriented Lipschitz n manifold in Rn for which

∂
(
x1 · · · xn

)
∂ (u1 · · · un)

≥ 0 a.e.

for all the charts, x = Rr (u) , and suppose F : Rn → R
m for m ≥ n is a Lipschitz continuous function

such that there exists a Lipschitz continuous function, G : Rm → R
n such that G ◦ F (x) = x for all

x ∈ Ω. Show that F (Ω) is an oriented Lipschitz n manifold. Now suppose ω ≡
∑
I aI (y) dyI is a

differential form on F (Ω) . Show∫
F(Ω)

ω =
∫

Ω

∑
I

aI (F (x))
∂
(
yi1 · · · yin

)
∂ (x1 · · · xn)

dx.

In this case, we say that F (Ω) is a parametrically defined manifold. Note this shows how to compute
the integral of a differential form on such a manifold without dragging in a partition of unity. Also
note that Ω could be a box or some collection of boxes pased togenter along edges. Can you get a
similar result in the case where F satisfies the conditions of Theorem 20.29?

22. Let h :Rn → R
n and h is Lipschitz. Let

A = {x : h (x) = c}

where c is a constant vector. Show J (x) = 0 a.e. on A. Hint: Use Theorem 20.22.
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23. Let U be an open subset of Rn and let h :U → R
n be differentiable on A ⊆ U for some A a Lebesgue

measurable set. Show that if T ⊆ A and mn (T ) = 0, then mn (h (T )) = 0. Hint: Let

Tk ≡ {x ∈ T : ||Dh (x)|| < k}

and let ε > 0 be given. Now let V be an open set containing Tk which is contained in U such that
mn (V ) < ε

kn5n and let δ > 0 be given. Using differentiability of h, for each x ∈ Tk there exists rx < δ
such that B (x,5rx) ⊆ V and

h (B (x,rx)) ⊆ B (h (x) , 5krx).

Use the same argument found in Lemma 20.13 to conclude

mn (h (Tk)) = 0.

Now

mn (h (T )) = lim
k→∞

mn (h (Tk)) = 0.

24. ↑In the context of 23 show that if S is a Lebesgue measurable subset of A, then h (S) is mn measurable.
Hint: Use the same argument found in Lemma 20.14.

25. ↑ Suppose also that h is differentiable on U . Show the following holds. Let x ∈ A be a point where
Dh (x)−1 exists. Then if ε ∈ (0, 1) the following hold for all r small enough.

mn

(
h
(
B (x,r)

))
= mn (h (B (x,r))) ≥ mn (Dh (x)B (0, r (1− ε))), (20.53)

h (B (x, r)) ⊆ h (x) +Dh (x)B (0, r (1 + ε)), (20.54)

mn (h (B (x,r))) ≤ mn (Dh (x)B (0, r (1 + ε))) . (20.55)

If U \A has measure 0, then for x ∈ A,

lim
r→0

mn (h (B (x, r) ∩A))
mn (h (B (x, r)))

= 1. (20.56)

Also show that for x ∈ A,

J (x) = lim
r→0

mn (h (B (x, r)))
mn (B (x,r))

, (20.57)

where J (x) ≡ det (Dh (x)).

26. ↑ Assuming the context of the above problems, let h be one to one on A and establish that for F Borel
measurable in Rn ∫

h(A)

XF (y) dmn =
∫
A

XF (h (x)) J (x) dm.

This is like (20.26). Next show, using the arguments of (20.27) - (20.31), that a change of variables
formula of the form ∫

h(A)

g (y) dmn =
∫
A

g (h (x)) J (x) dm

holds whenever g : h (A)→ [0,∞] is mn measurable.

27. Extend the theorem about integration and the Brouwer degree to more general classes of mappings
than C1 mappings.
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The complex numbers

In this chapter we consider the complex numbers, C and a few basic topics such as the roots of a complex
number. Just as a real number should be considered as a point on the line, a complex number is considered
a point in the plane. We can identify a point in the plane in the usual way using the Cartesian coordinates
of the point. Thus (a, b) identifies a point whose x coordinate is a and whose y coordinate is b. In dealing
with complex numbers, we write such a point as a + ib and multiplication and addition are defined in the
most obvious way subject to the convention that i2 = −1. Thus,

(a+ ib) + (c+ id) = (a+ c) + i (b+ d)

and

(a+ ib) (c+ id) = (ac− bd) + i (bc+ ad) .

We can also verify that every non zero complex number, a+ ib, with a2 + b2 6= 0, has a unique multiplicative
inverse.

1
a+ ib

=
a− ib
a2 + b2

=
a

a2 + b2
− i b

a2 + b2
.

Theorem 21.1 The complex numbers with multiplication and addition defined as above form a field.

The field of complex numbers is denoted as C. An important construction regarding complex numbers
is the complex conjugate denoted by a horizontal line above the number. It is defined as follows.

a+ ib = a− ib.

What it does is reflect a given complex number across the x axis. Algebraically, the following formula is
easy to obtain. (

a+ ib
)

(a+ ib) = a2 + b2.

The length of a complex number, refered to as the modulus of z and denoted by |z| is given by

|z| ≡
(
x2 + y2

)1/2
= (zz)1/2

,

and we make C into a metric space by defining the distance between two complex numbers, z and w as

d (z, w) ≡ |z − w| .

We see therefore, that this metric on C is the same as the usual metric of R2. A sequence, zn → z if and
only if xn → x in R and yn → y in R where z = x + iy and zn = xn + iyn. For example if zn = n

n+1 + i 1
n ,

then zn → 1 + 0i = 1.

393
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Definition 21.2 A sequence of complex numbers, {zn} is a Cauchy sequence if for every ε > 0 there exists
N such that n,m > N implies |zn − zm| < ε.

This is the usual definition of Cauchy sequence. There are no new ideas here.

Proposition 21.3 The complex numbers with the norm just mentioned forms a complete normed linear
space.

Proof: Let {zn} be a Cauchy sequence of complex numbers with zn = xn + iyn. Then {xn} and {yn}
are Cauchy sequences of real numbers and so they converge to real numbers, x and y respectively. Thus
zn = xn + iyn → x + iy. By Theorem 21.1 C is a linear space with the field of scalars equal to C. It only
remains to verify that | | satisfies the axioms of a norm which are:

|z + w| ≤ |z|+ |w|

|z| ≥ 0 for all z

|z| = 0 if and only if z = 0

|αz| = |α| |z| .

We leave this as an exercise.

Definition 21.4 An infinite sum of complex numbers is defined as the limit of the sequence of partial sums.
Thus,

∞∑
k=1

ak ≡ lim
n→∞

n∑
k=1

ak.

Just as in the case of sums of real numbers, we see that an infinite sum converges if and only if the
sequence of partial sums is a Cauchy sequence.

Definition 21.5 We say a sequence of functions of a complex variable, {fn} converges uniformly to a
function, g for z ∈ S if for every ε > 0 there exists Nε such that if n > Nε, then

|fn (z)− g (z)| < ε

for all z ∈ S. The infinite sum
∑∞
k=1 fn converges uniformly on S if the partial sums converge uniformly on

S.

Proposition 21.6 A sequence of functions, {fn} defined on a set S, converges uniformly to some function,
g if and only if for all ε > 0 there exists Nε such that whenever m,n > Nε,

||fn − fm||∞ < ε.

Here ||f ||∞ ≡ sup {|f (z)| : z ∈ S} .

Just as in the case of functions of a real variable, we have the Weierstrass M test.

Proposition 21.7 Let {fn} be a sequence of complex valued functions defined on S ⊆ C. Suppose there
exists Mn such that ||fn||∞ < Mn and

∑
Mn converges. Then

∑
fn converges uniformly on S.
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Since every complex number can be considered a point in R2, we define the polar form of a complex
number as follows. If z = x+ iy then

(
x
|z| ,

y
|z|

)
is a point on the unit circle because(

x

|z|

)2

+
(
y

|z|

)2

= 1.

Therefore, there is an angle θ such that (
x

|z|
,
y

|z|

)
= (cos θ, sin θ) .

It follows that

z = x+ iy = |z| (cos θ + i sin θ) .

This is the polar form of the complex number, z = x+ iy.
One of the most important features of the complex numbers is that you can always obtain n nth roots

of any complex number. To begin with we need a fundamental result known as De Moivre’s theorem.

Theorem 21.8 Let r > 0 be given. Then if n is a positive integer,

[r (cos t+ i sin t)]n = rn (cosnt+ i sinnt) .

Proof: It is clear the formula holds if n = 1. Suppose it is true for n.

[r (cos t+ i sin t)]n+1 = [r (cos t+ i sin t)]n [r (cos t+ i sin t)]

which by induction equals

= rn+1 (cosnt+ i sinnt) (cos t+ i sin t)

= rn+1 ((cosnt cos t− sinnt sin t) + i (sinnt cos t+ cosnt sin t))

= rn+1 (cos (n+ 1) t+ i sin (n+ 1) t)

by standard trig. identities.

Corollary 21.9 Let z be a non zero complex number. Then there are always exactly k kth roots of z in C.

Proof: Let z = x+ iy. Then

z = |z|
(
x

|z|
+ i

y

|z|

)
and from the definition of |z| , (

x

|z|

)2

+
(
y

|z|

)2

= 1.

Thus
(
x
|z| ,

y
|z|

)
is a point on the unit circle and so

y

|z|
= sin t,

x

|z|
= cos t

for a unique t ∈ [0, 2π). By De Moivre’s theorem, a number is a kth root of z if and only if it is of the form

|z|1/k
(

cos
(
t+ 2lπ
k

)
+ i sin

(
t+ 2lπ
k

))
for l an integer. By the fact that the cos and sin are 2π periodic, if l = k in the above formula the same
complex number is obtained as if l = 0. Thus there are exactly k of these numbers.

If S ⊆ C and f : S → C, we say f is continuous if whenever zn → z ∈ S, it follows that f (zn)→ f (z) .
Thus f is continuous if it takes converging sequences to converging sequences.
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21.1 Exercises

1. Let z = 3 + 4i. Find the polar form of z and obtain all cube roots of z.

2. Prove Propositions 21.6 and 21.7.

3. Verify the complex numbers form a field.

4. Prove that
∏n
k=1 zk =

∏n
k=1 zk. In words, show the conjugate of a product is equal to the product of

the conjugates.

5. Prove that
∑n
k=1 zk =

∑n
k=1 zk. In words, show the conjugate of a sum equals the sum of the conjugates.

6. Let P (z) be a polynomial having real coefficients. Show the zeros of P (z) occur in conjugate pairs.

7. If A is a real n× n matrix and Ax = λx, show that Ax = λx.

8. Tell what is wrong with the following proof that −1 = 1.

−1 = i2 =
√
−1
√
−1 =

√
(−1)2 =

√
1 = 1.

9. If z = |z| (cos θ + i sin θ) and w = |w| (cosα+ i sinα) , show

zw = |z| |w| (cos (θ + α) + i sin (θ + α)) .

10. Since each complex number, z = x + iy can be considered a vector in R2, we can also consider it a
vector in R3 and consider the cross product of two complex numbers. Recall from calculus that for
x ≡ (a, b, c) and y ≡ (d, e, f) , two vectors in R3,

x× y ≡ det

 i j k
a b c
d e f


and that geometrically |x× y| = |x| |y| sin θ, the area of the parallelogram spanned by the two vectors,
x,y and the triple, x,y,x× y forms a right handed system. Show

z1 × z2 = Im (z1z2) k.

Thus the area of the parallelogram spanned by z1 and z2 equals |Im (z1z2)| .

11. Prove that f : S ⊆ C→ C is continuous at z ∈ S if and only if for all ε > 0 there exists a δ > 0 such
that whenever w ∈ S and |w − z| < δ, it follows that |f (w)− f (z)| < ε.

12. Verify that every polynomial p (z) is continuous on C.

13. Show that if {fn} is a sequence of functions converging uniformly to a function, f on S ⊆ C and if fn
is continuous on S, then so is f.

14. Show that if |z| < 1, then
∑∞
k=0 z

k = 1
1−z .

15. Show that whenever
∑
an converges it follows that limn→∞ an = 0. Give an example in which

limn→∞ an = 0, an ≥ an+1 and yet
∑
an fails to converge to a number.

16. Prove the root test for series of complex numbers. If ak ∈ C and r ≡ lim supn→∞ |an|
1/n then

∞∑
k=0

ak

 converges absolutely if r < 1
diverges if r > 1
test fails if r = 1.
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17. Does limn→∞ n
(

2+i
3

)n
exist? Tell why and find the limit if it does exist.

18. Let A0 = 0 and let An ≡
∑n
k=1 ak if n > 0. Prove the partial summation formula,

q∑
k=p

akbk = Aqbq −Ap−1bp +
q−1∑
k=p

Ak (bk − bk+1) .

Now using this formula, suppose {bn} is a sequence of real numbers which converges to 0 and is
decreasing. Determine those values of ω such that |ω| = 1 and

∑∞
k=1 bkω

k converges. Hint: From
Problem 15 you have an example of a sequence {bn} which shows that ω = 1 is not one of those values
of ω.

19. Let f : U ⊆ C→ C be given by f (x+ iy) = u (x, y) + iv (x, y) . Show f is continuous on U if and only
if u : U → R and v : U → R are both continuous.

21.2 The extended complex plane

The set of complex numbers has already been considered along with the topology of C which is nothing but
the topology of R2. Thus, for zn = xn + iyn we say zn → z ≡ x+ iy if and only if xn → x and yn → y. The
norm in C is given by

|x+ iy| ≡ ((x+ iy) (x− iy))1/2 =
(
x2 + y2

)1/2
which is just the usual norm in R2 identifying (x, y) with x + iy. Therefore, C is a complete metric space
and we have the Heine Borel theorem that compact sets are those which are closed and bounded. Thus, as
far as topology is concerned, there is nothing new about C.

We need to consider another general topological space which is related to C. It is called the extended
complex plane, denoted by Ĉ and consisting of the complex plane, C along with another point not in C known
as ∞. For example, ∞ could be any point in R3. We say a sequence of complex numbers, zn, converges to
∞ if, whenever K is a compact set in C, there exists a number, N such that for all n > N, zn /∈ K. Since
compact sets in C are closed and bounded, this is equivalent to saying that for all R > 0, there exists N
such that if n > N, then zn /∈ B (0, R) which is the same as saying limn→∞ |zn| =∞ where this last symbol
has the same meaning as it does in calculus.

A geometric way of understanding this in terms of more familiar objects involves a concept known as the
Riemann sphere.

Consider the unit sphere, S2 given by (z − 1)2 + y2 +x2 = 1. We define a map from the unit sphere with
the point, (0, 0, 2) left out which is one to one onto R2 as follows.

@
@
@
@
@
@@θ(p)

p

We extend a line from the north pole of the sphere, the point (0, 0, 2) , through the point on the sphere,
p, until it intersects a unique point on R2. This mapping, known as stereographic projection, which we will
denote for now by θ, is clearly continuous because it takes converging sequences, to converging sequences.
Furthermore, it is clear that θ−1 is also continuous. In terms of the extended complex plane, Ĉ, we see a
sequence, zn converges to ∞ if and only if θ−1zn converges to (0, 0, 2) and a sequence, zn converges to z ∈ C
if and only if θ−1 (zn)→ θ−1 (z) .
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21.3 Exercises

1. Try to find an explicit formula for θ and θ−1.

2. What does the mapping θ−1 do to lines and circles?

3. Show that S2 is compact but C is not. Thus C 6= S2. Show that a set, K is compact (connected) in C
if and only if θ−1 (K) is compact (connected) in S2 \ {(0, 0, 2)} .

4. Let K be a compact set in C. Show that C \K has exactly one unbounded component and that this
component is the one which is a subset of the component of S2 \K which contains ∞. If you need to
rewrite using the mapping, θ to make sense of this, it is fine to do so.

5. Make Ĉ into a topological space as follows. We define a basis for a topology on Ĉ to be all open sets
and all complements of compact sets, the latter type being those which are said to contain the point
∞. Show this is a basis for a topology which makes Ĉ into a compact Hausdorff space. Also verify that
Ĉ with this topology is homeomorphic to the sphere, S2.



Riemann Stieltjes integrals

In the theory of functions of a complex variable, the most important results are those involving contour
integration. Before we define what we mean by contour integration, it is necessary to define the notion of
a Riemann Steiltjes integral, a generalization of the usual Riemann integral and the notion of a function of
bounded variation.

Definition 22.1 Let γ : [a, b]→ C be a function. We say γ is of bounded variation if

sup

{
n∑
i=1

|γ (ti)− γ (ti−1)| : a = t0 < · · · < tn = b

}
≡ V (γ, [a, b]) <∞

where the sums are taken over all possible lists, {a = t0 < · · · < tn = b} .

The idea is that it makes sense to talk of the length of the curve γ ([a, b]) , defined as V (γ, [a, b]) . For this
reason, in the case that γ is continuous, such an image of a bounded variation function is called a rectifiable
curve.

Definition 22.2 Let γ : [a, b] → C be of bounded variation and let f : [a, b] → C. Letting P ≡ {t0, · · ·, tn}
where a = t0 < t1 < · · · < tn = b, we define

||P|| ≡ max {|tj − tj−1| : j = 1, · · ·, n}

and the Riemann Steiltjes sum by

S (P) ≡
n∑
j=1

f (τ j) (γ (tj)− γ (tj−1))

where τ j ∈ [tj−1, tj ] . (Note this notation is a little sloppy because it does not identify the specific point, τ j
used. It is understood that this point is arbitrary.) We define

∫
γ
f (t) dγ (t) as the unique number which

satisfies the following condition. For all ε > 0 there exists a δ > 0 such that if ||P|| ≤ δ, then∣∣∣∣∫
γ

f (t) dγ (t)− S (P)
∣∣∣∣ < ε.

Sometimes this is written as ∫
γ

f (t) dγ (t) ≡ lim
||P||→0

S (P) .

The function, γ ([a, b]) is a set of points in C and as t moves from a to b, γ (t) moves from γ (a) to γ (b) .
Thus γ ([a, b]) has a first point and a last point. If φ : [c, d]→ [a, b] is a continuous nondecreasing function,
then γ ◦ φ : [c, d]→ C is also of bounded variation and yields the same set of points in C with the same first
and last points. In the case where the values of the function, f, which are of interest are those on γ ([a, b]) ,
we have the following important theorem on change of parameters.

399
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Theorem 22.3 Let φ and γ be as just described. Then assuming that∫
γ

f (γ (t)) dγ (t)

exists, so does ∫
γ◦φ

f (γ (φ (s))) d (γ ◦ φ) (s)

and ∫
γ

f (γ (t)) dγ (t) =
∫
γ◦φ

f (γ (φ (s))) d (γ ◦ φ) (s) . (22.1)

Proof: There exists δ > 0 such that if P is a partition of [a, b] such that ||P|| < δ, then∣∣∣∣∫
γ

f (γ (t)) dγ (t)− S (P)
∣∣∣∣ < ε.

By continuity of φ, there exists σ > 0 such that if Q is a partition of [c, d] with ||Q|| < σ,Q = {s0, · · ·, sn} ,
then |φ (sj)− φ (sj−1)| < δ. Thus letting P denote the points in [a, b] given by φ (sj) for sj ∈ Q, it follows
that ||P|| < δ and so∣∣∣∣∣∣

∫
γ

f (γ (t)) dγ (t)−
n∑
j=1

f (γ (φ (τ j))) (γ (φ (sj))− γ (φ (sj−1)))

∣∣∣∣∣∣ < ε

where τ j ∈ [sj−1, sj ] . Therefore, from the definition we see that (22.1) holds and that∫
γ◦φ

f (γ (φ (s))) d (γ ◦ φ) (s)

exists.
This theorem shows that

∫
γ
f (γ (t)) dγ (t) is independent of the particular γ used in its computation to

the extent that if φ is any nondecreasing function from another interval, [c, d] , mapping to [a, b] , then the
same value is obtained by replacing γ with γ ◦ φ.

The fundamental result in this subject is the following theorem.

Theorem 22.4 Let f : [a, b] → C be continuous and let γ : [a, b] → C be of bounded variation. Then∫
γ
f (t) dγ (t) exists. Also if δm > 0 is such that |t− s| < δm implies |f (t)− f (s)| < 1

m , then∣∣∣∣∫
γ

f (t) dγ (t)− S (P)
∣∣∣∣ ≤ 2V (γ, [a, b])

m

whenever ||P|| < δm.

Proof: The function, f , is uniformly continuous because it is defined on a compact set. Therefore, there
exists a decreasing sequence of positive numbers, {δm} such that if |s− t| < δm, then

|f (t)− f (s)| < 1
m
.

Let

Fm ≡ {S (P) : ||P|| < δm}.
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Thus Fm is a closed set. (When we write S (P) in the above definition, we mean to include all sums
corresponding to P for any choice of τ j .) We wish to show that

diam (Fm) ≤ 2V (γ, [a, b])
m

(22.2)

because then there will exist a unique point, I ∈ ∩∞m=1Fm. It will then follow that I =
∫
γ
f (t) dγ (t) . To

verify (22.2), it suffices to verify that whenever P and Q are partitions satisfying ||P|| < δm and ||Q|| < δm,

|S (P)− S (Q)| ≤ 2
m
V (γ, [a, b]) . (22.3)

Suppose ||P|| < δm andQ ⊇ P. Then also ||Q|| < δm. To begin with, suppose that P ≡ {t0, · · ·, tp, · · ·, tn}
and Q ≡ {t0, · · ·, tp−1, t

∗, tp, · · ·, tn} . Thus Q contains only one more point than P. Letting S (Q) and S (P)
be Riemann Steiltjes sums,

S (Q) ≡
p−1∑
j=1

f (σj) (γ (tj)− γ (tj−1)) + f (σ∗) (γ (t∗)− γ (tp−1))

+f (σ∗) (γ (tp)− γ (t∗)) +
n∑

j=p+1

f (σj) (γ (tj)− γ (tj−1)) ,

S (P) ≡
p−1∑
j=1

f (τ j) (γ (tj)− γ (tj−1)) + f (τp) (γ (t∗)− γ (tp−1))

+f (τp) (γ (tp)− γ (t∗)) +
n∑

j=p+1

f (τ j) (γ (tj)− γ (tj−1)) .

Therefore,

|S (P)− S (Q)| ≤
p−1∑
j=1

1
m
|γ (tj)− γ (tj−1)|+ 1

m
|γ (t∗)− γ (tp−1)|+

1
m
|γ (tp)− γ (t∗)|+

n∑
j=p+1

1
m
|γ (tj)− γ (tj−1)| ≤ 1

m
V (γ, [a, b]) . (22.4)

Clearly the extreme inequalities would be valid in (22.4) if Q had more than one extra point. Let S (P) and
S (Q) be Riemann Steiltjes sums for which ||P|| and ||Q|| are less than δm and let R ≡ P ∪Q. Then

|S (P)− S (Q)| ≤ |S (P)− S (R)|+ |S (R)− S (Q)| ≤ 2
m
V (γ, [a, b]) .

and this shows (22.3) which proves (22.2). Therefore, there exists a unique complex number, I ∈ ∩∞m=1Fm
which satisfies the definition of

∫
γ
f (t) dγ (t) . This proves the theorem.

The following theorem follows easily from the above definitions and theorem.
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Theorem 22.5 Let f ∈ C ([a, b]) and let γ : [a, b]→ C be of bounded variation. Let

M ≥ max {|f (t)| : t ∈ [a, b]} . (22.5)

Then ∣∣∣∣∫
γ

f (t) dγ (t)
∣∣∣∣ ≤MV (γ, [a, b]) . (22.6)

Also if {fn} is a sequence of functions of C ([a, b]) which is converging uniformly to the function, f, then

lim
n→∞

∫
γ

fn (t) dγ (t) =
∫
γ

f (t) dγ (t) . (22.7)

Proof: Let (22.5) hold. From the proof of the above theorem we know that when ||P|| < δm,∣∣∣∣∫
γ

f (t) dγ (t)− S (P)
∣∣∣∣ ≤ 2

m
V (γ, [a, b])

and so ∣∣∣∣∫
γ

f (t) dγ (t)
∣∣∣∣ ≤ |S (P)|+ 2

m
V (γ, [a, b])

≤
n∑
j=1

M |γ (tj)− γ (tj−1)|+ 2
m
V (γ, [a, b])

≤ MV (γ, [a, b]) +
2
m
V (γ, [a, b]) .

This proves (22.6) since m is arbitrary. To verify (22.7) we use the above inequality to write∣∣∣∣∫
γ

f (t) dγ (t)−
∫
γ

fn (t) dγ (t)
∣∣∣∣ =

∣∣∣∣∫
γ

(f (t)− fn (t)) dγ (t)
∣∣∣∣

≤ max {|f (t)− fn (t)| : t ∈ [a, b]}V (γ, [a, b]) .

Since the convergence is assumed to be uniform, this proves (22.7).
It turns out that we will be mainly interested in the case where γ is also continuous in addition to being

of bounded variation. Also, it turns out to be much easier to evaluate such integrals in the case where γ is
also C1 ([a, b]) . The following theorem about approximation will be very useful.

Theorem 22.6 Let γ : [a, b] → C be continuous and of bounded variation, let f : [a, b] × K → C be
continuous for K a compact set in C, and let ε > 0 be given. Then there exists η : [a, b] → C such that
η (a) = γ (a) , γ (b) = η (b) , η ∈ C1 ([a, b]) , and

||γ − η|| < ε, (22.8)

∣∣∣∣∫
γ

f (t, z) dγ (t)−
∫
η

f (t, z) dη (t)
∣∣∣∣ < ε, (22.9)

V (η, [a, b]) ≤ V (γ, [a, b]) , (22.10)

where ||γ − η|| ≡ max {|γ (t)− η (t)| : t ∈ [a, b]} .
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Proof: We extend γ to be defined on all R according to γ (t) = γ (a) if t < a and γ (t) = γ (b) if t > b.
Now we define

γh (t) ≡ 1
2h

∫ t+ 2h
(b−a) (t−a)

−2h+t+ 2h
(b−a) (t−a)

γ (s) ds.

where the integral is defined in the obvious way. That is,∫ b

a

α (t) + iβ (t) dt ≡
∫ b

a

α (t) dt+ i

∫ b

a

β (t) dt.

Therefore,

γh (b) =
1

2h

∫ b+2h

b

γ (s) ds = γ (b) ,

γh (a) =
1

2h

∫ a

a−2h

γ (s) ds = γ (a) .

Also, because of continuity of γ and the fundamental theorem of calculus,

γ′h (t) =
1

2h

{
γ

(
t+

2h
b− a

(t− a)
)(

1 +
2h
b− a

)
−

γ

(
−2h+ t+

2h
b− a

(t− a)
)(

1 +
2h
b− a

)}
and so γh ∈ C1 ([a, b]) . The following lemma is significant.

Lemma 22.7 V (γh, [a, b]) ≤ V (γ, [a, b]) .

Proof: Let a = t0 < t1 < · · · < tn = b. Then using the definition of γh and changing the variables to
make all integrals over [0, 2h] ,

n∑
j=1

|γh (tj)− γh (tj−1)| =

n∑
j=1

∣∣∣∣∣ 1
2h

∫ 2h

0

[
γ

(
s− 2h+ tj +

2h
b− a

(tj − a)
)
−

γ

(
s− 2h+ tj−1 +

2h
b− a

(tj−1 − a)
)]∣∣∣∣

≤ 1
2h

∫ 2h

0

n∑
j=1

∣∣∣∣γ (s− 2h+ tj +
2h
b− a

(tj − a)
)
−

γ

(
s− 2h+ tj−1 +

2h
b− a

(tj−1 − a)
)∣∣∣∣ ds.
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For a given s ∈ [0, 2h] , the points, s−2h+tj+ 2h
b−a (tj − a) for j = 1, · · ·, n form an increasing list of points in

the interval [a− 2h, b+ 2h] and so the integrand is bounded above by V (γ, [a− 2h, b+ 2h]) = V (γ, [a, b]) .
It follows

n∑
j=1

|γh (tj)− γh (tj−1)| ≤ V (γ, [a, b])

which proves the lemma.
With this lemma the proof of the theorem can be completed without too much trouble. First of all, if

ε > 0 is given, there exists δ1 such that if h < δ1, then for all t,

|γ (t)− γh (t)| ≤ 1
2h

∫ t+ 2h
(b−a) (t−a)

−2h+t+ 2h
(b−a) (t−a)

|γ (s)− γ (t)| ds

<
1

2h

∫ t+ 2h
(b−a) (t−a)

−2h+t+ 2h
(b−a) (t−a)

εds = ε (22.11)

due to the uniform continuity of γ. This proves (22.8). From (22.2) there exists δ2 such that if ||P|| < δ2,
then for all z ∈ K, ∣∣∣∣∫

γ

f (t, z) dγ (t)− S (P)
∣∣∣∣ < ε

3
,

∣∣∣∣∣
∫
γh

f (t, z) dγh (t)− Sh (P)

∣∣∣∣∣ < ε

3

for all h. Here S (P) is a Riemann Steiltjes sum of the form

n∑
i=1

f (τ i, z) (γ (ti)− γ (ti−1))

and Sh (P) is a similar Riemann Steiltjes sum taken with respect to γh instead of γ. Therefore, fix the
partition, P, and choose h small enough that in addition to this, we have the following inequality valid for
all z ∈ K.

|S (P)− Sh (P)| < ε

3

We can do this thanks to (22.11) and the uniform continuity of f on [a, b]×K. It follows∣∣∣∣∣
∫
γ

f (t, z) dγ (t)−
∫
γh

f (t, z) dγh (t)

∣∣∣∣∣ ≤
∣∣∣∣∫
γ

f (t, z) dγ (t)− S (P)
∣∣∣∣+ |S (P)− Sh (P)|

+

∣∣∣∣∣Sh (P)−
∫
γh

f (t, z) dγh (t)

∣∣∣∣∣ < ε.

Formula (22.10) follows from the lemma. This proves the theorem.
Of course the same result is obtained without the explicit dependence of f on z.
This is a very useful theorem because if γ is C1 ([a, b]) , it is easy to calculate

∫
γ
f (t) dγ (t) . We will

typically reduce to the case where γ is C1 by using the above theorem. The next theorem shows how easy
it is to compute these integrals in the case where γ is C1.
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Theorem 22.8 If f : [a, b]→ C and γ : [a, b]→ C is in C1 ([a, b]) , then∫
γ

f (t) dγ (t) =
∫ b

a

f (t) γ′ (t) dt. (22.12)

Proof: Let P be a partition of [a, b], P = {t0, · · ·, tn} and ||P|| is small enough that whenever |t− s| <
||P|| ,

|f (t)− f (s)| < ε (22.13)

and ∣∣∣∣∣∣
∫
γ

f (t) dγ (t)−
n∑
j=1

f (τ j) (γ (tj)− γ (tj−1))

∣∣∣∣∣∣ < ε.

Now
n∑
j=1

f (τ j) (γ (tj)− γ (tj−1)) =
∫ b

a

n∑
j=1

f (τ j)X(tj−1,tj ] (s) γ′ (s) ds

and thanks to (22.13), ∣∣∣∣∣∣
∫ b

a

n∑
j=1

f (τ j)X(tj−1,tj ] (s) γ′ (s) ds−
∫ b

a

f (s) γ′ (s) ds

∣∣∣∣∣∣
<

∫ b

a

ε |γ′ (s)| ds.

It follows that ∣∣∣∣∣
∫
γ

f (t) dγ (t)−
∫ b

a

f (s) γ′ (s) ds

∣∣∣∣∣ < ε

∫ b

a

|γ′ (s)| ds+ ε.

Since ε is arbitrary, this verifies (22.12).

Definition 22.9 Let γ : [a, b]→ U be a continuous function with bounded variation and let f : U → C be a
continuous function. Then we define, ∫

γ

f (z) dz ≡
∫
γ

f (γ (t)) dγ (t) .

The expression,
∫
γ
f (z) dz, is called a contour integral and γ is referred to as the contour. We also say that

a function f : U → C for U an open set in C has a primitive if there exists a function, F, the primitive, such
that F ′ (z) = f (z) . Thus F is just an antiderivative. Also if γk : [ak, bk]→ C is continuous and of bounded
variation, for k = 1, · · ·,m and γk (bk) = γk+1 (ak) , we define∫

∑m
k=1 γk

f (z) dz ≡
m∑
k=1

∫
γk

f (z) dz. (22.14)

In addition to this, for γ : [a, b] → C, we define −γ : [a, b] → C by −γ (t) ≡ γ (b+ a− t) . Thus γ simply
traces out the points of γ ([a, b]) in the opposite order.
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The following lemma is useful and follows quickly from Theorem 22.3.

Lemma 22.10 In the above definition, there exists a continuous bounded variation function, γ defined on
some closed interval, [c, d] , such that γ ([c, d]) = ∪mk=1γk ([ak, bk]) and γ (c) = γ1 (a1) while γ (d) = γm (bm) .
Furthermore, ∫

γ

f (z) dz =
m∑
k=1

∫
γk

f (z) dz.

If γ : [a, b]→ C is of bounded variation and continuous, then∫
γ

f (z) dz = −
∫
−γ

f (z) dz.

Theorem 22.11 Let K be a compact set in C and let f : U ×K → C be continuous for U an open set in C.
Also let γ : [a, b]→ U be continuous with bounded variation. Then if r > 0 is given, there exists η : [a, b]→ U
such that η (a) = γ (a) , η (b) = γ (b) , η is C1 ([a, b]) , and∣∣∣∣∫

γ

f (z, w) dz −
∫
η

f (z, w) dz
∣∣∣∣ < r, ||η − γ|| < r.

Proof: Let ε > 0 be given and let H be an open set containing γ ([a, b]) such that H is compact. Then
f is uniformly continuous on H ×K and so there exists a δ > 0 such that if zj ∈ H, j = 1, 2 and wj ∈ K for
j = 1, 2 such that if

|z1 − z2|+ |w1 − w2| < δ,

then

|f (z1, w1)− f (z2, w2)| < ε.

By Theorem 22.6, let η : [a, b] → C be such that η ([a, b]) ⊆ H, η (x) = γ (x) for x = a, b, η ∈ C1 ([a, b]) ,
||η − γ|| < min (δ, r) , V (η, [a, b]) < V (γ, [a, b]) , and∣∣∣∣∫

η

f (γ (t) , w) dη (t)−
∫
γ

f (γ (t) , w) dγ (t)
∣∣∣∣ < ε

for all w ∈ K. Then, since |f (γ (t) , w)− f (η (t) , w)| < ε for all t ∈ [a, b] ,∣∣∣∣∫
η

f (γ (t) , w) dη (t)−
∫
η

f (η (t) , w) dη (t)
∣∣∣∣ < εV (η, [a, b]) ≤ εV (γ, [a, b]) .

Therefore, ∣∣∣∣∫
η

f (z, w) dz −
∫
γ

f (z, w) dz
∣∣∣∣ =

∣∣∣∣∫
η

f (η (t) , w) dη (t)−
∫
γ

f (γ (t) , w) dγ (t)
∣∣∣∣ < ε+ εV (γ, [a, b]) .

Since ε > 0 is arbitrary, this proves the theorem.
We will be very interested in the functions which have primitives. It turns out, it is not enough for f to

be continuous in order to possess a primitive. This is in stark contrast to the situation for functions of a real
variable in which the fundamental theorem of calculus will deliver a primitive for any continuous function.
The reason for our interest in such functions is the following theorem and its corollary.
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Theorem 22.12 Let γ : [a, b]→ C be continuous and of bounded variation. Also suppose F ′ (z) = f (z) for
all z ∈ U, an open set containing γ ([a, b]) and f is continuous on U. Then∫

γ

f (z) dz = F (γ (b))− F (γ (a)) .

Proof: By Theorem 22.11 there exists η ∈ C1 ([a, b]) such that γ (a) = η (a) , and γ (b) = η (b) such that∣∣∣∣∫
γ

f (z) dz −
∫
η

f (z) dz
∣∣∣∣ < ε.

Then since η is in C1 ([a, b]) , we may write∫
η

f (z) dz =
∫ b

a

f (η (t)) η′ (t) dt =
∫ b

a

dF (η (t))
dt

dt

= F (η (b))− F (η (a)) = F (γ (b))− F (γ (a)) .

Therefore, ∣∣∣∣(F (γ (b))− F (γ (a)))−
∫
γ

f (z) dz
∣∣∣∣ < ε

and since ε > 0 is arbitrary, this proves the theorem.

Corollary 22.13 If γ : [a, b]→ C is continuous, has bounded variation, is a closed curve, γ (a) = γ (b) , and
γ ([a, b]) ⊆ U where U is an open set on which F ′ (z) = f (z) , then∫

γ

f (z) dz = 0.

22.1 Exercises

1. Let γ : [a, b]→ R be increasing. Show V (γ, [a, b]) = γ (b)− γ (a) .

2. Suppose γ : [a, b]→ C satisfies a Lipschitz condition, |γ (t)− γ (s)| ≤ K |s− t| . Show γ is of bounded
variation and that V (γ, [a, b]) ≤ K |b− a| .

3. We say γ : [c0, cm] → C is piecewise smooth if there exist numbers, ck, k = 1, · · ·,m such that
c0 < c1 < · · · < cm−1 < cm such that γ is continuous and γ : [ck, ck+1] → C is C1. Show that such
piecewise smooth functions are of bounded variation and give an estimate for V (γ, [c0, cm]) .

4. Let γ : [0, 2π]→ C be given by γ (t) = r (cosmt+ i sinmt) for m an integer. Find
∫
γ
dz
z .

5. Show that if γ : [a, b] → C then there exists an increasing function h : [0, 1] → [a, b] such that
γ ◦ h ([0, 1]) = γ ([a, b]) .

6. Let γ : [a, b]→ C be an arbitrary continuous curve having bounded variation and let f, g have contin-
uous derivatives on some open set containing γ ([a, b]) . Prove the usual integration by parts formula.∫

γ

fg′dz = f (γ (b)) g (γ (b))− f (γ (a)) g (γ (a))−
∫
γ

f ′gdz.

7. Let f (z) ≡ |z|−(1/2)
e−i

θ
2 where z = |z| eiθ. This function is called the principle branch of z−(1/2). Find∫

γ
f (z) dz where γ is the semicircle in the upper half plane which goes from (1, 0) to (−1, 0) in the

counter clockwise direction. Next do the integral in which γ goes in the clockwise direction along the
semicircle in the lower half plane.
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8. Prove an open set, U is connected if and only if for every two points in U, there exists a C1 curve
having values in U which joins them.

9. Let P,Q be two partitions of [a, b] with P ⊆ Q. Each of these partitions can be used to form an
approximation to V (γ, [a, b]) as described above. Recall the total variation was the supremum of sums
of a certain form determined by a partition. How is the sum associated with P related to the sum
associated with Q? Explain.

10. Consider the curve,

γ (t) =
{
t+ it2 sin

(
1
t

)
if t ∈ (0, 1]

0 if t = 0 .

Is γ a continuous curve having bounded variation? What if the t2 is replaced with t? Is the resulting
curve continuous? Is it a bounded variation curve?

11. Suppose γ : [a, b]→ R is given by γ (t) = t. What is
∫
γ
f (t) dγ? Explain.



Analytic functions

In this chapter we define what we mean by an analytic function and give a few important examples of
functions which are analytic.

Definition 23.1 Let U be an open set in C and let f : U → C. We say f is analytic on U if for every
z ∈ U,

lim
h→0

f (z + h)− f (z)
h

≡ f ′ (z)

exists and is a continuous function of z ∈ U. Here h ∈ C.

Note that if f is analytic, it must be the case that f is continuous. It is more common to not include the
requirement that f ′ is continuous but we will show later that the continuity of f ′ follows.

What are some examples of analytic functions? The simplest example is any polynomial. Thus

p (z) ≡
n∑
k=0

akz
k

is an analytic function and

p′ (z) =
n∑
k=1

akkz
k−1.

We leave the verification of this as an exercise. More generally, power series are analytic. We will show
this later. For now, we consider the very important Cauchy Riemann equations which give conditions under
which complex valued functions of a complex variable are analytic.

Theorem 23.2 Let U be an open subset of C and let f : U → C be a function, such that for z = x+ iy ∈ U,

f (z) = u (x, y) + iv (x, y) .

Then f is analytic if and only if u, v are C1 (U) and

∂u

∂x
=
∂v

∂y
,
∂u

∂y
= −∂v

∂x
.

Furthermore, we have the formula,

f ′ (z) =
∂u

∂x
(x, y) + i

∂v

∂x
(x, y) .

409
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Proof: Suppose f is analytic first. Then letting t ∈ R,

f ′ (z) = lim
t→0

f (z + t)− f (z)
t

=

lim
t→0

(
u (x+ t, y) + iv (x+ t, y)

t
− u (x, y) + iv (x, y)

t

)

=
∂u (x, y)
∂x

+ i
∂v (x, y)
∂x

.

But also

f ′ (z) = lim
t→0

f (z + it)− f (z)
it

=

lim
t→0

(
u (x, y + t) + iv (x, y + t)

it
− u (x, y) + iv (x, y)

it

)

1
i

(
∂u (x, y)
∂y

+ i
∂v (x, y)
∂y

)

=
∂v (x, y)
∂y

− i∂u (x, y)
∂y

.

This verifies the Cauchy Riemann equations. We are assuming that z → f ′ (z) is continuous. Therefore, the
partial derivatives of u and v are also continuous. To see this, note that from the formulas for f ′ (z) given
above, and letting z1 = x1 + iy1∣∣∣∣∂v (x, y)

∂y
− ∂v (x1, y1)

∂y

∣∣∣∣ ≤ |f ′ (z)− f ′ (z1)| ,

showing that (x, y)→ ∂v(x,y)
∂y is continuous since (x1, y1)→ (x, y) if and only if z1 → z. The other cases are

similar.
Now suppose the Cauchy Riemann equations hold and the functions, u and v are C1 (U) . Then letting

h = h1 + ih2,

f (z + h)− f (z) = u (x+ h1, y + h2)

+iv (x+ h1, y + h2)− (u (x, y) + iv (x, y))

We know u and v are both differentiable and so

f (z + h)− f (z) =
∂u

∂x
(x, y)h1 +

∂u

∂y
(x, y)h2 +

i

(
∂v

∂x
(x, y)h1 +

∂v

∂y
(x, y)h2

)
+ o (h) .
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Dividing by h and using the Cauchy Riemann equations,

f (z + h)− f (z)
h

=
∂u
∂x (x, y)h1 + i∂v∂y (x, y)h2

h
+

i ∂v∂x (x, y)h1 + ∂u
∂y (x, y)h2

h
+
o (h)
h

=
∂u

∂x
(x, y)

h1 + ih2

h
+ i

∂v

∂x
(x, y)

h1 + ih2

h
+
o (h)
h

Taking the limit as h→ 0, we obtain

f ′ (z) =
∂u

∂x
(x, y) + i

∂v

∂x
(x, y) .

It follows from this formula and the assumption that u, v are C1 (U) that f ′ is continuous.
It is routine to verify that all the usual rules of derivatives hold for analytic functions. In particular, we

have the product rule, the chain rule, and quotient rule.

23.1 Exercises

1. Verify all the usual rules of differentiation including the product and chain rules.

2. Suppose f and f ′ : U → C are analytic and f (z) = u (x, y) + iv (x, y) . Verify uxx + uyy = 0
and vxx + vyy = 0. This partial differential equation satisfied by the real and imaginary parts of
an analytic function is called Laplace’s equation. We say these functions satisfying Laplace’s equa-
tion are harmonic functions. If u is a harmonic function defined on B (0, r) show that v (x, y) ≡∫ y

0
ux (x, t) dt−

∫ x
0
uy (t, 0) dt is such that u+ iv is analytic.

3. Define a function f (z) ≡ z ≡ x− iy where z = x+ iy. Is f analytic?

4. If f (z) = u (x, y) + iv (x, y) and f is analytic, verify that

det
(
ux uy
vx vy

)
= |f ′ (z)|2 .

5. Show that if u (x, y) + iv (x, y) = f (z) is analytic, then ∇u · ∇v = 0. Recall

∇u (x, y) = 〈ux (x, y) , uy (x, y)〉.

6. Show that every polynomial is analytic.

7. If γ (t) = x (t) + iy (t) is a C1 curve having values in U, an open set of C, and if f : U → C is analytic,
we can consider f ◦ γ, another C1 curve having values in C. Also, γ′ (t) and (f ◦ γ)′ (t) are complex
numbers so these can be considered as vectors in R2 as follows. The complex number, x+iy corresponds
to the vector, 〈x, y〉. Suppose that γ and η are two such C1 curves having values in U and that
γ (t0) = η (s0) = z and suppose that f : U → C is analytic. Show that the angle between (f ◦ γ)′ (t0)
and (f ◦ η)′ (s0) is the same as the angle between γ′ (t0) and η′ (s0) assuming that f ′ (z) 6= 0. Thus
analytic mappings preserve angles at points where the derivative is nonzero. Such mappings are called
isogonal. . Hint: To make this easy to show, first observe that 〈x, y〉 · 〈a, b〉 = 1

2 (zw + zw) where
z = x+ iy and w = a+ ib.
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8. Analytic functions are even better than what is described in Problem 7. In addition to preserving
angles, they also preserve orientation. To verify this show that if z = x + iy and w = a + ib are
two complex numbers, then 〈x, y, 0〉 and 〈a, b, 0〉 are two vectors in R3. Recall that the cross product,
〈x, y, 0〉×〈a, b, 0〉, yields a vector normal to the two given vectors such that the triple, 〈x, y, 0〉, 〈a, b, 0〉,
and 〈x, y, 0〉 × 〈a, b, 0〉 satisfies the right hand rule and has magnitude equal to the product of the
sine of the included angle times the product of the two norms of the vectors. In this case, the
cross product either points in the direction of the positive z axis or in the direction of the nega-
tive z axis. Thus, either the vectors 〈x, y, 0〉, 〈a, b, 0〉,k form a right handed system or the vectors
〈a, b, 0〉, 〈x, y, 0〉,k form a right handed system. These are the two possible orientations. Show that
in the situation of Problem 7 the orientation of γ′ (t0) , η′ (s0) ,k is the same as the orientation of the
vectors (f ◦ γ)′ (t0) , (f ◦ η)′ (s0) ,k. Such mappings are called conformal. Hint: You can do this by
verifying that (f ◦ γ)′ (t0)× (f ◦ η)′ (s0) = γ′ (t0)× η′ (s0). To make the verification easier, you might
first establish the following simple formula for the cross product where here x+ iy = z and a+ ib = w.

〈x, y, 0〉 × 〈a, b, 0〉 = Re (ziw) k.

9. Write the Cauchy Riemann equations in terms of polar coordinates. Recall the polar coordinates are
given by

x = r cos θ, y = r sin θ.

23.2 Examples of analytic functions

A very important example of an analytic function is ez ≡ ex (cos y + i sin y) ≡ exp (z) . We can verify
this is an analytic function by considering the Cauchy Riemann equations. Here u (x, y) = ex cos y and
v (x, y) = ex sin y. The Cauchy Riemann equations hold and the two functions u and v are C1 (C) . Therefore,
z → ez is an analytic function on all of C. Also from the formula for f ′ (z) given above for an analytic function,

d

dz
ez = ex (cos y + i sin y) = ez.

We also see that ez = 1 if and only if z = 2πk for k an integer. Other properties of ez follow from the
formula for it. For example, let zj = xj + iyj where j = 1, 2.

ez1ez2 ≡ ex1 (cos y1 + i sin y1) ex2 (cos y2 + i sin y2)
= ex1+x2 (cos y1 cos y2 − sin y1 sin y2) +

iex1+x2 (sin y1 cos y2 + sin y2 cos y1)

= ex1+x2 (cos (y1 + y2) + i sin (y1 + y2)) = ez1+z2 .

Another example of an analytic function is any polynomial. We can also define the functions cos z and
sin z by the usual formulas.

sin z ≡ eiz − e−iz

2i
, cos z ≡ eiz + e−iz

2
.

By the rules of differentiation, it is clear these are analytic functions which agree with the usual functions
in the case where z is real. Also the usual differentiation formulas hold. However,

cos ix =
e−x + ex

2
= coshx

and so cos z is not bounded. Similarly sin z is not bounded.
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A more interesting example is the log function. We cannot define the log for all values of z but if we
leave out the ray, (−∞, 0], then it turns out we can do so. On R + i (−π, π) it is easy to see that ez is one
to one, mapping onto C \ (−∞, 0]. Therefore, we can define the log on C \ (−∞, 0] in the usual way,

elog z ≡ z = eln|z|ei arg(z),

where arg (z) is the unique angle in (−π, π) for which the equal sign in the above holds. Thus we need

log z = ln |z|+ i arg (z) . (23.1)

There are many other ways to define a logarithm. In fact, we could take any ray from 0 and define a logarithm
on what is left. It turns out that all these logarithm functions are analytic. This will be clear from the open
mapping theorem presented later but for now you may verify by brute force that the usual definition of the
logarithm, given in (23.1) and referred to as the principle branch of the logarithm is analytic. This can be
done by verifying the Cauchy Riemann equations in the following.

log z = ln
(
x2 + y2

)1/2
+ i

(
− arccos

(
x√

x2 + y2

))
if y < 0,

log z = ln
(
x2 + y2

)1/2
+ i

(
arccos

(
x√

x2 + y2

))
if y > 0,

log z = ln
(
x2 + y2

)1/2
+ i
(

arctan
(y
x

))
if x > 0.

With the principle branch of the logarithm defined, we may define the principle branch of zα for any α ∈ C.
We define

zα ≡ eα log(z).

23.3 Exercises

1. Verify the principle branch of the logarithm is an analytic function.

2. Find ii corresponding to the principle branch of the logarithm.

3. Show that sin (z + w) = sin z cosw + cos z sinw.

4. If f is analytic on U, an open set in C, when can it be concluded that |f | is analytic? When can it be
concluded that |f | is continuous? Prove your assertions.

5. Let f (z) = z where z ≡ x− iy for z = x+ iy. Describe geometrically what f does and discuss whether
f is analytic.

6. A fractional linear transformation is a function of the form

f (z) =
az + b

cz + d

where ad− bc 6= 0. Note that if c = 0, this reduces to a linear transformation (a/d) z + (b/d) . Special
cases of these are given defined as follows.

dilations: z → δz, δ 6= 0, inversions: z → 1
z
,
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translations: z → z + ρ.

In the case where c 6= 0, let S1 (z) = z + d
c , S2 (z) = 1

z , S3 (z) = (bc−ad)
c2 z and S4 (z) = z + a

c . Verify
that f (z) = S4 ◦ S3 ◦ S2 ◦ S1. Now show that in the case where c = 0, f is still a finite composition of
dilations, inversions, and translations.

7. Show that for a fractional linear transformation described in Problem 6 circles and lines are mapped
to circles or lines. Hint: This is obvious for dilations, and translations. It only remains to verify this
for inversions. Note that all circles and lines may be put in the form

α
(
x2 + y2

)
− 2ax− 2by = r2 −

(
a2 + b2

)
where α = 1 gives a circle centered at (a, b) with radius r and α = 0 gives a line. In terms of complex
variables we may consider all possible circles and lines in the form

αzz + βz + βz + γ = 0,

Verify every circle or line is of this form and that conversely, every expression of this form yields either
a circle or a line. Then verify that inversions do what is claimed.

8. It is desired to find an analytic function, L (z) defined for all z ∈ C \ {0} such that eL(z) = z. Is this
possible? Explain why or why not.

9. If f is analytic, show that z → f (z) is also analytic.

10. Find the real and imaginary parts of the principle branch of z1/2.



Cauchy’s formula for a disk

In this chapter we prove the Cauchy formula for a disk. Later we will generalize this formula to much more
general situations but the version given here will suffice to prove many interesting theorems needed in the
later development of the theory. First we give a few preliminary results from advanced calculus.

Lemma 24.1 Let f : [a, b]→ C. Then f ′ (t) exists if and only if Re f ′ (t) and Im f ′ (t) exist. Furthermore,

f ′ (t) = Re f ′ (t) + i Im f ′ (t) .

Proof: The if part of the equivalence is obvious.
Now suppose f ′ (t) exists. Let both t and t+ h be contained in [a, b]∣∣∣∣Re f (t+ h)− Re f (t)

h
− Re (f ′ (t))

∣∣∣∣ ≤ ∣∣∣∣f (t+ h)− f (t)
h

− f ′ (t)
∣∣∣∣

and this converges to zero as h→ 0. Therefore, Re f ′ (t) = Re (f ′ (t)) . Similarly, Im f ′ (t) = Im (f ′ (t)) .

Lemma 24.2 If g : [a, b]→ C and g is continuous on [a, b] and differentiable on (a, b) with g′ (t) = 0, then
g (t) is a constant.

Proof: From the above lemma, we can apply the mean value theorem to the real and imaginary parts
of g.

Lemma 24.3 Let φ : [a, b]× [c, d]→ R be continuous and let

g (t) ≡
∫ b

a

φ (s, t) ds. (24.1)

Then g is continuous. If ∂φ
∂t exists and is continuous on [a, b]× [c, d] , then

g′ (t) =
∫ b

a

∂φ (s, t)
∂t

ds. (24.2)

Proof: The first claim follows from the uniform continuity of φ on [a, b]× [c, d] , which uniform continuity
results from the set being compact. To establish (24.2), let t and t+ h be contained in [c, d] and form, using
the mean value theorem,

g (t+ h)− g (t)
h

=
1
h

∫ b

a

[φ (s, t+ h)− φ (s, t)] ds

=
1
h

∫ b

a

∂φ (s, t+ θh)
∂t

hds

=
∫ b

a

∂φ (s, t+ θh)
∂t

ds,

415
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where θ may depend on s but is some number between 0 and 1. Then by the uniform continuity of ∂φ
∂t , it

follows that (24.2) holds.

Corollary 24.4 Let φ : [a, b]× [c, d]→ C be continuous and let

g (t) ≡
∫ b

a

φ (s, t) ds. (24.3)

Then g is continuous. If ∂φ
∂t exists and is continuous on [a, b]× [c, d] , then

g′ (t) =
∫ b

a

∂φ (s, t)
∂t

ds. (24.4)

Proof: Apply Lemma 24.3 to the real and imaginary parts of φ.
With this preparation we are ready to prove Cauchy’s formula for a disk.

Theorem 24.5 Let f : U → C be analytic on the open set, U and let

B (z0, r) ⊆ U.

Let γ (t) ≡ z0 + reit for t ∈ [0, 2π] . Then if z ∈ B (z0, r) ,

f (z) =
1

2πi

∫
γ

f (w)
w − z

dw. (24.5)

Proof: Consider for α ∈ [0, 1] ,

g (α) ≡
∫ 2π

0

f
(
z + α

(
z0 + reit − z

))
reit + z0 − z

rieitdt.

If α equals one, this reduces to the integral in (24.5). We will show g is a constant and that g (0) = f (z) 2πi.
First we consider the claim about g (0) .

g (0) =
(∫ 2π

0

reit

reit + z0 − z
dt

)
if (z)

= if (z)
(∫ 2π

0

1
1− z−z0

reit

dt

)
= if (z)

∫ 2π

0

∞∑
n=0

r−ne−int (z − z0)n dt

because
∣∣ z−z0
reit

∣∣ < 1. Since this sum converges uniformly we may interchange the sum and the integral to
obtain

g (0) = if (z)
∞∑
n=0

r−n (z − z0)n
∫ 2π

0

e−intdt

= 2πif (z)

because
∫ 2π

0
e−intdt = 0 if n > 0.
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Next we show that g is constant. By Corollary 24.4, for α ∈ (0, 1) ,

g′ (α) =
∫ 2π

0

f ′
(
z + α

(
z0 + reit − z

)) (
reit + z0 − z

)
reit + z0 − z

rieitdt

=
∫ 2π

0

f ′
(
z + α

(
z0 + reit − z

))
rieitdt

=
∫ 2π

0

d

dt

(
f
(
z + α

(
z0 + reit − z

)) 1
α

)
dt

= f
(
z + α

(
z0 + rei2π − z

)) 1
α
− f

(
z + α

(
z0 + re0 − z

)) 1
α

= 0.

Now g is continuous on [0, 1] and g′ (t) = 0 on (0, 1) so by Lemma 24.2, g equals a constant. This constant
can only be g (0) = 2πif (z) . Thus,

g (1) =
∫
γ

f (w)
w − z

dw = g (0) = 2πif (z) .

This proves the theorem.
This is a very significant theorem. We give a few applications next.

Theorem 24.6 Let f : U → C be analytic where U is an open set in C. Then f has infinitely many
derivatives on U . Furthermore, for all z ∈ B (z0, r) ,

f (n) (z) =
n!

2πi

∫
γ

f (w)
(w − z)n+1 dw (24.6)

where γ (t) ≡ z0 + reit, t ∈ [0, 2π] for r small enough that B (z0, r) ⊆ U.

Proof: Let z ∈ B (z0, r) ⊆ U and let B (z0, r) ⊆ U. Then, letting γ (t) ≡ z0 + reit, t ∈ [0, 2π] , and h
small enough,

f (z) =
1

2πi

∫
γ

f (w)
w − z

dw, f (z + h) =
1

2πi

∫
γ

f (w)
w − z − h

dw

Now

1
w − z − h

− 1
w − z

=
h

(−w + z + h) (−w + z)

and so

f (z + h)− f (z)
h

=
1

2πhi

∫
γ

hf (w)
(−w + z + h) (−w + z)

dw

=
1

2πi

∫
γ

f (w)
(−w + z + h) (−w + z)

dw.

Now for all h sufficiently small, there exists a constant C independent of such h such that∣∣∣∣ 1
(−w + z + h) (−w + z)

− 1
(−w + z) (−w + z)

∣∣∣∣
=

∣∣∣∣∣ h

(w − z − h) (w − z)2

∣∣∣∣∣ ≤ C |h|
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and so, the integrand converges uniformly as h→ 0 to

=
f (w)

(w − z)2

Therefore, we may take the limit as h→ 0 inside the integral to obtain

f ′ (z) =
1

2πi

∫
γ

f (w)
(w − z)2 dw.

Continuing in this way, we obtain (24.6).
This is a very remarkable result. We just showed that the existence of one continuous derivative implies

the existence of all derivatives, in contrast to the theory of functions of a real variable. Actually, we just
showed a little more than what the theorem states. The above proof establishes the following corollary.

Corollary 24.7 Suppose f is continuous on ∂B (z0, r) and suppose that for all z ∈ B (z0, r) ,

f (z) =
1

2πi

∫
γ

f (w)
w − z

dw,

where γ (t) ≡ z + reit, t ∈ [0, 2π] . Then f is analytic on B (z0, r) and in fact has infinitely many derivatives
on B (z0, r) .

We also have the following simple lemma as an application of the above.

Lemma 24.8 Let γ (t) = z0 + reit, for t ∈ [0, 2π], suppose fn → f uniformly on B (z0, r), and suppose

fn (z) =
1

2πi

∫
γ

fn (w)
w − z

dw (24.7)

for z ∈ B (z0, r) . Then

f (z) =
1

2πi

∫
γ

f (w)
w − z

dw, (24.8)

implying that f is analytic on B (z0, r) .

Proof: From (24.7) and the uniform convergence of fn to f on γ ([0, 2π]) , we have that the integrals in
(24.7) converge to

1
2πi

∫
γ

f (w)
w − z

dw.

Therefore, the formula (24.8) follows.

Proposition 24.9 Let {an} denote a sequence of complex numbers. Then there exists R ∈ [0,∞] such that

∞∑
k=0

ak (z − z0)k

converges absolutely if |z − z0| < R, diverges if |z − z0| > R and converges uniformly on B (z0, r) for all
r < R. Furthermore, if R > 0, the function,

f (z) ≡
∞∑
k=0

ak (z − z0)k

is analytic on B (z0, R) .
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Proof: The assertions about absolute convergence are routine from the root test if we define

R ≡
(

lim sup
n→∞

|an|1/n
)−1

with R = ∞ if the quantity in parenthesis equals zero. The assertion about uniform convergence follows
from the Weierstrass M test if we use Mn ≡ |an| rn. (

∑∞
n=0 |an| rn < ∞ by the root test). It only remains

to verify the assertion about f (z) being analytic in the case where R > 0. Let 0 < r < R and define
fn (z) ≡

∑n
k=0 ak (z − z0)k . Then fn is a polynomial and so it is analytic. Thus, by the Cauchy integral

formula above,

fn (z) =
1

2πi

∫
γ

fn (w)
w − z

dw

where γ (t) = z0 +reit, for t ∈ [0, 2π] . By Lemma 24.8 and the first part of this proposition involving uniform
convergence, we obtain

f (z) =
1

2πi

∫
γ

f (w)
w − z

dw.

Therefore, f is analytic on B (z0, r) by Corollary 24.7. Since r < R is arbitrary, this shows f is analytic on
B (z0, R) .

This proposition shows that all functions which are given as power series are analytic on their circle
of convergence, the set of complex numbers, z, such that |z − z0| < R. Next we show that every analytic
function can be realized as a power series.

Theorem 24.10 If f : U → C is analytic and if B (z0, r) ⊆ U, then

f (z) =
∞∑
n=0

an (z − z0)n (24.9)

for all |z − z0| < r. Furthermore,

an =
f (n) (z0)

n!
. (24.10)

Proof: Consider |z − z0| < r and let γ (t) = z0 + reit, t ∈ [0, 2π] . Then for w ∈ γ ([0, 2π]) ,∣∣∣∣ z − z0

w − z0

∣∣∣∣ < 1

and so, by the Cauchy integral formula, we may write

f (z) =
1

2πi

∫
γ

f (w)
w − z

dw

=
1

2πi

∫
γ

f (w)

(w − z0)
(

1− z−z0
w−z0

)dw
=

1
2πi

∫
γ

f (w)
(w − z0)

∞∑
n=0

(
z − z0

w − z0

)n
dw.

Since the series converges uniformly, we may interchange the integral and the sum to obtain

f (z) =
∞∑
n=0

(
1

2πi

∫
γ

f (w)
(w − z0)n+1

)
(z − z0)n

≡
∞∑
n=0

an (z − z0)n
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By Theorem 24.6 we see that (24.10) holds.
The following theorem pertains to functions which are analytic on all of C, “entire” functions.

Theorem 24.11 (Liouville’s theorem) If f is a bounded entire function then f is a constant.

Proof: Since f is entire, we can pick any z ∈ C and write

f ′ (z) =
1

2πi

∫
γR

f (w)
(w − z)2 dw

where γR (t) = z +Reit for t ∈ [0, 2π] . Therefore,

|f ′ (z)| ≤ C 1
R

where C is some constant depending on the assumed bound on f. Since R is arbitrary, we can take R→∞ to
obtain f ′ (z) = 0 for any z ∈ C. It follows from this that f is constant for if zj j = 1, 2 are two complex num-
bers, we can consider h (t) = f (z1 + t (z2 − z1)) for t ∈ [0, 1] . Then h′ (t) = f ′ (z1 + t (z2 − z1)) (z2 − z1) = 0.
By Lemma 24.2 h is a constant on [0, 1] which implies f (z1) = f (z2) .

With Liouville’s theorem it becomes possible to give an easy proof of the fundamental theorem of algebra.
It is ironic that all the best proofs of this theorem in algebra come from the subjects of analysis or topology.
Out of all the proofs that have been given of this very important theorem, the following one based on
Liouville’s theorem is the easiest.

Theorem 24.12 (Fundamental theorem of Algebra) Let

p (z) = zn + an−1z
n−1 + · · ·+ a1z + a0

be a polynomial where n ≥ 1 and each coefficient is a complex number. Then there exists z0 ∈ C such that
p (z0) = 0.

Proof: Suppose not. Then p (z)−1 is an entire function. Also

|p (z)| ≥ |z|n −
(
|an−1| |z|n−1 + · · ·+ |a1| |z|+ |a0|

)
and so lim|z|→∞ |p (z)| = ∞ which implies lim|z|→∞

∣∣∣p (z)−1
∣∣∣ = 0. It follows that, since p (z)−1 is bounded

for z in any bounded set, we must have that p (z)−1 is a bounded entire function. But then it must be
constant. However since p (z)−1 → 0 as |z| → ∞, this constant can only be 0. However, 1

p(z) is never equal
to zero. This proves the theorem.

24.1 Exercises

1. Show that if |ek| ≤ ε, then
∣∣∑∞

k=m ek
(
rk − rk+1

)∣∣ < ε if 0 ≤ r < 1. Hint: Let |θ| = 1 and verify that

θ
∞∑
k=m

ek
(
rk − rk+1

)
=

∣∣∣∣∣
∞∑
k=m

ek
(
rk − rk+1

)∣∣∣∣∣ =
∞∑
k=m

Re (θek)
(
rk − rk+1

)
where −ε < Re (θek) < ε.
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2. Abel’s theorem says that if
∑∞
n=0 an (z − a)n has radius of convergence equal to 1 and if A =

∑∞
n=0 an,

then limr→1−
∑∞
n=0 anr

n = A. Hint: Show
∑∞
k=0 akr

k =
∑∞
k=0Ak

(
rk − rk+1

)
where Ak denotes the

kth partial sum of
∑
aj . Thus

∞∑
k=0

akr
k =

∞∑
k=m+1

Ak
(
rk − rk+1

)
+

m∑
k=0

Ak
(
rk − rk+1

)
,

where |Ak −A| < ε for all k ≤ m. In the first sum, write Ak = A + ek and use Problem 1. Use this
theorem to verify that arctan (1) =

∑∞
k=0 (−1)k 1

2k+1 .

3. Find the integrals using the Cauchy integral formula.

(a)
∫
γ

sin z
z−i dz where γ (t) = 2eit : t ∈ [0, 2π] .

(b)
∫
γ

1
z−adz where γ (t) = a+ reit : t ∈ [0, 2π]

(c)
∫
γ

cos z
z2 dz where γ (t) = eit : t ∈ [0, 2π]

(d)
∫
γ

log(z)
zn dz where γ (t) = 1 + 1

2e
it : t ∈ [0, 2π] and n = 0, 1, 2.

4. Let γ (t) = 4eit : t ∈ [0, 2π] and find
∫
γ

z2+4
z(z2+1)dz.

5. Suppose f (z) =
∑∞
n=0 anz

n for all |z| < R. Show that then

1
2π

∫ 2π

0

∣∣f (reiθ)∣∣2 dθ =
∞∑
n=0

|an|2 r2n

for all r ∈ [0, R). Hint: Let fn (z) ≡
∑n
k=0 akz

k, show 1
2π

∫ 2π

0

∣∣fn (reiθ)∣∣2 dθ =
∑n
k=0 |ak|

2
r2k and

then take limits as n→∞ using uniform convergence.

6. The Cauchy integral formula, marvelous as it is, can actually be improved upon. The Cauchy integral
formula involves representing f by the values of f on the boundary of the disk, B (a, r) . It is possible
to represent f by using only the values of Re f on the boundary. This leads to the Schwarz formula .
Supply the details in the following outline.

Suppose f is analytic on |z| < R and

f (z) =
∞∑
n=0

anz
n (24.11)

with the series converging uniformly on |z| = R. Then letting |w| = R,

2u (w) = f (w) + f (w)

and so

2u (w) =
∞∑
k=0

akw
k +

∞∑
k=0

ak (w)k . (24.12)

Now letting γ (t) = Reit, t ∈ [0, 2π]∫
γ

2u (w)
w

dw = (a0 + a0)
∫
γ

1
w
dw

= 2πi (a0 + a0) .
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Thus, multiplying (24.12) by w−1,

1
πi

∫
γ

u (w)
w

dw = a0 + a0.

Now multiply (24.12) by w−(n+1) and integrate again to obtain

an =
1
πi

∫
γ

u (w)
wn+1

dw.

Using these formulas for an in (24.11), we can interchange the sum and the integral (Why can we do
this?) to write the following for |z| < R.

f (z) =
1
πi

∫
γ

1
z

∞∑
k=0

( z
w

)k+1

u (w) dw − a0

=
1
πi

∫
γ

u (w)
w − z

dw − a0,

which is the Schwarz formula. Now Re a0 = 1
2πi

∫
γ
u(w)
w dw and a0 = Re a0− i Im a0. Therefore, we can

also write the Schwarz formula as

f (z) =
1

2πi

∫
γ

u (w) (w + z)
(w − z)w

dw + i Im a0. (24.13)

7. Take the real parts of the second form of the Schwarz formula to derive the Poisson formula for a disk,

u
(
reiα

)
=

1
2π

∫ 2π

0

u
(
Reiθ

) (
R2 − r2

)
R2 + r2 − 2Rr cos (θ − α)

dθ. (24.14)

8. Suppose that u (w) is a given real continuous function defined on ∂B (0, R) and define f (z) for |z| < R
by (24.13). Show that f, so defined is analytic. Explain why u given in (24.14) is harmonic. Show that

lim
r→R−

u
(
reiα

)
= u

(
Reiα

)
.

Thus u is a harmonic function which approaches a given function on the boundary and is therefore, a
solution to the Dirichlet problem.

9. Suppose f (z) =
∑∞
k=0 ak (z − z0)k for all |z − z0| < R. Show that f ′ (z) =

∑∞
k=0 akk (z − z0)k−1 for

all |z − z0| < R. Hint: Let fn (z) be a partial sum of f. Show that f ′n converges uniformly to some
function, g on |z − z0| ≤ r for any r < R. Now use the Cauchy integral formula for a function and its
derivative to identify g with f ′.

10. Use Problem 9 to find the exact value of
∑∞
k=0 k

2
(

1
3

)k
.

11. Prove the binomial formula,

(1 + z)α =
∞∑
n=0

(
α

n

)
zn

where (
α

n

)
≡ α · · · (α− n+ 1)

n!
.

Can this be used to give a proof of the binomial formula, (a+ b)n =
∑n
k=0

(
n
k

)
an−kbk? Explain.



The general Cauchy integral formula

25.1 The Cauchy Goursat theorem

In this section we prove a fundamental theorem which is essential to the development which follows and is
closely related to the question of when a function has a primitive. First of all, if we are given two points in
C, z1 and z2, we may consider γ (t) ≡ z1 + t (z2 − z1) for t ∈ [0, 1] to obtain a continuous bounded variation
curve from z1 to z2. More generally, if z1, ···, zm are points in C we can obtain a continuous bounded variation
curve from z1 to zm which consists of first going from z1 to z2 and then from z2 to z3 and so on, till in
the end one goes from zm−1 to zm. We denote this piecewise linear curve as γ (z1, · · ·, zm) . Now let T be a
triangle with vertices z1, z2 and z3 encountered in the counter clockwise direction as shown.

�
�
�
�
�@
@
@
@
@z1 z2

z3

Then we will denote by
∫
∂T
f (z) dz, the expression,

∫
γ(z1,z2,z3,z1)

f (z) dz. Consider the following picture.
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By Lemma 22.10 we may conclude that∫
∂T

f (z) dz =
4∑
k=1

∫
∂T 1

k

f (z) dz. (25.1)

On the “inside lines” the integrals cancel as claimed in Lemma 22.10 because there are two integrals going
in opposite directions for each of these inside lines. Now we are ready to prove the Cauchy Goursat theorem.

Theorem 25.1 (Cauchy Goursat) Let f : U → C have the property that f ′ (z) exists for all z ∈ U and let
T be a triangle contained in U. Then ∫

∂T

f (w) dw = 0.

423
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Proof: Suppose not. Then ∣∣∣∣∫
∂T

f (w) dw
∣∣∣∣ = α 6= 0.

From (25.1) it follows

α ≤
4∑
k=1

∣∣∣∣∣
∫
∂T 1

k

f (w) dw

∣∣∣∣∣
and so for at least one of these T 1

k , denoted from now on as T1, we must have∣∣∣∣∫
∂T1

f (w) dw
∣∣∣∣ ≥ α

4
.

Now let T1 play the same role as T , subdivide as in the above picture, and obtain T2 such that∣∣∣∣∫
∂T2

f (w) dw
∣∣∣∣ ≥ α

42
.

Continue in this way, obtaining a sequence of triangles,

Tk ⊇ Tk+1, diam (Tk) ≤ diam (T ) 2−k,

and ∣∣∣∣∫
∂Tk

f (w) dw
∣∣∣∣ ≥ α

4k
.

Then let z ∈ ∩∞k=1Tk and note that by assumption, f ′ (z) exists. Therefore, for all k large enough,∫
∂Tk

f (w) dw =
∫
∂Tk

f (z) + f ′ (z) (w − z) + g (w) dw

where |g (w)| < ε |w − z| . Now observe that w → f (z) + f ′ (z) (w − z) has a primitive, namely,

F (w) = f (z)w + f ′ (z) (w − z)2
/2.

Therefore, by Corollary 22.13. ∫
∂Tk

f (w) dw =
∫
∂Tk

g (w) dw.

From the definition, of the integral, we see

α

4k
≤

∣∣∣∣∫
∂Tk

g (w) dw
∣∣∣∣ ≤ εdiam (Tk) (length of ∂Tk)

≤ ε2−k (length of T ) diam (T ) 2−k,

and so

α ≤ ε (length of T ) diam (T ) .

Since ε is arbitrary, this shows α = 0, a contradiction. Thus
∫
∂T
f (w) dw = 0 as claimed.

This fundamental result yields the following important theorem.
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Theorem 25.2 (Morera) Let U be an open set and let f ′ (z) exist for all z ∈ U . Let D ≡ B (z0, r) ⊆ U.
Then there exists ε > 0 such that f has a primitive on B (z0, r + ε).

Proof: Choose ε > 0 small enough that B (z0, r + ε) ⊆ U. Then for w ∈ B (z0, r + ε) , define

F (w) ≡
∫
γ(z0,w)

f (u) du.

Then by the Cauchy Goursat theorem, and w ∈ B (z0, r + ε) , it follows that for |h| small enough,

F (w + h)− F (w)
h

=
1
h

∫
γ(w,w+h)

f (u) du

=
1
h

∫ 1

0

f (w + th)hdt =
∫ 1

0

f (w + th) dt

which converges to f (w) due to the continuity of f at w. This proves the theorem.
We can also give the following corollary whose proof is similar to the proof of the above theorem.

Corollary 25.3 Let U be an open set and suppose that whenever

γ (z1, z2, z3, z1)

is a closed curve bounding a triangle T, which is contained in U, and f is a continuous function defined on
U, it follows that ∫

γ(z1,z2,z3,z1)

f (z) dz = 0,

then f is analytic on U.

Proof: As in the proof of Morera’s theorem, let B (z0, r) ⊆ U and use the given condition to construct
a primitive, F for f on B (z0, r) . Then F is analytic and so by Theorem 24.6, it follows that F and hence f
have infinitely many derivatives, implying that f is analytic on B (z0, r) . Since z0 is arbitrary, this shows f
is analytic on U.

Theorem 25.4 Let U be an open set in C and suppose f : U → C has the property that f ′ (z) exists for
each z ∈ U. Then f is analytic on U.

Proof: Let z0 ∈ U and let B (z0, r) ⊆ U. By Morera’s theorem f has a primitive, F on B (z0, r) . It follows
that F is analytic because it has a derivative, f, and this derivative is continuous. Therefore, by Theorem
24.6 F has infinitely many derivatives on B (z0, r) implying that f also has infinitely many derivatives on
B (z0, r) . Thus f is analytic as claimed.

It follows that we can say a function is analytic on an open set, U if and only if f ′ (z) exists for z ∈ U.
We just proved the derivative, if it exists, is automatically continuous.

The same proof used to prove Theorem 25.2 implies the following corollary.

Corollary 25.5 Let U be a convex open set and suppose that f ′ (z) exists for all z ∈ U. Then f has a
primitive on U.

Note that this implies that if U is a convex open set on which f ′ (z) exists and if γ : [a, b]→ U is a closed,
continuous curve having bounded variation, then letting F be a primitive of f Theorem 22.12 implies∫

γ

f (z) dz = F (γ (b))− F (γ (a)) = 0.
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Notice how different this is from the situation of a function of a real variable. It is possible for a function
of a real variable to have a derivative everywhere and yet the derivative can be discontinuous. A simple
example is the following.

f (x) ≡
{
x2 sin

(
1
x

)
if x 6= 0

0 if x = 0 .

Then f ′ (x) exists for all x ∈ R. Indeed, if x 6= 0, the derivative equals 2x sin 1
x − cos 1

x which has no limit
as x → 0. However, from the definition of the derivative of a function of one variable, we see easily that
f ′ (0) = 0.

25.2 The Cauchy integral formula

Here we develop the general version of the Cauchy integral formula valid for arbitrary closed rectifiable
curves. The key idea in this development is the notion of the winding number. This is the number defined
in the following theorem, also called the index. We make use of this winding number along with the earlier
results, especially Liouville’s theorem, to give an extremely general Cauchy integral formula.

Theorem 25.6 Let γ : [a, b]→ C be continuous and have bounded variation with γ (a) = γ (b) . Also suppose
that z /∈ γ ([a, b]) . We define

n (γ, z) ≡ 1
2πi

∫
γ

dw

w − z
. (25.2)

Then n (γ, ·) is continuous and integer valued. Furthermore, there exists a sequence, ηk : [a, b] → C such
that ηk is C1 ([a, b]) ,

||ηk − γ|| <
1
k
, ηk (a) = ηk (b) = γ (a) = γ (b) ,

and n (ηk, z) = n (γ, z) for all k large enough. Also n (γ, ·) is constant on every component of C \ γ ([a, b])
and equals zero on the unbounded component of C \ γ ([a, b]) .

Proof: First we verify the assertion about continuity.

|n (γ, z)− n (γ, z1)| ≤ C

∣∣∣∣∫
γ

(
1

w − z
− 1
w − z1

)
dw

∣∣∣∣
≤ C̃ (Length of γ) |z1 − z|

whenever z1 is close enough to z. This proves the continuity assertion.
Next we need to show the winding number equals an integer. To do so, use Theorem 22.11 to obtain ηk,

a function in C1 ([a, b]) such that z /∈ ηk ([a, b]) for all k large enough, ηk (x) = γ (x) for x = a, b, and∣∣∣∣∣ 1
2πi

∫
γ

dw

w − z
− 1

2πi

∫
ηk

dw

w − z

∣∣∣∣∣ < 1
k
, ||ηk − γ|| <

1
k
.

We will show each of 1
2πi

∫
ηk

dw
w−z is an integer. To simplify the notation, we write η instead of ηk.∫

η

dw

w − z
=
∫ b

a

η′ (s) ds
η (s)− z

.
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We define

g (t) ≡
∫ t

a

η′ (s) ds
η (s)− z

. (25.3)

Then (
e−g(t) (η (t)− z)

)′
= e−g(t)η′ (t)− e−g(t)g′ (t) (η (t)− z)

= e−g(t)η′ (t)− e−g(t)η′ (t) = 0.

It follows that e−g(t) (η (t)− z) equals a constant. In particular, using the fact that η (a) = η (b) ,

e−g(b) (η (b)− z) = e−g(a) (η (a)− z) = (η (a)− z) = (η (b)− z)

and so e−g(b) = 1. This happens if and only if −g (b) = 2mπi for some integer m. Therefore, (25.3) implies

2mπi =
∫ b

a

η′ (s) ds
η (s)− z

=
∫
η

dw

w − z
.

Therefore, 1
2πi

∫
ηk

dw
w−z is a sequence of integers converging to 1

2πi

∫
γ

dw
w−z ≡ n (γ, z) and so n (γ, z) must also

be an integer and n (ηk, z) = n (γ, z) for all k large enough.
Since n (γ, ·) is continuous and integer valued, it follows that it must be constant on every connected

component of C \ γ ([a, b]) . It is clear that n (γ, z) equals zero on the unbounded component because from
the formula,

lim
z→∞

|n (γ, z)| ≤ lim
z→∞

V (γ, [a, b])
(

1
|z| − c

)
where c ≥ max {|w| : w ∈ γ ([a, b])} .This proves the theorem.

It is a good idea to consider a simple case to get an idea of what the winding number is measuring. To
do so, consider γ : [a, b]→ C such that γ is continuous, closed and bounded variation. Suppose also that γ is
one to one on (a, b) . Such a curve is called a simple closed curve. It can be shown that such a simple closed
curve divides the plane into exactly two components, an “inside” bounded component and an “outside”
unbounded component. This is called the Jordan Curve theorem or the Jordan separation theorem. For a
proof of this difficult result, see the chapter on degree theory. For now, it suffices to simply assume that γ
is such that this result holds. This will usually be obvious anyway. We also suppose that it is possible to
change the parameter to be in [0, 2π] , in such a way that γ (t) +λ

(
z + reit − γ (t)

)
− z 6= 0 for all t ∈ [0, 2π]

and λ ∈ [0, 1] . (As t goes from 0 to 2π the point γ (t) traces the curve γ ([0, 2π]) in the counter clockwise
direction.) Suppose z ∈ D, the inside of the simple closed curve and consider the curve δ (t) = z + reit for
t ∈ [0, 2π] where r is chosen small enough that B (z, r) ⊆ D. Then we claim that n (δ, z) = n (γ, z) .

Proposition 25.7 Under the above conditions, n (δ, z) = n (γ, z) and n (δ, z) = 1.

Proof: By changing the parameter, we may assume that [a, b] = [0, 2π] . From Theorem 25.6 it suffices
to assume also that γ is C1. Define hλ (t) ≡ γ (t) + λ

(
z + reit − γ (t)

)
for λ ∈ [0, 1] . (This function is called

a homotopy of the curves γ and δ.) Note that for each λ ∈ [0, 1] , t→ hλ (t) is a closed C1 curve. Also,

1
2πi

∫
hλ

1
w − z

dw =
1

2πi

∫ 2π

0

γ′ (t) + λ
(
rieit − γ′ (t)

)
γ (t) + λ (z + reit − γ (t))− z

dt.

We know this number is an integer and it is routine to verify that it is a continuous function of λ. When
λ = 0 it equals n (γ, z) and when λ = 1 it equals n (δ, z). Therefore, n (δ, z) = n (γ, z) . It only remains to
compute n (δ, z) .

n (δ, z) =
1

2πi

∫ 2π

0

rieit

reit
dt = 1.
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This proves the proposition.
Now if γ was not one to one but caused the point, γ (t) to travel around γ ([a, b]) twice, we could modify

the above argument to have the parameter interval, [0, 4π] and still find n (δ, z) = n (γ, z) only this time,
n (δ, z) = 2. Thus the winding number is just what its name suggests. It measures the number of times the
curve winds around the point. One might ask why bother with the winding number if this is all it does. The
reason is that the notion of counting the number of times a curve winds around a point is rather vague. The
winding number is precise. It is also the natural thing to consider in the general Cauchy integral formula
presented below. We have in mind a situation typified by the following picture in which U is the open set
between the dotted curves and γj are closed rectifiable curves in U.

-
γ1γ2

�

γ3

�

U

The following theorem is the general Cauchy integral formula.

Theorem 25.8 Let U be an open subset of the plane and let f : U → C be analytic. If γk : [ak, bk] →
U, k = 1, · · ·,m are continuous closed curves having bounded variation such that for all z /∈ U,

m∑
k=1

n (γk, z) = 0,

then for all z ∈ U \ ∪mk=1γk ([ak, bk]) ,

f (z)
m∑
k=1

n (γk, z) =
m∑
k=1

1
2πi

∫
γk

f (w)
w − z

dw.

Proof: Let φ be defined on U × U by

φ (z, w) ≡
{

f(w)−f(z)
w−z if w 6= z

f ′ (z) if w = z
.

Then φ is analytic as a function of both z and w and is continuous in U × U. The claim that this function
is analytic as a function of both z and w is obvious at points where z 6= w, and is most easily seen using
Theorem 24.10 at points, where z = w. Indeed, if (z, z) is such a point, we need to verify that w → φ (z, w)
is analytic even at w = z. But by Theorem 24.10, for all h small enough,

φ (z, z + h)− φ (z, z)
h

=
1
h

[
f (z + h)− f (z)

h
− f ′ (z)

]

=
1
h

[
1
h

∞∑
k=1

f (k) (z)
k!

hk − f ′ (z)

]

=

[ ∞∑
k=2

f (k) (z)
k!

hk−2

]
→ f ′′ (z)

2!
.
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Similarly, z → φ (z, w) is analytic even if z = w.
We define

h (z) ≡ 1
2πi

m∑
k=1

∫
γk

φ (z, w) dw.

We wish to show that h is analytic on U. To do so, we verify∫
∂T

h (z) dz = 0

for every triangle, T, contained in U and apply Corollary 25.3. To do this we use Theorem 22.11 to obtain
for each k, a sequence of functions, ηkn ∈ C1 ([ak, bk]) such that

ηkn (x) = γk (x) for x ∈ {ak, bk}

and

ηkn ([ak, bk]) ⊆ U, ||ηkn − γk|| <
1
n
,

∣∣∣∣∣
∫
ηkn

φ (z, w) dw −
∫
γk

φ (z, w) dw

∣∣∣∣∣ < 1
n
, (25.4)

for all z ∈ T. Then applying Fubini’s theorem, we can write∫
∂T

∫
ηkn

φ (z, w) dwdz =
∫
ηkn

∫
∂T

φ (z, w) dzdw = 0

because φ is given to be analytic. By (25.4),∫
∂T

∫
γk

φ (z, w) dwdz = lim
n→∞

∫
∂T

∫
ηkn

φ (z, w) dwdz = 0

and so h is analytic on U as claimed.
Now let H denote the set,

H ≡

{
z ∈ C\ ∪mk=1 γk ([ak, bk]) :

m∑
k=1

n (γk, z) = 0

}
.

We know that H is an open set because z →
∑m
k=1 n (γk, z) is integer valued and continuous. Define

g (z) ≡

{
h (z) if z ∈ U

1
2πi

∑m
k=1

∫
γk

f(w)
w−z dw if z ∈ H . (25.5)

We need to verify that g (z) is well defined. For z ∈ U ∩H, we know z /∈ ∪mk=1γk ([ak, bk]) and so

g (z) =
1

2πi

m∑
k=1

∫
γk

f (w)− f (z)
w − z

dw

=
1

2πi

m∑
k=1

∫
γk

f (w)
w − z

dw − 1
2πi

m∑
k=1

∫
γk

f (z)
w − z

dw

=
1

2πi

m∑
k=1

∫
γk

f (w)
w − z

dw
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because z ∈ H. This shows g (z) is well defined. Also, g is analytic on U because it equals h there. It is
routine to verify that g is analytic on H also. By assumption, UC ⊆ H and so U ∪H = C showing that g is
an entire function.

Now note that
∑m
k=1 n (γk, z) = 0 for all z contained in the unbounded component of C\∪mk=1γk ([ak, bk])

which component contains B (0, r)C for r large enough. It follows that for |z| > r, it must be the case that
z ∈ H and so for such z, the bottom description of g (z) found in (25.5) is valid. Therefore, it follows

lim
|z|→∞

|g (z)| = 0

and so g is bounded and entire. By Liouville’s theorem, g is a constant. Hence, from the above equation,
the constant can only equal zero.

For z ∈ U \ ∪mk=1γk ([ak, bk]) ,

0 =
1

2πi

m∑
k=1

∫
γk

f (w)− f (z)
w − z

dw =

1
2πi

m∑
k=1

∫
γk

f (w)
w − z

dw − f (z)
m∑
k=1

n (γk, z) .

This proves the theorem.

Corollary 25.9 Let U be an open set and let γk : [ak, bk] → U , k = 1, · · ·,m, be closed, continuous and of
bounded variation. Suppose also that

m∑
k=1

n (γk, z) = 0

for all z /∈ U. Then if f : U → C is analytic, we have

m∑
k=1

∫
γk

f (w) dw = 0.

Proof: This follows from Theorem 25.8 as follows. Let

g (w) = f (w) (w − z)

where z ∈ U \ ∪mk=1γk ([ak, bk]) . Then by this theorem,

0 = 0
m∑
k=1

n (γk, z) = g (z)
m∑
k=1

n (γk, z) =

m∑
k=1

1
2πi

∫
γk

g (w)
w − z

dw =
1

2πi

m∑
k=1

∫
γk

f (w) dw.

Another simple corollary to the above theorem is Cauchy’s theorem for a simply connected region.

Definition 25.10 We say an open set, U ⊆ C is a region if it is open and connected. We say U is simply
connected if Ĉ \U is connected.
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Corollary 25.11 Let γ : [a, b]→ U be a continuous closed curve of bounded variation where U is a simply
connected region in C and let f : U → C be analytic. Then∫

γ

f (w) dw = 0.

Proof: Let D denote the unbounded component of Ĉ\γ ([a, b]). Thus ∞ ∈ Ĉ\γ ([a, b]) .Then the
connected set, Ĉ \U is contained in D since every point of Ĉ \U must be in some component of Ĉ\γ ([a, b])
and ∞ is contained in both Ĉ\U and D. Thus D must be the component that contains Ĉ \U. It follows that
n (γ, ·) must be constant on Ĉ \ U, its value being its value on D. However, for z ∈ D,

n (γ, z) =
1

2πi

∫
γ

1
w − z

dw

and so lim|z|→∞ n (γ, z) = 0 showing n (γ, z) = 0 on D. Therefore we have verified the hypothesis of Theorem
25.8. Let z ∈ U ∩D and define

g (w) ≡ f (w) (w − z) .

Thus g is analytic on U and by Theorem 25.8,

0 = n (z, γ) g (z) =
1

2πi

∫
γ

g (w)
w − z

dw =
1

2πi

∫
γ

f (w) dw.

This proves the corollary.
The following is a very significant result which will be used later.

Corollary 25.12 Suppose U is a simply connected open set and f : U → C is analytic. Then f has a
primitive, F, on U. Recall this means there exists F such that F ′ (z) = f (z) for all z ∈ U.

Proof: Pick a point, z0 ∈ U and let V denote those points, z of U for which there exists a curve,
γ : [a, b] → U such that γ is continuous, of bounded variation, γ (a) = z0, and γ (b) = z. Then it is easy to
verify that V is both open and closed in U and therefore, V = U because U is connected. Denote by γz0,z
such a curve from z0 to z and define

F (z) ≡
∫
γz0,z

f (w) dw.

Then F is well defined because if γj , j = 1, 2 are two such curves, it follows from Corollary 25.11 that∫
γ1

f (w) dw +
∫
−γ2

f (w) dw = 0,

implying that ∫
γ1

f (w) dw =
∫
γ2

f (w) dw.

Now this function, F is a primitive because, thanks to Corollary 25.11

(F (z + h)− F (z))h−1 =
1
h

∫
γz,z+h

f (w) dw

=
1
h

∫ 1

0

f (z + th)hdt

and so, taking the limit as h→ 0, we see F ′ (z) = f (z) .
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25.3 Exercises

1. If U is simply connected, f is analytic on U and f has no zeros in U, show there exists an analytic
function, F, defined on U such that eF = f.

2. Let U be an open set and let f be analytic on U. Show that if a ∈ U, then f (z) =
∑∞
k=0 bk (z − a)k

whenever |z − a| < R where R is the distance between a and the nearest point where f fails to have
a derivative. The number R, is called the radius of convergence and the power series is said to be
expanded about a.

3. Find the radius of convergence of the function 1
1+z2 expanded about a = 2. Note there is nothing wrong

with the function, 1
1+x2 when considered as a function of a real variable, x for any value of x. However,

if we insist on using power series, we find that there is a limitation on the values of x for which the
power series converges due to the presence in the complex plane of a point, i, where the function fails
to have a derivative.

4. What if we defined an open set, U to be simply connected if C \ U is connected. Would it amount to
the same thing? Hint: Consider the outside of B (0, 1) .

5. Let γ (t) = eit : t ∈ [0, 2π] . Find
∫
γ

1
zn dz for n = 1, 2, · · ·.

6. Show i
∫ 2π

0
(2 cos θ)2n

dθ =
∫
γ

(
z + 1

z

)2n ( 1
z

)
dz where γ (t) = eit : t ∈ [0, 2π] . Then evaluate this

integral using the binomial theorem and the previous problem.

7. Let f : U → C be analytic and f (z) = u (x, y) + iv (x, y) . Show u, v and uv are all harmonic although
it can happen that u2 is not. Recall that a function, w is harmonic if wxx + wyy = 0.

8. Suppose that for some constants a, b 6= 0, a, b ∈ R, f (z + ib) = f (z) for all z ∈ C and f (z + a) = f (z)
for all z ∈ C. If f is analytic, show that f must be constant. Can you generalize this? Hint: This
uses Liouville’s theorem.



The open mapping theorem

In this chapter we present the open mapping theorem for analytic functions. This important result states
that analytic functions map connected open sets to connected open sets or else to single points. It is very
different than the situation for a function of a real variable.

26.1 Zeros of an analytic function

In this section we give a very surprising property of analytic functions which is in stark contrast to what
takes place for functions of a real variable. It turns out the zeros of an analytic function which is not constant
on some region cannot have a limit point.

Theorem 26.1 Let U be a connected open set (region) and let f : U → C be analytic. Then the following
are equivalent.

1. f (z) = 0 for all z ∈ U

2. There exists z0 ∈ U such that f (n) (z0) = 0 for all n.

3. There exists z0 ∈ U which is a limit point of the set,

Z ≡ {z ∈ U : f (z) = 0} .

Proof: It is clear the first condition implies the second two. Suppose the third holds. Then for z near
z0 we have

f (z) =
∞∑
n=k

f (n) (z0)
n!

(z − z0)n

where k ≥ 1 since z0 is a zero of f. Suppose k <∞. Then,

f (z) = (z − z0)k g (z)

where g (z0) 6= 0. Letting zn → z0 where zn ∈ Z, zn 6= z0, it follows

0 = (zn − z0)k g (zn)

which implies g (zn) = 0. Then by continuity of g, we see that g (z0) = 0 also, contrary to the choice of k.
Therefore, k cannot be less than ∞ and so z0 is a point satisfying the second condition.

Now suppose the second condition and let

S ≡
{
z ∈ U : f (n) (z) = 0 for all n

}
.

433
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It is clear that S is a closed set which by assumption is nonempty. However, this set is also open. To see
this, let z ∈ S. Then for all w close enough to z,

f (w) =
∞∑
k=0

f (k) (z)
k!

(w − z)k = 0.

Thus f is identically equal to zero near z ∈ S. Therefore, all points near z are contained in S also, showing
that S is an open set. Now U = S ∪ (U \ S) , the union of two disjoint open sets, S being nonempty. It
follows the other open set, U \ S, must be empty because U is connected. Therefore, the first condition is
verified. This proves the theorem. (See the following diagram.)

1.)
↙↗ ↘

2.) ←− 3.)

Note how radically different this from the theory of functions of a real variable. Consider, for example
the function

f (x) ≡
{
x2 sin

(
1
x

)
if x 6= 0

0 if x = 0

which has a derivative for all x ∈ R and for which 0 is a limit point of the set, Z, even though f is not
identically equal to zero.

26.2 The open mapping theorem

With this preparation we are ready to prove the open mapping theorem, an even more surprising result than
the theorem about the zeros of an analytic function.

Theorem 26.2 (Open mapping theorem) Let U be a region in C and suppose f : U → C is analytic. Then
f (U) is either a point or a region. In the case where f (U) is a region, it follows that for each z0 ∈ U, there
exists an open set, V containing z0 such that for all z ∈ V,

f (z) = f (z0) + φ (z)m (26.1)

where φ : V → B (0, δ) is one to one, analytic and onto, φ (z0) = 0, φ′ (z) 6= 0 on V and φ−1 analytic on
B (0, δ) . If f is one to one, then m = 1 for each z0 and f−1 : f (U)→ U is analytic.

Proof: Suppose f (U) is not a point. Then if z0 ∈ U it follows there exists r > 0 such that f (z) 6= f (z0)
for all z ∈ B (z0, r) \ {z0} . Otherwise, z0 would be a limit point of the set,

{z ∈ U : f (z)− f (z0) = 0}

which would imply from Theorem 26.1 that f (z) = f (z0) for all z ∈ U. Therefore, making r smaller if
necessary, we may write, using the power series of f,

f (z) = f (z0) + (z − z0)m g (z)

for all z ∈ B (z0, r) , where g (z) 6= 0 on B (z0, r) . Then g′

g is an analytic function on B (z0, r) and so
by Corollary 25.5 it has a primitive on B (z0, r) , h. Therefore, using the product rule and the chain rule,(
ge−h

)′ = 0 and so there exists a constant, C = ea+ib such that on B (z0, r) ,

ge−h = ea+ib.
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Therefore,

g (z) = eh(z)+a+ib

and so, modifying h by adding in the constant, a+ ib, we see g (z) = eh(z) where h′ (z) = g′(z)
g(z) on B (z0, r) .

Letting

φ (z) = (z − z0) e
h(z)
m

we obtain the formula (26.1) valid on B (z0, r) . Now

φ′ (z0) = e
h(z0)
m 6= 0

and so, restricting r we may assume that φ′ (z) 6= 0 for all z ∈ B (z0, r). We need to verify that there is an
open set, V contained in B (z0, r) such that φ maps V onto B (0, δ) for some δ > 0.

Let φ (z) = u (x, y) + iv (x, y) where z = x+ iy. Then(
u (x0, y0)
v (x0, y0)

)
=
(

0
0

)
because for z0 = x0 + iy0, φ (z0) = 0. In addition to this, the functions u and v are in C1 (B (0, r)) because
φ is analytic. By the Cauchy Riemann equations,∣∣∣∣ ux (x0, y0) uy (x0, y0)

vx (x0, y0) vy (x0, y0)

∣∣∣∣ =
∣∣∣∣ ux (x0, y0) −vx (x0, y0)
vx (x0, y0) ux (x0, y0)

∣∣∣∣
= u2

x (x0, y0) + v2
x (x0, y0) =

∣∣φ′ (z0)
∣∣2 6= 0.

Therefore, by the inverse function theorem there exists an open set, V, containing z0 and δ > 0 such that
(u, v)T maps V one to one onto B (0, δ) . Thus φ is one to one onto B (0, δ) as claimed. It follows that φm

maps V onto B (0, δm) . Therefore, the formula (26.1) implies that f maps the open set, V, containing z0 to
an open set. This shows f (U) is an open set. It is connected because f is continuous and U is connected.
Thus f (U) is a region. It only remains to verify that φ−1 is analytic on B (0, δ) . We show this by verifying
the Cauchy Riemann equations.

Let (
u (x, y)
v (x, y)

)
=
(
u
v

)
(26.2)

for (u, v)T ∈ B (0, δ) . Then, letting w = u + iv, it follows that φ−1 (w) = x (u, v) + iy (u, v) . We need to
verify that

xu = yv, xv = −yu. (26.3)

The inverse function theorem has already given us the continuity of these partial derivatives. From the
equations (26.2), we have the following systems of equations.

uxxu + uyyu = 1
vxxu + vyyu = 0 ,

uxxv + uyyv = 0
vxxv + vyyv = 1 .

Solving these for xu, yv, xv, and yu, and using the Cauchy Riemann equations for u and v, yields (26.3).
It only remains to verify the assertion about the case where f is one to one. If m > 1, then e

2πi
m 6= 1 and

so for z1 ∈ V,

e
2πi
m φ (z1) 6= φ (z1) .
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But e
2πi
m φ (z1) ∈ B (0, δ) and so there exists z2 6= z1(since φ is one to one) such that φ (z2) = e

2πi
m φ (z1) . But

then

φ (z2)m =
(
e

2πi
m φ (z1)

)m
= φ (z1)m

implying f (z2) = f (z1) contradicting the assumption that f is one to one. Thus m = 1 and f ′ (z) = φ′ (z) 6=
0 on V. Since f maps open sets to open sets, it follows that f−1 is continuous and so we may write(

f−1
)′

(f (z)) = lim
f(z1)→f(z)

f−1 (f (z1))− f−1 (f (z))
f (z1)− f (z)

= lim
z1→z

z1 − z
f (z1)− f (z)

=
1

f ′ (z)
.

This proves the theorem.
One does not have to look very far to find that this sort of thing does not hold for functions mapping R

to R. Take for example, the function f (x) = x2. Then f (R) is neither a point nor a region. In fact f (R)
fails to be open.

26.3 Applications of the open mapping theorem

Definition 26.3 We will denote by ρ a ray starting at 0. Thus ρ is a straight line of infinite length extending
in one direction with its initial point at 0.

As a simple application of the open mapping theorem, we give the following theorem about branches of
the logarithm.

Theorem 26.4 Let ρ be a ray starting at 0. Then there exists an analytic function, L (z) defined on C \ ρ
such that

eL(z) = z.

We call L a branch of the logarithm.

Proof: Let θ be an angle of the ray, ρ. The function, ez is a one to one and onto mapping from
R + i (θ, θ + 2π) to C \ ρ and so we may define L (z) for z ∈ C \ ρ such that eL(z) = z and we see that L
defined in this way is analytic on C \ ρ because of the open mapping theorem. Note we could just as well
have considered R + i (θ − 2π, θ) . This would have given another branch of the logarithm valid on C \ ρ.
Also, there are infinitely many choices for θ, each of which leads to a branch of the logarithm by the process
just described.

Here is another very significant theorem known as the maximum modulus theorem which follows imme-
diately from the open mapping theorem.

Theorem 26.5 (maximum modulus theorem) Let U be a bounded region and let f : U → C be analytic and
f : U → C continuous. Then if z ∈ U,

|f (z)| ≤ max {|f (w)| : w ∈ ∂U} . (26.4)

If equality is achieved for any z ∈ U, then f is a constant.

Proof: Suppose f is not a constant. Then f (U) is a region and so if z ∈ U, there exists r > 0 such that
B (f (z) , r) ⊆ f (U) . It follows there exists z1 ∈ U with |f (z1)| > |f (z)| . Hence max

{
|f (w)| : w ∈ U

}
is

not achieved at any interior point of U. Therefore, the point at which the maximum is achieved must lie on
the boundary of U and so

max {|f (w)| : w ∈ ∂U} = max
{
|f (w)| : w ∈ U

}
> |f (z)|

for all z ∈ U or else f is a constant. This proves the theorem.
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26.4 Counting zeros

The above proof of the open mapping theorem relies on the very important inverse function theorem from
real analysis. The proof features this and the Cauchy Riemann equations to indicate how the assumption
f is analytic is used. There are other approaches to this important theorem which do not rely on the
big theorems from real analysis and are more oriented toward the use of the Cauchy integral formula and
specialized techniques from complex analysis. We give one of these approaches next which involves the notion
of “counting zeros”. The next theorem is the one about counting zeros. We will use the theorem later in the
proof of the Riemann mapping theorem.

Theorem 26.6 Let U be a region and let γ : [a, b] → U be closed, continuous, bounded variation, and
n (γ, z) = 0 for all z /∈ U. Suppose also that f is analytic on U having zeros a1, · · ·, am where the zeros are
repeated according to multiplicity, and suppose that none of these zeros are on γ ([a, b]) . Then

1
2πi

∫
γ

f ′ (z)
f (z)

dz =
m∑
k=1

n (γ, ak) .

Proof: We are given f (z) =
∏m
j=1 (z − aj) g (z) where g (z) 6= 0 on U. Hence

f ′ (z)
f (z)

=
m∑
j=1

1
z − aj

+
g′ (z)
g (z)

and so

1
2πi

∫
γ

f ′ (z)
f (z)

dz =
m∑
j=1

n (γ, aj) +
1

2πi

∫
γ

g′ (z)
g (z)

dz.

But the function, z → g′(z)
g(z) is analytic and so by Corollary 25.9, the last integral in the above expression

equals 0. Therefore, this proves the theorem.

Theorem 26.7 Let U be a region, let γ : [a, b] → U be continuous, closed and bounded variation such
that n (γ, z) = 0 for all z /∈ U. Also suppose f : U → C be analytic and that α /∈ f (γ ([a, b])) . Then
f ◦ γ : [a, b] → C is continuous, closed, and bounded variation. Also suppose {a1, · · ·, am} = f−1 (α) where
these points are counted according to their multiplicities as zeros of the function f − α Then

n (f ◦ γ, α) =
m∑
k=1

n (γ, ak) .

Proof: It is clear that f ◦ γ is closed and continuous. It only remains to verify that it is of bounded
variation. Suppose first that γ ([a, b]) ⊆ B ⊆ B ⊆ U where B is a ball. Then

|f (γ (t))− f (γ (s))| =

∣∣∣∣∫ 1

0

f ′ (γ (s) + λ (γ (t)− γ (s))) (γ (t)− γ (s)) dλ
∣∣∣∣

≤ C |γ (t)− γ (s)|

where C ≥ max
{
|f ′ (z)| : z ∈ B

}
. Hence, in this case,

V (f ◦ γ, [a, b]) ≤ CV (γ, [a, b]) .
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Now let ε denote the distance between γ ([a, b]) and C \ U. Since γ ([a, b]) is compact, ε > 0. By uniform
continuity there exists δ = b−a

p for p a positive integer such that if |s− t| < δ, then |γ (s)− γ (t)| < ε
2 . Then

γ ([t, t+ δ]) ⊆ B
(
γ (t) ,

ε

2

)
⊆ U.

Let C ≥ max
{
|f ′ (z)| : z ∈ ∪pj=1B

(
γ (tj) , ε2

)}
where tj ≡ j

p (b− a) + a. Then from what was just shown,

V (f ◦ γ, [a, b]) ≤
p−1∑
j=0

V (f ◦ γ, [tj , tj+1])

≤ C

p−1∑
j=0

V (γ, [tj , tj+1]) <∞

showing that f ◦ γ is bounded variation as claimed. Now from Theorem 25.6 there exists η ∈ C1 ([a, b]) such
that

η (a) = γ (a) = γ (b) = η (b) , η ([a, b]) ⊆ U,

and

n (η, ak) = n (γ, ak) , n (f ◦ γ, α) = n (f ◦ η, α) (26.5)

for k = 1, · · ·,m. Then

n (f ◦ γ, α) = n (f ◦ η, α)

=
1

2πi

∫
f◦η

dw

w − α

=
1

2πi

∫ b

a

f ′ (η (t))
f (η (t))− α

η′ (t) dt

=
1

2πi

∫
η

f ′ (z)
f (z)− α

dz

=
m∑
k=1

n (η, ak)

By Theorem 26.6. By (26.5), this equals
∑m
k=1 n (γ, ak) which proves the theorem.

The next theorem is very interesting for its own sake.

Theorem 26.8 Let f : B (a,R)→ C be analytic and let

f (z)− α = (z − a)m g (z) , ∞ > m ≥ 1

where g (z) 6= 0 in B (a,R) . (f (z) − α has a zero of order m at z = a.) Then there exist ε, δ > 0 with the
property that for each z satisfying 0 < |z − α| < δ, there exist points,

{a1, · · ·, am} ⊆ B (a, ε) ,

such that

f−1 (z) ∩B (a, ε) = {a1, · · ·, am}

and each ak is a zero of order 1 for the function f (·)− z.
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Proof: By Theorem 26.1 f is not constant on B (a,R) because it has a zero of order m. Therefore, using
this theorem again, there exists ε > 0 such that B (a, 2ε) ⊆ B (a,R) and there are no solutions to the equation
f (z) − α = 0 for z ∈ B (a, 2ε) except a. Also we may assume ε is small enough that for 0 < |z − a| ≤ 2ε,
f ′ (z) 6= 0. Otherwise, a would be a limit point of a sequence of points, zn, having f ′ (zn) = 0 which would
imply, by Theorem 26.1 that f ′ = 0 on B (0, R) , contradicting the assumption that f has a zero of order m
and is therefore not constant.

Now pick γ (t) = a+ εeit, t ∈ [0, 2π] . Then α /∈ f (γ ([0, 2π])) so there exists δ > 0 with

B (α, δ) ∩ f (γ ([0, 2π])) = ∅. (26.6)

Therefore, B (α, δ) is contained on one component of C \ f (γ ([0, 2π])) . Therefore, n (f ◦ γ, α) = n (f ◦ γ, z)
for all z ∈ B (α, δ) . Now consider f restricted to B (a, 2ε) . For z ∈ B (α, δ) , f−1 (z) must consist of a finite
set of points because f ′ (w) 6= 0 for all w in B (a, 2ε) \ {a} implying that the zeros of f (·) − z in B (a, 2ε)
are isolated. Since B (a, 2ε) is compact, this means there are only finitely many. By Theorem 26.7,

n (f ◦ γ, z) =
p∑
k=1

n (γ, ak) (26.7)

where {a1, · · ·, ap} = f−1 (z) . Each point, ak of f−1 (z) is either inside the circle traced out by γ, yielding
n (γ, ak) = 1, or it is outside this circle yielding n (γ, ak) = 0 because of (26.6). It follows the sum in (26.7)
reduces to the number of points of f−1 (z) which are contained in B (a, ε) . Thus, letting those points in
f−1 (z) which are contained in B (a, ε) be denoted by {a1, · · ·, ar}

n (f ◦ γ, α) = n (f ◦ γ, z) = r.

We need to verify that r = m. We do this by computing n (f ◦ γ, α) . However, this is easy to compute by
Theorem 26.6 which states

n (f ◦ γ, α) =
m∑
k=1

n (γ, a) = m.

Therefore, r = m. Each of these ak is a zero of order 1 of the function f (·) − z because f ′ (ak) 6= 0. This
proves the theorem.

This is a very fascinating result partly because it implies that for values of f near a value, α, at which
f (·) − α has a root of order m for m > 1, the inverse image of these values includes at least m points, not
just one. Thus the topological properties of the inverse image changes radically. This theorem also shows
that f (B (a, ε)) ⊇ B (α, δ) .

Theorem 26.9 (open mapping theorem) Let U be a region and f : U → C be analytic. Then f (U) is either
a point of a region. If f is one to one, then f−1 : f (U)→ U is analytic.

Proof: If f is not constant, then for every α ∈ f (U) , it follows from Theorem 26.1 that f (·) − α
has a zero of order m < ∞ and so from Theorem 26.8 for each a ∈ U there exist ε, δ > 0 such that
f (B (a, ε)) ⊇ B (α, δ) which clearly implies that f maps open sets to open sets. Therefore, f (U) is open,
connected because f is continuous. If f is one to one, Theorem 26.8 implies that for every α ∈ f (U) the zero
of f (·)−α is of order 1. Otherwise, that theorem implies that for z near α, there are m points which f maps
to z contradicting the assumption that f is one to one. Therefore, f ′ (z) 6= 0 and since f−1 is continuous,
due to f being an open map, it follows we may write(

f−1
)′

(f (z)) = lim
f(z1)→f(z)

f−1 (f (z1))− f−1 (f (z))
f (z1)− f (z)

= lim
z1→z

z1 − z
f (z1)− f (z)

=
1

f ′ (z)
.

This proves the theorem.
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26.5 Exercises

1. Use Theorem 26.6 to give an alternate proof of the fundamental theorem of algebra. Hint: Take a
contour of the form γr = reit where t ∈ [0, 2π] . Consider

∫
γr

p′(z)
p(z) dz and consider the limit as r →∞.

2. Prove the following version of the maximum modulus theorem. Let f : U → C be analytic where U is
a region. Suppose there exists a ∈ U such that |f (a)| ≥ |f (z)| for all z ∈ U. Then f is a constant.

3. Let M be an n× n matrix. Recall that the eigenvalues of M are given by the zeros of the polynomial,
pM (z) = det (M − zI) where I is the n × n identity. Formulate a theorem which describes how the
eigenvalues depend on small changes in M. Hint: You could define a norm on the space of n × n
matrices as ||M || ≡ tr (MM∗)1/2 where M∗ is the conjugate transpose of M. Thus

||M || =

∑
j,k

|Mjk|2
1/2

.

Argue that small changes will produce small changes in pM (z) . Then apply Theorem 26.6 using γk a
very small circle surrounding zk, the kth eigenvalue.

4. Suppose that two analytic functions defined on a region are equal on some set, S which contains a
limit point. (Recall p is a limit point of S if every open set which contains p, also contains infinitely
many points of S. ) Show the two functions coincide. We defined ez ≡ ex (cos y + i sin y) earlier and
we showed that ez, defined this way was analytic on C. Is there any other way to define ez on all of C
such that the function coincides with ex on the real axis?

5. We know various identities for real valued functions. For example cosh2 x − sinh2 x = 1. If we define
cosh z ≡ ez+e−z

2 and sinh z ≡ ez−e−z
2 , does it follow that

cosh2 z − sinh2 z = 1

for all z ∈ C? What about

sin (z + w) = sin z cosw + cos z sinw?

Can you verify these sorts of identities just from your knowledge about what happens for real argu-
ments?

6. Was it necessary that U be a region in Theorem 26.1? Would the same conclusion hold if U were only
assumed to be an open set? Why? What about the open mapping theorem? Would it hold if U were
not a region?

7. Let f : U → C be analytic and one to one. Show that f ′ (z) 6= 0 for all z ∈ U. Does this hold for a
function of a real variable?

8. We say a real valued function, u is subharmonic if uxx + uyy ≥ 0. Show that if u is subharmonic on a
bounded region, (open connected set) U, and continuous on U and u ≤ m on ∂U, then u ≤ m on U.
Hint: If not, u achieves its maximum at (x0, y0) ∈ U. Let u (x0, y0) > m+δ where δ > 0. Now consider
uε (x, y) = εx2 + u (x, y) where ε is small enough that 0 < εx2 < δ for all (x, y) ∈ U. Show that uε also
achieves its maximum at some point of U and that therefore, uεxx + uεyy ≤ 0 at that point implying
that uxx + uyy ≤ −ε, a contradiction.

9. If u is harmonic on some region, U, show that u coincides locally with the real part of an analytic
function and that therefore, u has infinitely many derivatives on U. Hint: Consider the case where
0 ∈ U. You can always reduce to this case by a suitable translation. Now let B (0, r) ⊆ U and use the
Schwarz formula to obtain an analytic function whose real part coincides with u on ∂B (0, r) . Then
use Problem 8.
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10. Show the solution to the Dirichlet problem of Problem 8 in the section on the Cauchy integral formula
for a disk is unique. You need to formulate this precisely and then prove uniqueness.
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Singularities

27.1 The Laurent series

In this chapter we consider the functions which are analytic in some open set except at isolated points. The
fundamental formula in this subject which is used to classify isolated singularities is the Laurent series.

Definition 27.1 We define ann (a,R1, R2) ≡ {z : R1 < |z − a| < R2} .

Thus ann (a, 0, R) would denote the punctured ball, B (a,R)\{0} . We now consider an important lemma
which will be used in what follows.

Lemma 27.2 Let g be analytic on ann (a,R1, R2) . Then if γr (t) ≡ a+reit for t ∈ [0, 2π] and r ∈ (R1, R2) ,
then

∫
γr
g (z) dz is independent of r.

Proof: Let R1 < r1 < r2 < R2 and denote by −γr (t) the curve, −γr (t) ≡ a+ rei(2π−t) for t ∈ [0, 2π] .
Then if z ∈ B (a,R1), we can apply Proposition 25.7 to conclude n

(
−γr1 , z

)
+ n

(
γr2 , z

)
= 0. Also if

z /∈ B (a,R2) , then by Corollary 25.11 we have n
(
γrj , z

)
= 0 for j = 1, 2. Therefore, we can apply Theorem

25.8 and conclude that for all z ∈ ann (a,R1, R2) \ ∪2
j=1γrj ([0, 2π]) ,

0
(
n
(
γr2 , z

)
+ n

(
−γr1 , z

))
=

1
2πi

∫
γr2

g (w) (w − z)
w − z

dw − 1
2πi

∫
γr1

g (w) (w − z)
w − z

dw

which proves the desired result.
With this preparation we are ready to discuss the Laurent series.

Theorem 27.3 Let f be analytic on ann (a,R1, R2) . Then there exist numbers, an ∈ C such that for all
z ∈ ann (a,R1, R2) ,

f (z) =
∞∑

n=−∞
an (z − a)n , (27.1)

where the series converges absolutely and uniformly on ann (a, r1, r2) whenever R1 < r1 < r2 < R2. Also

an =
1

2πi

∫
γ

f (w)
(w − a)n+1 dw (27.2)

where γ (t) = a+ reit, t ∈ [0, 2π] for any r ∈ (R1, R2) . Furthermore the series is unique in the sense that if
(27.1) holds for z ∈ ann (a,R1, R2) , then we obtain (27.2).

443
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Proof: Let R1 < r1 < r2 < R2 and define γ1 (t) ≡ a + (r1 − ε) eit and γ2 (t) ≡ a + (r2 + ε) eit for
t ∈ [0, 2π] and ε chosen small enough that R1 < r1 − ε < r2 + ε < R2.

��AA · a

z·

γ1

γ2

��AA

Then by Proposition 25.7 and Corollary 25.11, we see that

n (−γ1, z) + n (γ2, z) = 0

off ann (a,R1, R2) and that on ann (a, r1, r2) ,

n (−γ1, z) + n (γ2, z) = 1.

Therefore, by Theorem 25.8,

f (z) =
1

2πi

[∫
−γ1

f (w)
w − z

dw +
∫
γ2

f (w)
w − z

dw

]

=
1

2πi

∫
γ1

f (w)

(z − a)
[
1− w−a

z−a

]dw +
∫
γ2

f (w)

(w − a)
[
1− z−a

w−a

]dw


=
1

2πi

∫
γ2

f (w)
w − a

∞∑
n=0

(
z − a
w − a

)n
dw +

1
2πi

∫
γ1

f (w)
(z − a)

∞∑
n=0

(
w − a
z − a

)n
dw. (27.3)

From the formula (27.3), it follows that for z ∈ ann (a, r1, r2), the terms in the first sum are bounded by an

expression of the form C
(

r2
r2+ε

)n
while those in the second are bounded by one of the form C

(
r1−ε
r1

)n
and

so by the Weierstrass M test, the convergence is uniform and so we may interchange the integrals and the
sums in the above formula and rename the variable of summation to obtain

f (z) =
∞∑
n=0

(
1

2πi

∫
γ2

f (w)
(w − a)n+1 dw

)
(z − a)n +

−1∑
n=−∞

(
1

2πi

∫
γ1

f (w)
(w − a)n+1

)
(z − a)n . (27.4)

By Lemma 27.2, we may write this as

f (z) =
∞∑

n=−∞

(
1

2πi

∫
γr

f (w)
(w − a)n+1 dw

)
(z − a)n .
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where r ∈ (R1, R2) is arbitrary.
If f (z) =

∑∞
n=−∞ an (z − a)n on ann (a,R1, R2) let

fn (z) ≡
n∑

k=−n

ak (z − a)k (27.5)

and verify from a repeat of the above argument that

fn (z) =
∞∑

k=−∞

(
1

2πi

∫
γr

fn (w)

(w − a)k+1
dw

)
(z − a)k . (27.6)

Therefore, using (27.5) directly, we see

1
2πi

∫
γr

fn (w)

(w − a)k+1
dw = ak

for each k ∈ [−n, n] . However,

1
2πi

∫
γr

fn (w)

(w − a)k+1
dw =

1
2πi

∫
γr

f (w)

(w − a)k+1
dw

because if l > n or l < −n, then it is easy to verify that∫
γr

al (w − a)l

(w − a)k+1
dw = 0

for all k ∈ [−n, n] . Therefore,

ak =
1

2πi

∫
γr

f (w)

(w − a)k+1
dw

and so this establishes uniqueness. This proves the theorem.

Definition 27.4 We say f has an isolated singularity at a ∈ C if there exists R > 0 such that f is analytic
on ann (a, 0, R) . Such an isolated singularity is said to be a pole of order m if a−m 6= 0 but ak = 0 for all
k < m. The singularity is said to be removable if an = 0 for all n < 0, and it is said to be essential if am 6= 0
for infinitely many m < 0.

Note that thanks to the Laurent series, the possibilities enumerated in the above definition are the only
ones possible. Also observe that a is removable if and only if f (z) = g (z) for some g analytic near a. How
can we recognize a removable singularity or a pole without computing the Laurent series? This is the content
of the next theorem.

Theorem 27.5 Let a be an isolated singularity of f . Then a is removable if and only if

lim
z→a

(z − a) f (z) = 0 (27.7)

and a is a pole if and only if

lim
z→a
|f (z)| =∞. (27.8)

The pole is of order m if

lim
z→a

(z − a)m+1
f (z) = 0

but

lim
z→a

(z − a)m f (z) 6= 0.



446 SINGULARITIES

Proof: First suppose a is a removable singularity. Then it is clear that (27.7) holds since am = 0 for all
m < 0. Now suppose that (27.7) holds and f is analytic on ann (a, 0, R). Then define

h (z) ≡
{

(z − a) f (z) if z 6= a
0 if z = a

We verify that h is analytic near a by using Morera’s theorem. Let T be a triangle in B (a,R) . If T does
not contain the point, a, then Corollary 25.11 implies

∫
∂T
h (z) dz = 0. Therefore, we may assume a ∈ T. If

a is a vertex, then, denoting by b and c the other two vertices, we pick p and q, points on the sides, ab and
ac respectively which are close to a. Then by Corollary 25.11,∫

γ(q,c,b,p,q)

h (z) dz = 0.

But by continuity of h, it follows that as p and q are moved closer to a the above integral converges to∫
∂T
h (z) dz, showing that in this case,

∫
∂T
h (z) dz = 0 also. It only remains to consider the case where a

is not a vertex but is in T. In this case we subdivide the triangle T into either 3 or 2 subtriangles having a
as one vertex, depending on whether a is in the interior or on an edge. Then, applying the above result to
these triangles and noting that the integrals over the interior edges cancel out due to the integration being
taken in opposite directions, we see that

∫
∂T
h (z) dz = 0 in this case also.

Now we know h is analytic. Since h equals zero at a, we can conclude that

h (z) = (z − a) g (z)

where g (z) is analytic in B (a,R) . Therefore, for all z 6= a,

(z − a) g (z) = (z − a) f (z)

showing that f (z) = g (z) for all z 6= a and g is analytic on B (0, R) . This proves the converse.
It is clear that if f has a pole at a, then (27.8) holds. Suppose conversely that (27.8) holds. Then we

know from the first part of this theorem that 1/f (z) has a removable singularity at a. Also, if g (z) = 1/f (z)
for z near a, then g (a) = 0. Therefore, for z 6= a,

1/f (z) = (z − a)m h (z)

for some analytic function, h (z) for which h (a) 6= 0. It follows that 1/h ≡ r is analytic near a with r (a) 6= 0.
Therefore, for z near a,

f (z) = (z − a)−m
∞∑
k=0

ak (z − a)k , a0 6= 0,

showing that f has a pole of order m. This proves the theorem.
Note that this is very different than what occurs for functions of a real variable. Consider for example,

the function, f (x) = x−1/2. We see x
(
|x|−1/2

)
→ 0 but clearly |x|−1/2 cannot equal a differentiable function

near 0.
What about rational functions, those which are a quotient of two polynomials? It seems reasonable to

suppose, since every finite partial sum of the Laurent series is a rational function just as every finite sum of
a power series is a polynomial, it might be the case that something interesting can be said about rational
functions in the context of Laurent series. In fact we will show the existence of the partial fraction expansion
for rational functions. First we need the following simple lemma.

Lemma 27.6 If f is a rational function which has no poles in C then f is a polynomial.
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Proof: We can write

f (z) =
p0 (z − b1)l1 · · · (z − bn)ln

(z − a1)r1 · · · (z − am)rm
,

where we can assume the fraction has been reduced to lowest terms. Thus none of the bj equal any of the
ak. But then, by Theorem 27.5 we would have poles at each ak. Therefore, the denominator must reduce to
1 and so f is a polynomial.

Theorem 27.7 Let f (z) be a rational function,

f (z) =
p0 (z − b1)l1 · · · (z − bn)ln

(z − a1)r1 · · · (z − am)rm
, (27.9)

where the expression is in lowest terms. Then there exist numbers, bkj and a polynomial, p (z) , such that

f (z) =
m∑
l=1

rl∑
j=1

blj

(z − al)j
+ p (z) . (27.10)

Proof: We see that f has a pole at a1 and it is clear this pole must be of order r1 since otherwise
we could not achieve equality between (27.9) and the Laurent series for f near a1 due to different rates of
growth. Therefore, for z ∈ ann (a1, 0, R1)

f (z) =
r1∑
j=1

b1j

(z − a1)j
+ p1 (z)

where p1 is analytic in B (a1, R1) . Then define

f1 (z) ≡ f (z)−
r1∑
j=1

b1j

(z − a1)j

so that f1 is a rational function coinciding with p1 near a1 which has no pole at a1. We see that f1 has a pole
at a2 or order r2 by the same reasoning. Therefore, we may subtract off the principle part of the Laurent
series for f1 near a2 like we just did for f. This yields

f (z) =
r1∑
j=1

b1j

(z − a1)j
+

r2∑
j=1

b2j

(z − a2)j
+ p2 (z) .

Letting

f (z)−

 r1∑
j=1

b1j

(z − a1)j
+

r2∑
j=1

b2j

(z − a2)j

 = f2 (z) ,

and continuing in this way we finally obtain

f (z)−
m∑
l=1

rl∑
j=1

blj

(z − al)j
= fm (z)

where fm is a rational function which has no poles. Therefore, it must be a polynomial. This proves the
theorem.
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How does this relate to the usual partial fractions routine of calculus? Recall in that case we had to
consider irreducible quadratics and all the constants were real. In the case from calculus, since the coefficients
of the polynomials were real, the roots of the denominator occurred in conjugate pairs. Thus we would have
paired terms like

b

(z − a)j
+

c

(z − a)j

occurring in the sum. We leave it to the reader to verify this version of partial fractions does reduce to the
version from calculus.

We have considered the case of a removable singularity or a pole and proved theorems about this case.
What about the case where the singularity is essential? We give an interesting theorem about this case next.

Theorem 27.8 (Casorati Weierstrass) If f has an essential singularity at a then for all r > 0,

f (ann (a, 0, r)) = C

Proof: If not there exists c ∈ C and r > 0 such that c /∈ f (ann (a, 0, r)). Therefore,there exists ε > 0
such that B (c, ε) ∩ f (ann (a, 0, r)) = ∅. It follows that

lim
z→a
|z − a|−1 |f (z)− c| =∞

and so by Theorem 27.5 z → (z − a)−1 (f (z)− c) has a pole at a. It follows that for m the order of the pole,

(z − a)−1 (f (z)− c) =
m∑
k=1

ak

(z − a)k
+ g (z)

where g is analytic near a. Therefore,

f (z)− c =
m∑
k=1

ak

(z − a)k−1
+ g (z) (z − a) ,

showing that f has a pole at a rather than an essential singularity. This proves the theorem.
This theorem is much weaker than the best result known, the Picard theorem which we state next. A

proof of this famous theorem may be found in Conway [6].

Theorem 27.9 If f is an analytic function having an essential singularity at z, then in every open set
containing z the function f, assumes each complex number, with one possible exception, an infinite number
of times.

27.2 Exercises

1. Classify the singular points of the following functions according to whether they are poles or essential
singularities. If poles, determine the order of the pole.

(a) cos z
z2

(b) z3+1
z(z−1)

(c) cos
(

1
z

)
2. Suppose f is defined on an open set, U, and it is known that f is analytic on U \ {z0} but continuous

at z0. Show that f is actually analytic on U.
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3. A function defined on C has finitely many poles and lim|z|→∞ f (z) exists. Show f is a rational function.
Hint: First show that if h has only one pole at 0 and if lim|z|→∞ h (z) exists, then h is a rational
function. Now consider

h (z) ≡
∏m
k=1 (z − zk)rk∏m

k=1 z
rk

f (z)

where zk is a pole of order rk.
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Residues and evaluation of integrals

It turns out that the theory presented above about singularities and the Laurent series is very useful in
computing the exact value of many hard integrals. First we define what we mean by a residue.

Definition 28.1 Let a be an isolated singularity of f. Thus

f (z) =
∞∑

n=−∞
an (z − a)n

for all z near a. Then we define the residue of f at a by

Res (f, a) = a−1.

Now suppose that U is an open set and f : U \ {a1, · · ·, am} → C is analytic where the ak are isolated
singularities of f.

·

'

&

$

%

��HH

γ

a1

−γ1

��

· a2

−γ2

��

Let γ be a simple closed continuous, and bounded variation curve enclosing these isolated singulari-
ties such that γ ([a, b]) ⊆ U and {a1, · · ·, am} ⊆ D ⊆ U, where D is the bounded component (inside) of
C \ γ ([a, b]) . Also assume n (γ, z) = 1 for all z ∈ D. As explained earlier, this would occur if γ (t) traces out
the curve in the counter clockwise direction. Choose r small enough that B (aj , r) ∩B (ak, r) = ∅ whenever
j 6= k, B (ak, r) ⊆ U for all k, and define

−γk (t) ≡ ak + re(2π−t)i, t ∈ [0, 2π] .

Thus n (−γk, ai) = −1 and if z is in the unbounded component of C\γ ([a, b]) , n (γ, z) = 0 and n (−γk, z) = 0.
If z /∈ U \ {a1, · · ·, am} , then z either equals one of the ak or else z is in the unbounded component just

451
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described. Either way,
∑m
k=1 n (γk, z) + n (γ, z) = 0. Therefore, by Theorem 25.8, if z /∈ D,

m∑
j=1

1
2πi

∫
−γj

f (w)
(w − z)
(w − z)

dw +
1

2πi

∫
γ

f (w)
(w − z)
(w − z)

dw =

m∑
j=1

1
2πi

∫
−γj

f (w) dw +
1

2πi

∫
γ

f (w) dw =(
m∑
k=1

n (−γk, z) + n (γ, z)

)
f (z) (z − z) = 0.

and so, taking r small enough,

1
2πi

∫
γ

f (w) dw =
m∑
j=1

1
2πi

∫
γj

f (w) dw

=
1

2πi

m∑
k=1

∞∑
l=−∞

akl

∫
γk

(w − ak)l dw

=
1

2πi

m∑
k=1

ak−1

∫
γk

(w − ak)−1
dw

=
m∑
k=1

ak−1 =
m∑
k=1

Res (f, ak) .

Now we give some examples of hard integrals which can be evaluated by using this idea. This will be
done by integrating over various closed curves having bounded variation.

Example 28.2 The first example we consider is the following integral.∫ ∞
−∞

1
1 + x4

dx

One could imagine evaluating this integral by the method of partial fractions and it should work out by
that method. However, we will consider the evaluation of this integral by the method of residues instead.
To do so, consider the following picture.

x

y

Let γr (t) = reit, t ∈ [0, π] and let σr (t) = t : t ∈ [−r, r] . Thus γr parameterizes the top curve and σr
parameterizes the straight line from −r to r along the x axis. Denoting by Γr the closed curve traced out



453

by these two, we see from simple estimates that

lim
r→∞

∫
γr

1
1 + z4

dz = 0.

This follows from the following estimate.∣∣∣∣∣
∫
γr

1
1 + z4

dz

∣∣∣∣∣ ≤ 1
r4 − 1

πr.

Therefore, ∫ ∞
−∞

1
1 + x4

dx = lim
r→∞

∫
Γr

1
1 + z4

dz.

We compute
∫

Γr
1

1+z4 dz using the method of residues. The only residues of the integrand are located at
points, z where 1 + z4 = 0. These points are

z = −1
2

√
2− 1

2
i
√

2, z =
1
2

√
2− 1

2
i
√

2,

z =
1
2

√
2 +

1
2
i
√

2, z = −1
2

√
2 +

1
2
i
√

2

and it is only the last two which are found in the inside of Γr. Therefore, we need to calculate the residues
at these points. Clearly this function has a pole of order one at each of these points and so we may calculate
the residue at α in this list by evaluating

lim
z→α

(z − α)
1

1 + z4

Thus

Res
(
f,

1
2

√
2 +

1
2
i
√

2
)

=

lim
z→ 1

2

√
2+ 1

2 i
√

2

(
z −

(
1
2

√
2 +

1
2
i
√

2
))

1
1 + z4

= −1
8

√
2− 1

8
i
√

2

Similarly we may find the other residue in the same way

Res
(
f,−1

2

√
2 +

1
2
i
√

2
)

=

lim
z→− 1

2

√
2+ 1

2 i
√

2

(
z −

(
−1

2

√
2 +

1
2
i
√

2
))

1
1 + z4

= −1
8
i
√

2 +
1
8

√
2.

Therefore, ∫
Γr

1
1 + z4

dz = 2πi
(
−1

8
i
√

2 +
1
8

√
2 +

(
−1

8

√
2− 1

8
i
√

2
))

=
1
2
π
√

2.

Thus, taking the limit we obtain 1
2π
√

2 =
∫∞
−∞

1
1+x4 dx.

Obviously many different variations of this are possible. The main idea being that the integral over the
semicircle converges to zero as r →∞. Sometimes one must be fairly creative to determine the sort of curve
to integrate over as well as the sort of function in the integrand and even the interpretation of the integral
which results.
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Example 28.3 This example illustrates the comment about the integral.∫ ∞
0

sinx
x

dx

By this integral we mean limr→∞
∫ r

0
sin x
x dx. The function is not absolutely integrable so the meaning of

the integral is in terms of the limit just described. To do this integral, we note the integrand is even and so
it suffices to find

lim
R→∞

∫ R

−R

eix

x
dx

called the Cauchy principle value, take the imaginary part to get

lim
R→∞

∫ R

−R

sinx
x

dx

and then divide by two. In order to do so, we let R > r and consider the curve which goes along the x
axis from (−R, 0) to (−r, 0), from (−r, 0) to (r, 0) along the semicircle in the upper half plane, from (r, 0)
to (R, 0) along the x axis, and finally from (R, 0) to (−R, 0) along the semicircle in the upper half plane as
shown in the following picture.

x

y

On the inside of this curve, the function, e
iz

z has no singularities and so it has no residues. Pick R large
and let r → 0 + . The integral along the small semicircle is∫ 0

π

ere
it

rieit

reit
dt =

∫ 0

π

e(re
it)dt.

and this clearly converges to −π as r → 0. Now we consider the top integral. For z = Reit,

eiRe
it

= e−R sin t cos (R cos t) + ie−R sin t sin (R cos t)

and so ∣∣∣eiReit∣∣∣ ≤ e−R sin t.

Therefore, along the top semicircle we get the absolute value of the integral along the top is,∣∣∣∣∫ π

0

eiRe
it

dt

∣∣∣∣ ≤ ∫ π

0

e−R sin tdt
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≤
∫ π−δ

δ

e−R sin δdt+
∫ π

π−δ
e−R sin tdt+

∫ δ

0

e−R sin tdt

≤ e−R sin δπ + ε

whenever δ is small enough. Letting δ be this small, it follows that

lim
R→∞

∣∣∣∣∫ π

0

eiRe
it

dt

∣∣∣∣ ≤ ε
and since ε is arbitrary, this shows the integral over the top semicircle converges to 0. Therefore, for some
function e (r) which converges to zero as r → 0,

e (r) =
∫

top semicircle

eiz

z
dz − π +

∫ R

r

eix

x
dx+

∫ −r
−R

eix

x
dx

Letting r → 0, we see

π =
∫

top semicircle

eiz

z
dz +

∫ R

−R

eix

x
dx

and so, taking R→∞,

π = lim
R→∞

∫ R

−R

eix

x
dx = 2 lim

R→∞

∫ R

0

sinx
x

,

showing that π
2 =

∫∞
0

sin x
x dx with the above interpretation of the integral.

Sometimes we don’t blow up the curves and take limits. Sometimes the problem of interest reduces
directly to a complex integral over a closed curve. Here is an example of this.

Example 28.4 The integral is ∫ π

0

cos θ
2 + cos θ

dθ

This integrand is even and so we may write it as

1
2

∫ π

−π

cos θ
2 + cos θ

dθ.

For z on the unit circle, z = eiθ, z = 1
z and therefore, cos θ = 1

2

(
z + 1

z

)
. Thus dz = ieiθdθ and so dθ = dz

iz .
Note that we are proceeding formally in order to get a complex integral which reduces to the one of interest.
It follows that a complex integral which reduces to the one we want is

1
2i

∫
γ

1
2

(
z + 1

z

)
2 + 1

2

(
z + 1

z

) dz
z

=
1
2i

∫
γ

z2 + 1
z (4z + z2 + 1)

dz

where γ is the unit circle. Now the integrand has poles of order 1 at those points where z
(
4z + z2 + 1

)
= 0.

These points are

0,−2 +
√

3,−2−
√

3.

Only the first two are inside the unit circle. It is also clear the function has simple poles at these points.
Therefore,

Res (f, 0) = lim
z→0

z

(
z2 + 1

z (4z + z2 + 1)

)
= 1.
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Res
(
f,−2 +

√
3
)

=

lim
z→−2+

√
3

(
z −

(
−2 +

√
3
)) z2 + 1

z (4z + z2 + 1)
= −2

3

√
3.

It follows ∫ π

0

cos θ
2 + cos θ

dθ =
1
2i

∫
γ

z2 + 1
z (4z + z2 + 1)

dz

=
1
2i

2πi
(

1− 2
3

√
3
)

= π

(
1− 2

3

√
3
)
.

Other rational functions of the trig functions will work out by this method also.
Sometimes we have to be clever about which version of an analytic function that reduces to a real function

we should use. The following is such an example.

Example 28.5 The integral here is ∫ ∞
0

lnx
1 + x4

dx.

We would like to use the same curve we used in the integral involving sin x
x but this will create problems

with the log since the usual version of the log is not defined on the negative real axis. This does not need
to concern us however. We simply use another branch of the logarithm. We leave out the ray from 0 along
the negative y axis and use Theorem 26.4 to define L (z) on this set. Thus L (z) = ln |z| + i arg1 (z) where
arg1 (z) will be the angle, θ, between −π2 and 3π

2 such that z = |z| eiθ. Now the only singularities contained
in this curve are

1
2

√
2 +

1
2
i
√

2,−1
2

√
2 +

1
2
i
√

2

and the integrand, f has simple poles at these points. Thus using the same procedure as in the other
examples,

Res
(
f,

1
2

√
2 +

1
2
i
√

2
)

=

1
32

√
2π − 1

32
i
√

2π

and

Res
(
f,
−1
2

√
2 +

1
2
i
√

2
)

=

3
32

√
2π +

3
32
i
√

2π.

We need to consider the integral along the small semicircle of radius r. This reduces to∫ 0

π

ln |r|+ it

1 + (reit)4

(
rieit

)
dt
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which clearly converges to zero as r → 0 because r ln r → 0. Therefore, taking the limit as r → 0,

∫
large semicircle

L (z)
1 + z4

dz + lim
r→0+

∫ −r
−R

ln (−t) + iπ

1 + t4
dt+

lim
r→0+

∫ R

r

ln t
1 + t4

dt = 2πi
(

3
32

√
2π +

3
32
i
√

2π +
1
32

√
2π − 1

32
i
√

2π
)
.

Observing that
∫

large semicircle
L(z)
1+z4 dz → 0 as R→∞, we may write

e (R) + 2 lim
r→0+

∫ R

r

ln t
1 + t4

dt+ iπ

∫ 0

−∞

1
1 + t4

dt =
(
−1

8
+

1
4
i

)
π2
√

2

where e (R)→ 0 as R→∞. From an earlier example this becomes

e (R) + 2 lim
r→0+

∫ R

r

ln t
1 + t4

dt+ iπ

(√
2

4
π

)
=
(
−1

8
+

1
4
i

)
π2
√

2.

Now letting r → 0+ and R→∞, we see

2
∫ ∞

0

ln t
1 + t4

dt =
(
−1

8
+

1
4
i

)
π2
√

2− iπ

(√
2

4
π

)

= −1
8

√
2π2,

and so ∫ ∞
0

ln t
1 + t4

dt = − 1
16

√
2π2,

which is probably not the first thing you would thing of. You might try to imagine how this could be obtained
using elementary techniques.

Example 28.6 The Fresnel integrals are

∫ ∞
0

cosx2dx,

∫ ∞
0

sinx2dx.

To evaluate these integrals we will consider f (z) = eiz
2

on the curve which goes from the origin to the
point r on the x axis and from this point to the point r

(
1+i√

2

)
along a circle of radius r, and from there back

to the origin as illustrated in the following picture.
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x

y

@
�

Thus the curve we integrate over is shaped like a slice of pie. Denote by γr the curved part. Since f is
analytic,

0 =
∫
γr

eiz
2
dz +

∫ r

0

eix
2
dx−

∫ r

0

e
i
(
t
(

1+i√
2

))2 (1 + i√
2

)
dt

=
∫
γr

eiz
2
dz +

∫ r

0

eix
2
dx−

∫ r

0

e−t
2
(

1 + i√
2

)
dt

=
∫
γr

eiz
2
dz +

∫ r

0

eix
2
dx−

√
π

2

(
1 + i√

2

)
+ e (r)

where e (r) → 0 as r → ∞. Here we used the fact that
∫∞

0
e−t

2
dt =

√
π

2 . Now we need to examine the first
of these integrals. ∣∣∣∣∣

∫
γr

eiz
2
dz

∣∣∣∣∣ =

∣∣∣∣∣
∫ π

4

0

ei(re
it)2

rieitdt

∣∣∣∣∣
≤ r

∫ π
4

0

e−r
2 sin 2tdt

=
r

2

∫ 1

0

e−r
2u

√
1− u2

du

≤ r

2

∫ r−(3/2)

0

1√
1− u2

du+
r

2

(∫ 1

0

1√
1− u2

)
e−(r1/2)

which converges to zero as r →∞. Therefore, taking the limit as r →∞,
√
π

2

(
1 + i√

2

)
=
∫ ∞

0

eix
2
dx

and so we can now find the Fresnel integrals∫ ∞
0

sinx2dx =
√
π

2
√

2
=
∫ ∞

0

cosx2dx.

The next example illustrates the technique of integrating around a branch point.

Example 28.7
∫∞

0
xp−1

1+x dx, p ∈ (0, 1) .
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Since the exponent of x in the numerator is larger than −1. The integral does converge. However, the
techniques of real analysis don’t tell us what it converges to. The contour we will use is as follows: From
(ε, 0) to (r, 0) along the x axis and then from (r, 0) to (r, 0) counter clockwise along the circle of radius r,
then from (r, 0) to (ε, 0) along the x axis and from (ε, 0) to (ε, 0) , clockwise along the circle of radius ε. You
should draw a picture of this contour. The interesting thing about this is that we cannot define zp−1 all the
way around 0. Therefore, we use a branch of zp−1 corresponding to the branch of the logarithm obtained by
deleting the positive x axis. Thus

zp−1 = e(ln|z|+iA(z))(p−1)

where z = |z| eiA(z) and A (z) ∈ (0, 2π) . Along the integral which goes in the positive direction on the x
axis, we will let A (z) = 0 while on the one which goes in the negative direction, we take A (z) = 2π. This is
the appropriate choice obtained by replacing the line from (ε, 0) to (r, 0) with two lines having a small gap
and then taking a limit as the gap closes. We leave it as an exercise to verify that the two integrals taken
along the circles of radius ε and r converge to 0 as ε→ 0 and as r →∞. Therefore, taking the limit,∫ ∞

0

xp−1

1 + x
dx+

∫ 0

∞

xp−1

1 + x

(
e2πi(p−1)

)
dx = 2πiRes (f,−1) .

Calculating the residue of the integrand at −1, and simplifying the above expression, we obtain(
1− e2πi(p−1)

)∫ ∞
0

xp−1

1 + x
dx = 2πie(p−1)iπ.

Upon simplification we see that ∫ ∞
0

xp−1

1 + x
dx =

π

sin pπ
.

The following example is one of the most interesting. By an auspicious choice of the contour it is possible
to obtain a very interesting formula for cotπz known as the Mittag Leffler expansion of cotπz.

Example 28.8 We let γN be the contour which goes from −N− 1
2−Ni horizontally to N+ 1

2−Ni and from
there, vertically to N + 1

2 +Ni and then horizontally to −N − 1
2 +Ni and finally vertically to −N − 1

2 −Ni.
Thus the contour is a large rectangle and the direction of integration is in the counter clockwise direction.
We will look at the following integral.

IN ≡
∫
γN

π cosπz
sinπz (α2 − z2)

dz

where α ∈ R is not an integer. This will be used to verify the formula of Mittag Leffler,

1
α2

+
∞∑
n=1

2
α2 − n2

=
π cotπα

α
. (28.1)

We leave it as an exercise to verify that cotπz is bounded on this contour and that therefore, IN → 0 as
N →∞. Now we compute the residues of the integrand at ±α and at n where |n| < N + 1

2 for n an integer.
These are the only singularities of the integrand in this contour and therefore, we can evaluate IN by using
these. We leave it as an exercise to calculate these residues and find that the residue at ±α is

−π cosπα
2α sinπα

while the residue at n is

1
α2 − n2

.
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Therefore,

0 = lim
N→∞

IN = lim
N→∞

2πi

[
N∑

n=−N

1
α2 − n2

− π cotπα
α

]

which establishes the following formula of Mittag Leffler.

lim
N→∞

N∑
n=−N

1
α2 − n2

=
π cotπα

α
.

Writing this in a slightly nicer form, we obtain (28.1).

28.1 The argument principle and Rouche’s theorem

This technique of evaluating integrals by computing the residues also leads to the proof of a theorem referred
to as the argument principle.

Definition 28.9 We say a function defined on U, an open set, is meromorphic if its only singularities are
poles, isolated singularities, a, for which

lim
z→a
|f (z)| =∞.

Theorem 28.10 (argument principle) Let f be meromorphic in U and let its poles be {p1, · · ·, pm} and its
zeros be {z1, · · ·, zn} . Let zk be a zero of order rk and let pk be a pole of order lk. Let γ : [a, b] → U be
a continuous simple closed curve having bounded variation for which the inside of γ ([a, b]) contains all the
poles and zeros of f and is contained in U. Also let n (γ, z) = 1 for all z contained in the inside of γ ([a, b]) .
Then

1
2πi

∫
γ

f ′ (z)
f (z)

dz =
n∑
k=1

rk −
m∑
k=1

lk

Proof: This theorem follows from computing the residues of f ′/f. It has residues at poles and zeros. See
Problem 4.

With the argument principle, we can prove Rouche’s theorem . In the argument principle, we will denote
by Zf the quantity

∑m
k=1 rk and by Pf the quantity

∑n
k=1 lk. Thus Zf is the number of zeros of f counted

according to the order of the zero with a similar definition holding for Pf .

1
2πi

∫
γ

f ′ (z)
f (z)

dz = Zf − Pf

Theorem 28.11 (Rouche’s theorem) Let f, g be meromorphic in U and let Zf and Pf denote respectively
the numbers of zeros and poles of f counted according to order. Let Zg and Pg be defined similarly. Let
γ : [a, b] → U be a simple closed continuous curve having bounded variation such that all poles and zeros
of both f and g are inside γ ([a, b]) . Also let n (γ, z) = 1 for every z inside γ ([a, b]) . Also suppose that for
z ∈ γ ([a, b])

|f (z) + g (z)| < |f (z)|+ |g (z)| .

Then

Zf − Pf = Zg − Pg.
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Proof: We see from the hypotheses that∣∣∣∣1 +
f (z)
g (z)

∣∣∣∣ < 1 +
∣∣∣∣f (z)
g (z)

∣∣∣∣
which shows that for all z ∈ γ ([a, b]) ,

f (z)
g (z)

∈ C \ [0,∞).

Letting l denote a branch of the logarithm defined on C \ [0,∞), it follows that l
(
f(z)
g(z)

)
is a primitive for

the function, (f/g)′

(f/g) . Therefore, by the argument principle,

0 =
1

2πi

∫
γ

(f/g)′

(f/g)
dz =

1
2πi

∫
γ

(
f ′

f
− g′

g

)
dz

= Zf − Pf − (Zg − Pg) .

This proves the theorem.

28.2 Exercises

1. In Example 28.2 we found the integral of a rational function of a certain sort. The technique used in
this example typically works for rational functions of the form f(x)

g(x) where deg (g (x)) ≥ deg f (x) + 2
provided the rational function has no poles on the real axis. State and prove a theorem based on these
observations.

2. Fill in the missing details of Example 28.8 about IN → 0. Note how important it was that the contour
was chosen just right for this to happen. Also verify the claims about the residues.

3. Suppose f has a pole of order m at z = a. Define g (z) by

g (z) = (z − a)m f (z) .

Show

Res (f, a) =
1

(m− 1)!
g(m−1) (a) .

Hint: Use the Laurent series.

4. Give a proof of Theorem 28.10. Hint: Let p be a pole. Show that near p, a pole of order m,

f ′ (z)
f (z)

=
−m+

∑∞
k=1 bk (z − p)k

(z − p) +
∑∞
k=2 ck (z − p)k

Show that Res (f, p) = −m. Carry out a similar procedure for the zeros.

5. Use Rouche’s theorem to prove the fundamental theorem of algebra which says that if p (z) = zn +
an−1z

n−1 · · · +a1z + a0, then p has n zeros in C. Hint: Let q (z) = −zn and let γ be a large circle,
γ (t) = reit for r sufficiently large.

6. Consider the two polynomials z5 + 3z2 − 1 and z5 + 3z2. Show that on |z| = 1, we have the conditions
for Rouche’s theorem holding. Now use Rouche’s theorem to verify that z5 + 3z2 − 1 must have two
zeros in |z| < 1.
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7. Consider the polynomial, z11 + 7z5 + 3z2 − 17. Use Rouche’s theorem to find a bound on the zeros of
this polynomial. In other words, find r such that if z is a zero of the polynomial, |z| < r. Try to make
r fairly small if possible.

8. Verify that
∫∞

0
e−t

2
dt =

√
π

2 . Hint: Use polar coordinates.

9. Use the contour described in Example 28.2 to compute the exact values of the following improper
integrals.

(a)
∫∞
−∞

x
(x2+4x+13)2 dx

(b)
∫∞

0
x2

(x2+a2)2 dx

(c)
∫∞
−∞

dx
(x2+a2)(x2+b2) , a, b > 0

10. Evaluate the following improper integrals.

(a)
∫∞

0
cos ax

(x2+b2)2 dx

(b)
∫∞

0
x sin x

(x2+a2)2 dx

11. Find the Cauchy principle value of the integral∫ ∞
−∞

sinx
(x2 + 1) (x− 1)

dx

defined as

lim
ε→0+

(∫ 1−ε

−∞

sinx
(x2 + 1) (x− 1)

dx+
∫ ∞

1+ε

sinx
(x2 + 1) (x− 1)

dx

)
.

12. Find a formula for the integral
∫∞
−∞

dx
(1+x2)n+1 where n is a nonnegative integer.

13. Using the contour of Example 28.3 find
∫∞
−∞

sin2 x
x2 dx.

14. If m < n for m and n integers, show∫ ∞
0

x2m

1 + x2n
dx =

π

n

1
sin
(

2m+1
2n π

) .
15. Find

∫∞
−∞

1
(1+x4)2 dx.

16. Find
∫∞

0
ln(x)
1+x2 dx = 0

28.3 The Poisson formulas and the Hilbert transform

In this section we consider various applications of the above ideas by focussing on the contour, γR shown
below, which represents a semicircle of radius R in the right half plane the direction of integration indicated
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by the arrows.

AA��
��AA

x

y

z
··

−z

We will suppose that f is analytic in a region containing the right half plane and use the Cauchy integral
formula to write

f (z) =
1

2πi

∫
γR

f (w)
w − z

dw, 0 =
1

2πi

∫
γR

f (w)
w + z

dw,

the second integral equaling zero because the integrand is analytic as indicated in the picture. Therefore,
multiplying the second integral by α and subtracting from the first we obtain

f (z) =
1

2πi

∫
γR

f (w)
(
w + z − αw + αz

(w − z) (w + z)

)
dw. (28.2)

We would like to have the integrals over the semicircular part of the contour converge to zero as R → ∞.
This requires some sort of growth condition on f. Let

M (R) = max
{∣∣f (Reit

)∣∣ : t ∈
[
−π

2
,
π

2

]}
.

We leave it as an exercise to verify that when

lim
R→∞

M (R)
R

= 0 for α = 1 (28.3)

and

lim
R→∞

M (R) = 0 for α 6= 1, (28.4)

then this condition that the integrals over the curved part of γR converge to zero is satisfied. We assume
this takes place in what follows. Taking the limit as R→∞

f (z) =
−1
2π

∫ ∞
−∞

f (iξ)
(
iξ + z − αiξ + αz

(iξ − z) (iξ + z)

)
dξ (28.5)

the negative sign occurring because the direction of integration along the y axis is negative. If α = 1 and
z = x+ iy, this reduces to

f (z) =
1
π

∫ ∞
−∞

f (iξ)

(
x

|z − iξ|2

)
dξ, (28.6)

which is called the Poisson formula for a half plane.. If we assume M (R) → 0, and take α = −1, (28.5)
reduces to

i

π

∫ ∞
−∞

f (iξ)

(
ξ − y
|z − iξ|2

)
dξ. (28.7)
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Of course we can consider real and imaginary parts of f in these formulas. Let

f (iξ) = u (ξ) + iv (ξ) .

From (28.6) we obtain upon taking the real part,

u (x, y) =
1
π

∫ ∞
−∞

u (ξ)

(
x

|z − iξ|2

)
dξ. (28.8)

Taking real and imaginary parts in (28.7) gives the following.

u (x, y) =
1
π

∫ ∞
−∞

v (ξ)

(
y − ξ
|z − iξ|2

)
dξ, (28.9)

v (x, y) =
1
π

∫ ∞
−∞

u (ξ)

(
ξ − y
|z − iξ|2

)
dξ. (28.10)

These are called the conjugate Poisson formulas because knowledge of the imaginary part on the y axis leads
to knowledge of the real part for Re z > 0 while knowledge of the real part on the imaginary axis leads to
knowledge of the real part on Re z > 0.

We obtain the Hilbert transform by formally letting z = iy in the conjugate Poisson formulas and picking
x = 0. Letting u (0, y) = u (y) and v (0, y) = v (y) , we obtain, at least formally

u (y) =
1
π

∫ ∞
−∞

v (ξ)
(

1
y − ξ

)
dξ,

v (y) = − 1
π

∫ ∞
−∞

u (ξ)
(

1
y − ξ

)
dξ.

Of course there are major problems in writing these integrals due to the integrand possessing a nonintegrable
singularity at y. There is a large theory connected with the meaning of such integrals as these known as the
theory of singular integrals. Here we evaluate these integrals by taking a contour which goes around the
singularity and then taking a limit to obtain a principle value integral.

The case when α = 0 in (28.5) yields

f (z) =
1

2π

∫ ∞
−∞

f (iξ)
(z − iξ)

dξ. (28.11)

We will use this formula in considering the problem of finding the inverse Laplace transform.
We say a function, f, defined on (0,∞) is of exponential type if

|f (t)| < Aeat (28.12)

for some constants A and a. For such a function we can define the Laplace transform as follows.

F (s) ≡
∫ ∞

0

f (t) e−stdt ≡ Lf. (28.13)

We leave it as an exercise to show that this integral makes sense for all Re s > a and that the function so
defined is analytic on Re z > a. Using the estimate, (28.12), we obtain that for Re s > a,

|F (s)| ≤
∣∣∣∣ A

s− a

∣∣∣∣ . (28.14)
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We will show that if f (t) is given by the formula,

e−(a+ε)tf (t) ≡ 1
2π

∫ ∞
−∞

eiξtF (iξ + a+ ε) dξ,

then Lf = F for all s large enough.

L
(
e−(a+ε)tf (t)

)
=

1
2π

∫ ∞
0

e−st
∫ ∞
−∞

eiξtF (iξ + a+ ε) dξdt

Now if ∫ ∞
−∞
|F (iξ + a+ ε)| dξ <∞, (28.15)

we can use Fubini’s theorem to interchange the order of integration. Unfortunately, we do not know this.
The best we have is the estimate (28.14). However, this is a very crude estimate and often (28.15) will hold.
Therefore, we shall assume whatever we need in order to continue with the symbol pushing and interchange
the order of integration to obtain with the aid of (28.11) the following:

L
(
e−(a+ε)tf (t)

)
=

1
2π

∫ ∞
−∞

(∫ ∞
0

e−(s−iξ)tdt

)
F (iξ + a+ ε) d

=
1

2π

∫ ∞
−∞

F (iξ + a+ ε)
s− iξ

dξ

= F (s+ a+ ε)

for all s > 0. (The reason for fussing with ξ + a+ ε rather than just ξ is so the function, ξ → F (ξ + a+ ε)
will be analytic on Re ξ > −ε, a region containing the right half plane allowing us to use (28.11).) Now with
this information, we may verify that L (f) (s) = F (s) for all s > a. We just showed∫ ∞

0

e−wte−(a+ε)tf (t) dt = F (w + a+ ε)

whenever Rew > 0. Let s = w + a + ε. Then L (f) (s) = F (s) whenever Re s > a + ε. Since ε is arbitrary,
this verifies L (f) (s) = F (s) for all s > a. It follows that if we are given F (s) which is analytic for Re s > a
and we want to find f such that L (f) = F, we should pick c > a and define

e−ctf (t) ≡ 1
2π

∫ ∞
−∞

eiξtF (iξ + c) dξ.

Changing the variable, to let s = iξ + c, we may write this as

f (t) =
1

2πi

∫ c+i∞

c−i∞
estF (s) ds, (28.16)

and we know from the above argument that we can expect this procedure to work if things are not too
pathological. This integral is called the Bromwich integral for the inversion of the Laplace transform. The
function f (t) is the inverse Laplace transform.

We illustrate this procedure with a simple example. Suppose F (s) = s
(s2+1)2 . In this case, F is analytic

for Re s > 0. Let c = 1 and integrate over a contour which goes from c − iR vertically to c + iR and then
follows a semicircle in the counter clockwise direction back to c − iR. Clearly the integrals over the curved
portion of the contour converge to 0 as R→∞. There are two residues of this function, one at i and one at
−i. At both of these points the poles are of order two and so we find the residue at i by

Res (f, i) = lim
s→i

d

ds

(
etss (s− i)2

(s2 + 1)2

)

=
−iteit

4
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and the residue at −i is

Res (f,−i) = lim
s→−i

d

ds

(
etss (s+ i)2

(s2 + 1)2

)

=
ite−it

4

Now evaluating the contour integral and taking R→∞, we find that the integral in (28.16) equals

2πi
(
ite−it

4
+
−iteit

4

)
= iπt sin t

and therefore,

f (t) =
1
2
t sin t.

You should verify that this actually works giving L (f) = s
(s2+1)2 .

28.4 Exercises

1. Verify that the integrals over the curved part of γR in (28.2) converge to zero when (28.3) and (28.4)
are satisfied.

2. Obtain similar formulas to (28.8) for the imaginary part in the case where α = 1 and formulas (28.9)
- (28.10) in the case where α = −1. Observe that these formulas give an explicit formula for f (z) if
either the real or the imaginary parts of f are known along the line x = 0.

3. Verify that the formula for the Laplace transform, (28.13) makes sense for all s > a and that F is
analytic for Re z > a.

4. Find inverse Laplace transforms for the functions,
a

s2+a2 ,
a

s2(s2+a2) ,
1
s7 ,

s
(s2+a2)2 .

5. Consider the analytic function e−z. Show it satisfies the necessary conditions in order to apply formula
(28.6). Use this to verify the formulas,

e−x cos y =
1
π

∫ ∞
−∞

x cos ξ
x2 + (y − ξ)2 dξ,

e−x sin y =
1
π

∫ ∞
−∞

x sin ξ
x2 + (y − ξ)2 dξ.

6. The Poisson formula gives

u (x, y) =
1
π

∫ ∞
−∞

u (0, ξ)

(
x

x2 + (y − ξ)2

)
dξ

whenever u is the real part of a function analytic in the right half plane which has a suitable growth
condition. Show that this implies

1 =
1
π

∫ ∞
−∞

(
x

x2 + (y − ξ)2

)
dξ.
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7. Now consider an arbitrary continuous function, u (ξ) and define

u (x, y) ≡ 1
π

∫ ∞
−∞

u (ξ)

(
x

x2 + (y − ξ)2

)
dξ.

Verify that for u (x, y) given by this formula,

lim
x→0+

|u (x, y)− u (y)| = 0,

and that u is a harmonic function, uxx + uyy = 0, on x > 0. Therefore, this integral yields a solution
to the Dirichlet problem on the half plane which is to find a harmonic function which assumes given
boundary values.

8. To what extent can we relax the assumption that ξ → u (ξ) is continuous?

28.5 Infinite products

In this section we give an introduction to the topic of infinite products and apply the theory to the Gamma
function. To begin with we give a definition of what is meant by an infinite product.

Definition 28.12
∏∞
n=1 (1 + un) ≡ limn→∞

∏n
k=1 (1 + uk) whenever this limit exists. If un = un (z) for

z ∈ H, we say the infinite product converges uniformly on H if the partial products,
∏n
k=1 (1 + uk (z))

converge uniformly on H.

Lemma 28.13 Let PN ≡
∏N
k=1 (1 + uk) and let QN ≡

∏N
k=1 (1 + |uk|) . Then

QN ≤ exp

(
N∑
k=1

|uk|

)
, |PN − 1| ≤ QN − 1

Proof: To verify the first inequality,

QN =
N∏
k=1

(1 + |uk|) ≤
N∏
k=1

e|uk| = exp

(
N∑
k=1

|uk|

)
.

The second claim is obvious if N = 1. Consider N = 2.

|(1 + u1) (1 + u2)− 1| = |u2 + u1 + u1u2|
≤ 1 + |u1|+ |u2|+ |u1| |u2| − 1
= (1 + |u1|) (1 + |u2|)− 1

Continuing this way the desired inequality follows.
The main theorem is the following.

Theorem 28.14 Let H ⊆ C and suppose that
∑∞
n=1 |un (z)| converges uniformly on H. Then

P (z) ≡
∞∏
n=1

(1 + un (z))

converges uniformly on H. If (n1, n2, · · ·) is any permutation of (1, 2, · · ·) , then for all z ∈ H,

P (z) =
∞∏
k=1

(1 + unk (z))

and P has a zero at z0 if and only if un (z0) = −1 for some n.
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Proof: We use Lemma 28.13 to write for m < n, and all z ∈ H,∣∣∣∣∣
n∏
k=1

(1 + uk (z))−
m∏
k=1

(1 + uk (z))

∣∣∣∣∣
≤

∣∣∣∣∣
m∏
k=1

(1 + |uk (z)|)

∣∣∣∣∣
∣∣∣∣∣

n∏
k=m+1

(1 + uk (z))− 1

∣∣∣∣∣
≤ exp

( ∞∑
k=1

|uk (z)|

)∣∣∣∣∣
n∏

k=m+1

(1 + |uk (z)|)− 1

∣∣∣∣∣
≤ C

(
exp

( ∞∑
k=m+1

|uk (z)|

)
− 1

)
≤ C (eε − 1)

whenever m is large enough. This shows the partial products form a uniformly Cauchy sequence and hence
converge uniformly on H. This verifies the first part of the theorem.

Next we need to verify the part about taking the product in different orders. Suppose then that
(n1, n2, · · ·) is a permutation of the list, (1, 2, · · ·) and choose M large enough that for all z ∈ H,∣∣∣∣∣

∞∏
k=1

(1 + uk (z))−
M∏
k=1

(1 + uk (z))

∣∣∣∣∣ < ε.

Then for all N sufficiently large, {n1, n2, · · ·, nN} ⊇ {1, 2, · · ·,M} . Then for N this large, we use Lemma
28.13 to obtain ∣∣∣∣∣

M∏
k=1

(1 + uk (z))−
N∏
k=1

(1 + unk (z))

∣∣∣∣∣ ≤
∣∣∣∣∣
M∏
k=1

(1 + uk (z))

∣∣∣∣∣
∣∣∣∣∣∣1−

∏
k≤N,nk>M

(1 + unk (z))

∣∣∣∣∣∣
≤

∣∣∣∣∣
M∏
k=1

(1 + uk (z))

∣∣∣∣∣
∣∣∣∣∣∣

∏
k≤N,nk>M

(1 + |unk (z)|)− 1

∣∣∣∣∣∣
≤

∣∣∣∣∣
M∏
k=1

(1 + uk (z))

∣∣∣∣∣
∣∣∣∣∣
∞∏
l=M

(1 + |ul (z)|)− 1

∣∣∣∣∣
≤

∣∣∣∣∣
M∏
k=1

(1 + uk (z))

∣∣∣∣∣
(

exp

( ∞∑
l=M

|ul (z)|

)
− 1

)

≤

∣∣∣∣∣
M∏
k=1

(1 + uk (z))

∣∣∣∣∣ (exp ε− 1) (28.17)

≤

∣∣∣∣∣
∞∏
k=1

(1 + |uk (z)|)

∣∣∣∣∣ (exp ε− 1) (28.18)

whenever M is large enough. Therefore, this shows, using (28.18) that∣∣∣∣∣
N∏
k=1

(1 + unk (z))−
∞∏
k=1

(1 + uk (z))

∣∣∣∣∣ ≤



28.5. INFINITE PRODUCTS 469

∣∣∣∣∣
N∏
k=1

(1 + unk (z))−
M∏
k=1

(1 + uk (z))

∣∣∣∣∣+

∣∣∣∣∣
M∏
k=1

(1 + uk (z))−
∞∏
k=1

(1 + uk (z))

∣∣∣∣∣
≤ ε+

(∣∣∣∣∣
∞∏
k=1

(1 + |uk (z)|)

∣∣∣∣∣+ ε

)
(exp ε− 1)

which verifies the claim about convergence of the permuted products.
It remains to verify the assertion about the points, z0, where P (z0) = 0. Obviously, if un (z0) = −1,

then P (z0) = 0. Suppose then that P (z0) = 0. Letting nk = k and using (28.17), we may take the limit as
N →∞ to obtain ∣∣∣∣∣

M∏
k=1

(1 + uk (z0))

∣∣∣∣∣ =

∣∣∣∣∣
M∏
k=1

(1 + uk (z0))−
∞∏
k=1

(1 + uk (z0))

∣∣∣∣∣
≤

∣∣∣∣∣
M∏
k=1

(1 + uk (z0))

∣∣∣∣∣ (exp ε− 1) .

If ε is chosen small enough in this inequality, we see this implies
∏M
k=1 (1 + uk (z)) = 0 and therefore,

uk (z0) = −1 for some k ≤M. This proves the theorem.
Now we present the Weierstrass product formula. This formula tells how to factor analytic functions into

an infinite product. It is a very interesting and useful theorem. First we need to give a definition of the
elementary factors.

Definition 28.15 Let E0 (z) ≡ 1− z and for p ≥ 1,

Ep (z) ≡ (1− z) exp
(
z +

z2

2
+ · · ·+ zp

p

)
The fundamental factors satisfy an important estimate which is stated next.

Lemma 28.16 For all |z| ≤ 1 and p = 0, 1, 2, · · ·,

|1− Ep (z)| ≤ |z|p+1
.

Proof: If p = 0 this is obvious. Suppose therefore, that p ≥ 1.

E′p (z) = − exp
(
z +

z2

2
+ · · ·+ zp

p

)
+

(1− z) exp
(
z +

z2

2
+ · · ·+ zp

p

)(
1 + z + · · ·+ zp−1

)
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and so, since (1− z)
(
1 + z + · · ·+ zp−1

)
= 1− zp,

E′p (z) = −zp exp
(
z +

z2

2
+ · · ·+ zp

p

)
which shows that E′p has a zero of order p at 0. Thus, from the equation just derived,

E′p (z) = −zp
∞∑
k=0

akz
k

where each ak ≥ 0 and a0 = 1. This last assertion about the sign of the ak follows easily from differentiating
the function f (z) = exp

(
z + z2

2 + · · ·+ zp

p

)
and evaluating the derivatives at z = 0. A primitive for E′p (z)

is of the form −
∑∞
k=0 ak

zk+1+p

k+p+1 and so integrating from 0 to z along γ (0, z) we see that

Ep (z)− Ep (0) =

Ep (z)− 1 = −
∞∑
k=0

ak
zk+p+1

k + p+ 1

= −zp+1
∞∑
k=0

ak
zk

k + p+ 1

which shows that (Ep (z)− 1) /zp+1 has a removable singularity at z = 0.
Now from the formula for Ep (z) ,

Ep (z)− 1 = (1− z) exp
(
z +

z2

2
+ · · ·+ zp

p

)
− 1

and so

Ep (1)− 1 = −1 = −
∞∑
k=0

ak
1

k + p+ 1

Since each ak ≥ 0, we see that for |z| = 1,

|1− Ep (z)|
|zp+1|

≤
∞∑
k=1

ak
1

k + p+ 1
= 1.

Now by the maximum modulus theorem,

|1− Ep (z)| ≤ |z|p+1

for all |z| ≤ 1. This proves the lemma.

Theorem 28.17 Let zn be a sequence of nonzero complex numbers which have no limit point in C and
suppose there exist, pn, nonnegative integers such that

∞∑
n=1

(
r

|zn|

)1+pn

<∞ (28.19)



28.5. INFINITE PRODUCTS 471

for all r ∈ R. Then

P (z) ≡
∞∏
n=1

Epn

(
z

zn

)
is analytic on C and has a zero at each point, zn and at no others. If w occurs m times in {zn} , then P has
a zero of order m at w.

Proof: The series
∞∑
n=1

∣∣∣∣ zzn
∣∣∣∣1+pn

converges uniformly on any compact set because if |z| ≤ r, then∣∣∣∣∣
(
z

zn

)1+pn
∣∣∣∣∣ ≤

(
r

|zn|

)1+pn

and so we may apply the Weierstrass M test to obtain the uniform convergence of
∑∞
n=1

(
z
zn

)1+pn
on |z| < r.

Also, ∣∣∣∣Epn ( z

zn

)
− 1
∣∣∣∣ ≤ ( |z||zn|

)pn+1

by Lemma 28.16 whenever n is large enough because the hypothesis that {zn} has no limit point requires
that limn→∞ |zn| =∞. Therefore, by Theorem 28.14,

P (z) ≡
∞∏
n=1

Epn

(
z

zn

)
converges uniformly on compact subsets of C. Letting Pn (z) denote the nth partial product for P (z) , we
have for |z| < r

Pn (z) =
1

2πi

∫
γr

Pn (w)
w − z

dw

where γr (t) ≡ reit, t ∈ [0, 2π] . By the uniform convergence of Pn to P on compact sets, it follows the same
formula holds for P in place of Pn showing that P is analytic in B (0, r) . Since r is arbitrary, we see that P
is analytic on all of C.

Now we ask where the zeros of P are. By Theorem 28.14, the zeros occur at exactly those points, z,
where

Epn

(
z

zn

)
− 1 = −1.

In that theorem Epn

(
z
zn

)
− 1 plays the role of un (z) . Thus we need Epn

(
z
zn

)
= 0 for some n. However,

this occurs exactly when z
zn

= 1 so the zeros of P are the points {zn} .
If w occurs m times in the sequence, {zn} , we let n1, · · ·, nm be those indices at which w occurs. Then

we choose a permutation of (1, 2, · · ·) which starts with the list (n1, · · ·, nm) . By Theorem 28.14,

P (z) =
∞∏
k=1

Epnk

(
z

znk

)
=
(

1− z

w

)m
g (z)
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where g is an analytic function which is not equal to zero at w. It follows from this that P has a zero of
order m at w. This proves the theorem.

The next theorem is the Weierstrass factorization theorem which can be used to factor a given function,
f, rather than only deciding convergence questions.

Theorem 28.18 Let f be analytic on C, f (0) 6= 0, and let the zeros of f be {zk} , listed according to order.
(Thus if z is a zero of order m, it will be listed m times in the list, {zk} .) Then there exists an entire
function, g and a sequence of nonnegative integers, pn such that

f (z) = eg(z)
∞∏
n=1

Epn

(
z

zn

)
. (28.20)

Note that eg(z) 6= 0 for any z and this is the interesting thing about this function.
Proof: We know {zn} cannot have a limit point because if there were a limit point of this sequence, it

would follow from Theorem 26.1 that f (z) = 0 for all z, contradicting the hypothesis that f (0) 6= 0. Hence
limn→∞ |zn| =∞ and so

∞∑
n=1

(
r

|zn|

)1+n−1

=
∞∑
n=1

(
r

|zn|

)n
<∞

by the root test. Therefore, by Theorem 28.17 we may write

P (z) =
∞∏
n=1

Epn

(
z

zn

)

a function analytic on C by picking pn = n− 1 or perhaps some other choice. (We know pn = n− 1 works
but we do not know this is the only choice that might work.) Then f/P has only removable singularities in
C and no zeros thanks to Theorem 28.17. Thus, letting h (z) = f (z) /P (z) , we know from Corollary 25.12
that h′/h has a primitive, g̃. Then (

he−g̃
)′

= 0

and so

h (z) = ea+ibeg̃(z)

for some constants, a, b. Therefore, letting g (z) = g̃ (z) + a + ib, we see that h (z) = eg(z) and thus (28.20)
holds. This proves the theorem.

Corollary 28.19 Let f be analytic on C, f has a zero of order m at 0, and let the other zeros of f be {zk} ,
listed according to order. (Thus if z is a zero of order l, it will be listed l times in the list, {zk} .) Then there
exists an entire function, g and a sequence of nonnegative integers, pn such that

f (z) = zmeg(z)
∞∏
n=1

Epn

(
z

zn

)
.

Proof: Since f has a zero of order m at 0, it follows from Theorem 26.1 that {zk} cannot have a limit
point in C and so we may apply Theorem 28.18 to the function, f (z) /zm which has a removable singularity
at 0. This proves the corollary.
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28.6 Exercises

1. Show
∏∞
n=2

(
1− 1

n2

)
= 1

2 . Hint: Take the ln of the partial product and then exploit the telescoping
series.

2. Suppose P (z) =
∏∞
k=1 fk (z) 6= 0 for all z ∈ U, an open set, that convergence is uniform on compact

subsets of U, and fk is analytic on U. Show

P ′ (z) =
∞∑
k=1

f ′k (z)
∏
n 6=k

fn (z) .

Hint: Use a branch of the logarithm, defined near P (z) and logarithmic differentiation.

3. Show that sinπz
πz has a removable singularity at z = 0 and so there exists an analytic function, q, defined

on C such that sinπz
πz = q (z) and q (0) = 1. Using the Weierstrass product formula, show that

q (z) = eg(z)
∏

k∈Z,k 6=0

(
1− z

k

)
e
z
k

= eg(z)
∞∏
k=1

(
1− z2

k2

)
for some analytic function, g (z) and that we may take g (0) = 0.

4. ↑ Use Problem 2 along with Problem 3 to show that

cosπz
z
− sinπz

πz2
= eg(z)g′ (z)

∞∏
k=1

(
1− z2

k2

)
−

2zeg(z)
∞∑
n=1

1
n2

∏
k 6=n

(
1− z2

k2

)
.

Now divide this by q (z) on both sides to show

π cotπz − 1
z

= g′ (z) + 2z
∞∑
n=1

1
z2 − n2

.

Use the Mittag Leffler expansion for the cotπz to conclude from this that g′ (z) = 0 and hence, g (z) = 0
so that

sinπz
πz

=
∞∏
k=1

(
1− z2

k2

)
.

5. ↑ In the formula for the product expansion of sinπz
πz , let z = 1

2 to obtain a formula for π
2 called Wallis’s

formula. Is this formula you have come up with a good way to calculate π?

6. This and the next collection of problems are dealing with the gamma function. Show that∣∣∣(1 +
z

n

)
e
−z
n − 1

∣∣∣ ≤ C (z)
n2

and therefore,
∞∑
n=1

∣∣∣(1 +
z

n

)
e
−z
n − 1

∣∣∣ <∞
with the convergence uniform on compact sets.
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7. ↑ Show
∏∞
n=1

(
1 + z

n

)
e
−z
n converges to an analytic function on C which has zeros only at the negative

integers and that therefore,

∞∏
n=1

(
1 +

z

n

)−1

e
z
n

is a meromorphic function (Analytic except for poles) having simple poles at the negative integers.

8. ↑Show there exists γ such that if

Γ (z) ≡ e−γz

z

∞∏
n=1

(
1 +

z

n

)−1

e
z
n ,

then Γ (1) = 1. Hint:
∏∞
n=1 (1 + n) e−1/n = c = eγ .

9. ↑Now show that

γ = lim
n→∞

[
n∑
k=1

1
k
− lnn

]

Hint: Show γ =
∑∞
n=1

[
ln
(
1 + 1

n

)
− 1

n

]
=
∑∞
n=1

[
ln (1 + n)− lnn− 1

n

]
.

10. ↑Justify the following argument leading to Gauss’s formula

Γ (z) = lim
n→∞

(
n∏
k=1

(
k

k + z

)
e
z
k

)
e−γz

z

= lim
n→∞

(
n!

(1 + z) (2 + z) · · · (n+ z)
ez(
∑n
k=1

1
k )
)
e−γz

z

= lim
n→∞

n!
(1 + z) (2 + z) · · · (n+ z)

ez(
∑n
k=1

1
k )e−z[

∑n
k=1

1
k−lnn]

= lim
n→∞

n!nz

(1 + z) (2 + z) · · · (n+ z)
.

11. ↑ Verify from the Gauss formula above that Γ (z + 1) = Γ (z) z and that for n a nonnegative integer,
Γ (n+ 1) = n!.

12. ↑ The usual definition of the gamma function for positive x is

Γ1 (x) ≡
∫ ∞

0

e−ttx−1dt.

Show
(
1− t

n

)n ≤ e−t for t ∈ [0, n] . Then show∫ n

0

(
1− t

n

)n
tx−1dt =

n!nx

x (x+ 1) · · · (x+ n)
.

Use the first part and the dominated convergence theorem or heuristics if you have not studied this
theorem to conclude that

Γ1 (x) = lim
n→∞

n!nx

x (x+ 1) · · · (x+ n)
= Γ (x) .

Hint: To show
(
1− t

n

)n ≤ e−t for t ∈ [0, n] , verify this is equivalent to showing (1− u)n ≤ e−nu for
u ∈ [0, 1].
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13. ↑Show Γ (z) =
∫∞

0
e−ttz−1dt. whenever Re z > 0. Hint: You have already shown that this is true for

positive real numbers. Verify this formula for Re z yields an analytic function.

14. ↑Show Γ
(

1
2

)
=
√
π. Then find Γ

(
5
2

)
.
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The Riemann mapping theorem

We know from the open mapping theorem that analytic functions map regions to other regions or else to
single points. In this chapter we prove the remarkable Riemann mapping theorem which states that for every
simply connected region, U there exists an analytic function, f such that f (U) = B (0, 1) and in addition to
this, f is one to one. The proof involves several ideas which have been developed up to now. We also need
the following important theorem, a case of Montel’s theorem.

Theorem 29.1 Let U be an open set in C and let F denote a set of analytic functions mapping U to
B (0,M) . Then there exists a sequence of functions from F , {fn}∞n=1 and an analytic function, f such that
f

(k)
n converges uniformly to f (k) on every compact subset of U.

Proof: First we note there exists a sequence of compact sets, Kn such that Kn ⊆ intKn+1 ⊆ U for
all n where here intK denotes the interior of the set K, the union of all open sets contained in K and
∪∞n=1Kn = U. We leave it as an exercise to verify that B (0, n) ∩

{
z ∈ U : dist

(
z, UC

)
≤ 1

n

}
works for Kn.

Then there exist positive numbers, δn such that if z ∈ Kn, then B (z, δn) ⊆ intKn+1. Now denote by Fn the
set of restrictions of functions of F to Kn. Then let z ∈ Kn and let γ (t) ≡ z + δne

it, t ∈ [0, 2π] . It follows
that for z1 ∈ B (z, δn) , and f ∈ F ,

|f (z)− f (z1)| =
∣∣∣∣ 1
2πi

∫
γ

f (w)
(

1
w − z

− 1
w − z1

)
dw

∣∣∣∣
≤ 1

2π

∣∣∣∣∫
γ

f (w)
z − z1

(w − z) (w − z1)
dw

∣∣∣∣
Letting |z1 − z| < δn

2 , we can estimate this and write

|f (z)− f (z1)| ≤ M

2π
2πδn

|z − z1|
δ2
n/2

≤ 2M
|z − z1|
δn

.

It follows that Fn is equicontinuous and uniformly bounded so by the Arzela Ascoli theorem there exists a
sequence, {fnk}∞k=1 ⊆ F which converges uniformly on Kn. Let {f1k}∞k=1 converge uniformly on K1. Then
use the Arzela Ascoli theorem applied to this sequence to get a subsequence, denoted by {f2k}∞k=1 which
also converges uniformly on K2. Continue in this way to obtain {fnk}∞k=1 which converges uniformly on
K1, · · ·,Kn. Now the sequence {fnn}∞n=m is a subsequence of {fmk} ∞k=1 and so it converges uniformly on
Km for all m. Denoting fnn by fn for short, this is the sequence of functions promised by the theorem. It is
clear {fn}∞n=1 converges uniformly on every compact subset of U because every such set is contained in Km

for all m large enough. Let f (z) be the point to which fn (z) converges. Then f is a continuous function
defined on U. We need to verify f is analytic. But, letting T ⊆ U,∫

∂T

f (z) dz = lim
n→∞

∫
∂T

fn (z) dz = 0.

477
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Therefore, by Morera’s theorem we see that f is analytic. As for the uniform convergence of the derivatives
of f, this follows from the Cauchy integral formula. For z ∈ Kn, and γ (t) ≡ z + δne

it, t ∈ [0, 2π] ,

|f ′ (z)− f ′k (z)| ≤ 1
2π

∣∣∣∣∣
∫
γ

fk (w)− f (w)
(w − z)2 dw

∣∣∣∣∣
≤ ||fk − f ||

1
2π

2πδn
1
δ2
n

= ||fk − f ||
1
δn
,

where here ||fk − f || ≡ sup {|fk (z)− f (z)| : z ∈ Kn} . Thus we get uniform convergence of the derivatives.
The consideration of the other derivatives is similar.

Since the family, F satisfies the conclusion of Theorem 29.1 it is known as a normal family of functions.
The following result is about a certain class of so called fractional linear transformations,

Lemma 29.2 For α ∈ B (0, 1) , let

φα (z) ≡ z − α
1− αz

.

Then φα maps B (0, 1) one to one and onto B (0, 1), φ−1
α = φ−α, and

φ′α (α) =
1

1− |α|2
.

Proof: First we show φα (z) ∈ B (0, 1) whenever z ∈ B (0, 1) . If this is not so, there exists z ∈ B (0, 1)
such that

|z − α|2 ≥ |1− αz|2 .

However, this requires

|z|2 + |α|2 > 1 + |α|2 |z|2

and so

|z|2
(

1− |α|2
)
> 1− |α|2

contradicting |z| < 1.
It remains to verify φα is one to one and onto with the given formula for φ−1

α . But it is easy to verify
φα
(
φ−α (w)

)
= w. Therefore, φα is onto and one to one. To verify the formula for φ′α, just differentiate the

function. Thus,

φ′α (z) = (z − α) (−1) (1− αz)−2 (−α) + (1− αz)−1

and the formula for the derivative follows.
The next lemma, known as Schwarz’s lemma is interesting for its own sake but will be an important part

of the proof of the Riemann mapping theorem.

Lemma 29.3 Suppose F : B (0, 1)→ B (0, 1) , F is analytic, and F (0) = 0. Then for all z ∈ B (0, 1) ,

|F (z)| ≤ |z| , (29.1)

and

|F ′ (0)| ≤ 1. (29.2)

If equality holds in (29.2) then there exists λ ∈ C with |λ| = 1 and

F (z) = λz. (29.3)
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Proof: We know F (z) = zG (z) where G is analytic. Then letting |z| < r < 1, the maximum modulus
theorem implies

|G (z)| ≤ sup

∣∣F (reit)∣∣
r

≤ 1
r
.

Therefore, letting r → 1 we get

|G (z)| ≤ 1 (29.4)

It follows that (29.1) holds. Since F ′ (0) = G (0) , (29.4) implies (29.2). If equality holds in (29.2), then from
the maximum modulus theorem, we see that G achieves its maximum at an interior point and is consequently
equal to a constant, λ, |λ| = 1. Thus F (z) = zλ which shows (29.3). This proves the lemma.

Definition 29.4 We say a region, U has the square root property if whenever f, 1
f : U → C are both analytic,

it follows there exists φ : U → C such that φ is analytic and f (z) = φ2 (z) .

The next theorem will turn out to be equivalent to the Riemann mapping theorem.

Theorem 29.5 Let U 6= C for U a region and suppose U has the square root property. Then there exists
h : U → B (0, 1) such that h is one to one, onto, and analytic.

Proof: We define F to be the set of functions, f such that f : U → B (0, 1) is one to one and analytic.
We will show F is nonempty. Then we will show there is a function in F , h, such that for some fixed z0 ∈ U,
|h′ (z0)| ≥

∣∣ψ′ (z0)
∣∣ for all ψ ∈ F . When we have done this, we show h is actually onto. This will prove the

theorem.
Now we begin by showing F is nonempty. Since U 6= C it follows there exists ξ /∈ U. Then letting

f (z) ≡ z − ξ, it follows f and 1
f are both analytic on U . Since U has the square root property, there exists

φ : U → C such that φ2 (z) = f (z) for all z ∈ U. By the open mapping theorem, there exists a such that for
some r < |a| ,

B (a, r) ⊆ φ (U) .

It follows that if z ∈ U, then φ (z) /∈ B (−a, r) because if this were to occur for some z1 ∈ U, then −φ (z1) ∈
B (a, r) and so there exists z2 ∈ B (a, r) such that

−φ (z1) = φ (z2) .

Squaring both sides, it follows that z1 − ξ = z2 − ξ and so z1 = z2. Therefore, we would have φ (z2) = 0 and
so 0 ∈ B (a, r) contrary to the construction in which r < |a| . Now let

ψ (z) ≡ r

φ (z) + a
.

ψ is well defined because we just verified the denominator is nonzero. It also follows that |ψ (z)| ≤ 1 because
if not,

r > |φ (z) + a|

for some z ∈ U, contradicting what was just shown about φ (U) ∩ B (−a, r) = ∅. Therefore, we have shown
that F 6= ∅.

For z0 ∈ U fixed, let

η ≡ sup
{∣∣ψ′ (z0)

∣∣ : ψ ∈ F
}
.
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Thus η > 0 because ψ′ (z0) 6= 0 for ψ defined above. By Theorem 29.1, there exists a sequence, {ψn}, of
functions in F and an analytic function, h, such that∣∣ψ′n (z0)

∣∣→ η (z0) (29.5)

and

ψn → h, ψ′n → h′, (29.6)

uniformly on all compact sets of U. It follows

|h′ (z0)| = lim
n→∞

∣∣ψ′n (z0)
∣∣ = η

and for all z ∈ U,

|h (z)| = lim
n→∞

|ψn (z)| ≤ 1.

We need to verify that h is one to one. Suppose h (z1) = α and z2 ∈ U. We must verify that h (z2) 6= α. We
choose r > 0 such that h− α has no zeros on ∂B (z2, r), B (z2, r) ⊆ U, and

B (z2, r) ∩B (z1, r) = ∅.

We can do this because, the zeros of h− α are isolated since h is not constant due to the fact that h′ (z0) =
η 6= 0. Let ψn (z1) = αn. Thus ψn−αn has a zero at z1 and since ψn is one to one, it has no zeros in B (z2, r).
Thus by Theorem 26.6, the theorem on counting zeros, for γ (t) ≡ z2 + reit, t ∈ [0, 2π] ,

0 = lim
n→∞

1
2πi

∫
γ

ψ′n (w)
ψn (w)− αn

dw

=
1

2πi

∫
γ

h′ (w)
h (w)− α

dw,

which shows that h−α has no zeros in B (z2, r) . This shows that h is one to one since z2 6= z1 was arbitrary.
Therefore, h ∈ F . This completes the second step of the proof. It only remains to verify that h is onto.

To show h is onto, we use the fractional linear transformation of Lemma 29.2. Suppose h is not onto.
Then there exists α ∈ B (0, 1)\h (U) . Then 0 /∈ φα ◦h because α /∈ h (U) . Therefore, since U has the square
root property, there exists g, an analytic function defined on U such that

g2 = φα ◦ h.

The function g is one to one because if g (z1) = g (z2) , then we could square both sides and conclude that

φα ◦ h (z1) = φα ◦ h (z2)

and since φα and h are one to one, this shows z1 = z2. It follows that g ∈ F also. Now let ψ ≡ φg(z0)◦g. Thus
ψ (z0) = 0. If we define s (w) ≡ w2, then using Lemma 29.2, in particular, the description of φ−1

α = φ−α, we
obtain

g = φ−g(z0) ◦ ψ

and therefore,

h (z) = φ−α
(
g2 (z)

)
=

(
φ−α ◦ s ◦ φ−g(z0) ◦ ψ

)
(z)

= (F ◦ ψ) (z)
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Now F (0) = φ−1
α

(
φ−2
g(z0) (0)

)
= φ−1

α

(
g2 (z0)

)
= h (z0) .

There are two cases to consider. First suppose that h (z0) 6= 0. Then define

G ≡ φh(z0) ◦ F.

Then G : B (0, 1)→ B (0, 1) and G (0) = 0. Therefore by the Schwarz lemma, Lemma 29.3,

|G′ (0)| =

∣∣∣∣∣
(

1
1− |h (z0)|2

)
F ′ (0)

∣∣∣∣∣ ≤ 1

which implies |F ′ (0)| < 1. In the case where h (z0) = 0, we note that because of the function, s, in the
definition of F, F is not one to one and so we cannot have F (z) = λz for some |λ| = 1. Therefore, by the
Schwarz lemma applied to F, we see |F ′ (0)| < 1. Therefore,

η = |h′ (z0)| = |F ′ (ψ (z0))|
∣∣ψ′ (z0)

∣∣
= |F ′ (0)|

∣∣ψ′ (z0)
∣∣ < ∣∣ψ′ (z0)

∣∣ ,
contradicting the definition of η. Therefore, h must be onto and this proves the theorem.

We now give a simple lemma which will yield the usual form of the Riemann mapping theorem.

Lemma 29.6 Let U be a simply connected region with U 6= C. Then U has the square root property.

Proof: Let f and 1
f both be analytic on U. Then f ′

f is analytic on U so by Corollary 25.12, there exists

F̃ , analytic on U such that F̃ ′ = f ′

f on U. Then
(
fe−F̃

)′
= 0 and so f (z) = CeF̃ = ea+ibeF̃ . Now let

F = F̃ + a+ ib. Then F is still a primitive of f ′/f and we have f (z) = eF (z). Now let φ (z) ≡ e 1
2F (z). Then

φ is the desired square root and so U has the square root property.

Corollary 29.7 (Riemann mapping theorem) Let U be a simply connected region with U 6= C and let a ∈ U .
Then there exists a function, f : U → B (0, 1) such that f is one to one, analytic, and onto with f (a) = 0.
Furthermore, f−1 is also analytic.

Proof: From Theorem 29.5 and Lemma 29.6 there exists a function, g : U → B (0, 1) which is one to
one, onto, and analytic. We need to show that there exists a function, f, which does what g does but in
addition, f (a) = 0. We can do so by letting f = φg(a) ◦ g if g (a) 6= 0. The assertion that f−1 is analytic
follows from the open mapping theorem.

29.1 Exercises

1. Prove that in Theorem 29.1 it suffices to assume F is uniformly bounded on each compact subset of U.

2. Verify the conclusion of Theorem 29.1 involving the higher order derivatives.

3. What if U = C? Does there exist an analytic function, f mapping U one to one and onto B (0, 1)?
Explain why or why not. Was U 6= C used in the proof of the Riemann mapping theorem?

4. Verify that |φα (z)| = 1 if |z| = 1. Apply the maximum modulus theorem to conclude that |φα (z)| ≤ 1
for all |z| < 1.

5. Suppose that |f (z)| ≤ 1 for |z| = 1 and f (α) = 0 for |α| < 1. Show that |f (z)| ≤ |φα (z)| for all
z ∈ B (0, 1) . Hint: Consider f(z)(1−αz)

z−α which has a removable singularity at α. Show the modulus of
this function is bounded by 1 on |z| = 1. Then apply the maximum modulus theorem.
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Approximation of analytic functions

Consider the function, 1
z = f (z) for z defined on U ≡ B (0, 1) \ {0} . Clearly f is analytic on U. Suppose we

could approximate f uniformly by polynomials on ann
(
0, 1

2 ,
3
4

)
, a compact subset of U. Then, there would

exist a suitable polynomial p (z) , such that
∣∣∣ 1

2πi

∫
γ
f (z)− p (z) dz

∣∣∣ < 1
10 where here γ is a circle of radius

2
3 . However, this is impossible because 1

2πi

∫
γ
f (z) dz = 1 while 1

2πi

∫
γ
p (z) dz = 0. This shows we cannot

expect to be able to uniformly approximate analytic functions on compact sets using polynomials. It turns
out we will be able to approximate by rational functions. The following lemma is the one of the key results
which will allow us to verify a theorem on approximation. We will use the notation

||f − g||K,∞ ≡ sup {|f (z)− g (z)| : z ∈ K}

which describes the manner in which the approximation is measured.

Lemma 30.1 Let R be a rational function which has a pole only at a ∈ V, a component of C \K where K
is a compact set. Suppose b ∈ V . Then for ε > 0 given, there exists a rational function, Q, having a pole
only at b such that

||R−Q||K,∞ < ε. (30.1)

If it happens that V is unbounded, then there exists a polynomial, P such that

||R− P ||K,∞ < ε. (30.2)

Proof: We say b ∈ V satisfies P if for all ε > 0 there exists a rational function, Qb, having a pole only
at b such that

||R−Qb||K,∞ .

Now we define a set,

S ≡ {b ∈ V : b satisfies P } .

We observe that S 6= ∅ because a ∈ S.
We now show that S is open. Suppose b1 ∈ S. Then there exists a δ > 0 such that∣∣∣∣b1 − bz − b

∣∣∣∣ < 1
2

(30.3)

for all z ∈ K whenever b ∈ B (b1, δ) . If not, there would exist a sequence bn → b for which
∣∣∣ b1−bn

dist(bn,K)

∣∣∣ ≥ 1
2 .

Then taking the limit and using the fact that dist (bn,K)→ dist (b,K) > 0, (why?) we obtain a contradiction.
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Since b1 satisfies P, there exists a rational function Qb1 with the desired properties. We will show we can
approximate Qb1 with Qb thus yielding an approximation to R by the use of the triangle inequality,

||R−Qb1 ||K,∞ + ||Qb1 −Qb||K,∞ ≥ ||R−Qb||K,∞ .

Since Qb1 has poles only at b1, it follows it is a sum of functions of the form αn
(z−b1)n . Therefore, it suffices to

assume Qb1 is of the special form

Qb1 (z) =
1

(z − b1)n
.

However,

1
(z − b1)n

=
1

(z − b)n
(

1− b1−b
z−b

)n
=

1
(z − b)n

∞∑
k=0

Ak

(
b1 − b
z − b

)k
. (30.4)

We leave it as an exercise to find Ak and to verify using the Weierstrass M test that this series converges
absolutely and uniformly on K because of the estimate (30.3) which holds for all z ∈ K. Therefore, a
suitable partial sum can be made as close as desired to 1

(z−b1)n . This shows that b satisfies P whenever b is
close enough to b1 verifying that S is open.

Next we show that S is closed in V. Let bn ∈ S and suppose bn → b ∈ V. Then for all n large enough,

1
2

dist (b,K) ≥ |bn − b|

and so we obtain the following for all n large enough.∣∣∣∣ b− bnz − bn

∣∣∣∣ < 1
2
,

for all z ∈ K. Now a repeat of the above argument in (30.4) with bn playing the role of b1 shows that b ∈ S.
Since S is both open and closed in V it follows that, since S 6= ∅, we must have S = V . Otherwise V would
fail to be connected.

Now let b ∈ ∂V. Then a repeat of the argument that was just given to verify that S is closed shows that
b satisfies P and proves (30.1).

It remains to consider the case where V is unbounded. Since S = V, pick b ∈ V = S large enough that∣∣∣z
b

∣∣∣ < 1
2

(30.5)

for all z ∈ K. As before, it suffices to assume that Qb is of the form

Qb (z) =
1

(z − b)n

Then we leave it as an exercise to verify that, thanks to (30.5),

1
(z − b)n

=
(−1)n

bn

∞∑
k=0

Ak

(z
b

)k
(30.6)

with the convergence uniform on K. Therefore, we may approximate R uniformly by a polynomial consisting
of a partial sum of the above infinite sum.

The next theorem is interesting for its own sake. It gives the existence, under certain conditions, of a
contour for which the Cauchy integral formula holds.
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Theorem 30.2 Let K ⊆ U where K is compact and U is open. Then there exist linear mappings, γk :
[0, 1]→ U \K such that for all z ∈ K,

f (z) =
1

2πi

p∑
k=1

∫
γk

f (w)
w − z

dw. (30.7)

Proof: Tile R2 = C with little squares having diameters less than δ where 0 < δ ≤ dist
(
K,UC

)
(see

Problem 3). Now let {Rj}mj=1 denote those squares that have nonempty intersection with K. For example,
see the following picture.

@
@
@
@
@
@
@
@
@K

U@
@
@
@

Let
{
vkj
}4

k=1
denote the four vertices of Rj where v1

j is the lower left, v2
j the lower right, v3

j the upper
right and v4

j the upper left. Let γkj : [0, 1]→ U be defined as

γkj (t) ≡ vkj + t
(
vk+1
j − vkj

)
if k < 4,

γ4
j (t) ≡ v4

j + t
(
v1
j − v4

j

)
if k = 4.

Define ∫
∂Rj

g (w) dw ≡
4∑
k=1

∫
γkj

g (w) dw.

Thus we integrate over the boundary of the square in the counter clockwise direction. Let
{
γj
}p
j=1

denote
the curves, γkj which have the property that γkj ([0, 1]) ∩K = ∅.

Claim:
∑m
j=1

∫
∂Rj

g (w) dw =
∑p
j=1

∫
γj
g (w) dw.

Proof of the claim: If γkj ([0, 1]) ∩K 6= ∅, then for some r 6= j,

γlr ([0, 1]) = γkj ([0, 1])

but γlr = −γkj (The directions are opposite.). Hence, in the sum on the left, the only possibly nonzero
contributions come from those curves, γkj for which γkj ([0, 1]) ∩K = ∅ and this proves the claim.

Now let z ∈ K and suppose z is in the interior of Rs, one of these squares which intersect K. Then by
the Cauchy integral formula,

f (z) =
1

2πi

∫
∂Rs

f (w)
w − z

dw,
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and if j 6= s,

0 =
1

2πi

∫
∂Rj

f (w)
w − z

dw.

Therefore,

f (z) =
1

2πi

m∑
j=1

∫
∂Rj

f (w)
w − z

dw

=
1

2πi

p∑
j=1

∫
γj

f (w)
w − z

dw.

This proves (30.7) in the case where z is in the interior of some Rs. The general case follows from using the
continuity of the functions, f (z) and

z → 1
2πi

p∑
j=1

∫
γj

f (w)
w − z

dw.

This proves the theorem.

30.1 Runge’s theorem

With the above preparation we are ready to prove the very remarkable Runge theorem which says that we
can approximate analytic functions on arbitrary compact sets with rational functions which have a certain
nice form. Actually, the theorem we will present first is a variant of Runge’s theorem because it focuses on
a single compact set.

Theorem 30.3 Let K be a compact subset of an open set, U and let {bj} be a set which consists of one
point from the closure of each bounded component of C \K. Let f be analytic on U. Then for each ε > 0,
there exists a rational function, Q whose poles are all contained in the set, {bj} such that

||Q− f ||K,∞ < ε. (30.8)

Proof: By Theorem 30.2 there are curves, γk described there such that for all z ∈ K,

f (z) =
1

2πi

p∑
k=1

∫
γk

f (w)
w − z

dw. (30.9)

Defining g (w, z) ≡ f(w)
w−z for (w, z) ∈ ∪pk=1γk ([0, 1])×K, we see that g is uniformly continuous and so there

exists a δ > 0 such that if ||P|| < δ, then for all z ∈ K,∣∣∣∣∣∣f (z)− 1
2πi

p∑
k=1

n∑
j=1

f (γk (τ j)) (γk (ti)− γk (ti−1))
γk (τ j)− z

∣∣∣∣∣∣ < ε

2
.

The complicated expression is obtained by replacing each integral in (30.9) with a Riemann sum. Simplifying
the appearance of this, it follows there exists a rational function of the form

R (z) =
M∑
k=1

Ak
wk − z



30.1. RUNGE’S THEOREM 487

where the wk are elements of components of C \K and Ak are complex numbers such that

||R− f ||K,∞ <
ε

2
.

Consider the rational function, Rk (z) ≡ Ak
wk−z where wk ∈ Vj , one of the components of C \K, the given

point of Vj being bj or else Vj is unbounded. By Lemma 30.1, there exists a function, Qk which is either a
rational function having its only pole at bj or a polynomial, depending on whether Vj is bounded, such that

||Rk −Qk||K,∞ <
ε

2M
.

Letting Q (z) ≡
∑M
k=1Qk (z) ,

||R−Q||K,∞ <
ε

2
.

It follows

||f −Q||K,∞ ≤ ||f −R||K,∞ + ||R−Q||K,∞ < ε.

This proves the theorem.
Runge’s theorem concerns the case where the given points are contained in C \ U for U an open set

rather than a compact set. Note that here there could be uncountably many components of C \ U because
the components are no longer open sets. An easy example of this phenomenon in one dimension is where
U = [0, 1] \ P for P the Cantor set. Then you can show that R \ U has uncountably many components.
Nevertheless, Runge’s theorem will follow from Theorem 30.3 with the aid of the following interesting lemma.

Lemma 30.4 Let U be an open set in C. Then there exists a sequence of compact sets, {Kn} such that

U = ∪∞k=1Kn, · · ·,Kn ⊆ intKn+1 · ··, (30.10)

and for any K ⊆ U,

K ⊆ Kn, (30.11)

for all n sufficiently large, and every component of Ĉ \Kn contains a component of Ĉ \ U.

Proof: Let

Vn ≡ {z : |z| > n} ∪
⋃
z/∈U

B

(
z,

1
n

)
.

Thus {z : |z| > n} contains the point, ∞. Now let

Kn ≡ Ĉ \ Vn = C \ Vn ⊆ U.

We leave it as an exercise to verify that (30.10) and (30.11) hold. It remains to show that every component
of Ĉ \Kn contains a component of Ĉ \ U. Let D be a component of Ĉ \Kn ≡ Vn.

If ∞ /∈ D, then D contains no point of {z : |z| > n} because this set is connected and D is a component.
(If it did contain a point of this set, it would have to contain the whole set..) Therefore, D ⊆

⋃
z/∈U

B
(
z, 1

n

)
and so D contains some point of B

(
z, 1

n

)
for some z /∈ U. Therefore, since this ball is connected, it follows

D must contain the whole ball and consequently D contains some point of UC . (The point z at the center
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of the ball will do.) Since D contains z /∈ U, it must contain the component, Hz, determined by this point.
The reason for this is that

Hz ⊆ Ĉ \ U ⊆ Ĉ \Kn

and Hz is connected. Therefore, Hz can only have points in one component of Ĉ\Kn. Since it has a point in
D, it must therefore, be totally contained in D. This verifies the desired condition in the case where ∞ /∈ D.

Now suppose that∞ ∈ D. We know that ∞ /∈ U because U is given to be a set in C. Letting H∞ denote
the component of Ĉ \ U determined by ∞, it follows from similar reasoning to the above that H∞ ⊆ D and
this proves the lemma.

Theorem 30.5 (Runge) Let U be an open set, and let A be a set which has one point in each bounded
component of Ĉ \ U and let f be analytic on U. Then there exists a sequence of rational functions, {Rn}
having poles only in A such that Rn converges uniformly to f on compact subsets of U.

Proof: Let Kn be the compact sets of Lemma 30.4 where each component of Ĉ\Kn contains a component
of Ĉ \ U. It follows each bounded component of Ĉ \Kn contains a point of A. Therefore, by Theorem 30.3
there exists Rn a rational function with poles only in A such that

||Rn − f ||Kn,∞ <
1
n
.

It follows, since a given compact set, K is a subset of Kn for all n large enough, that Rn → f uniformly on
K. This proves the theorem.

Corollary 30.6 Let U be simply connected and f is analytic on U. Then there exists a sequence of polyno-
mials, {pn} such that pn → f uniformly on compact sets of U.

Proof: By definition of what is meant by simply connected, Ĉ \ U is connected and so there are no
bounded components of Ĉ \ U. Therefore, A = ∅ and it follows that Rn in the above theorem must be a
polynomial since it is rational and has no poles.

30.2 Exercises

1. Let K be any nonempty set in C and define

dist (z,K) ≡ inf {|z − w| : w ∈ K} .

Show that z → dist (z,K) is a continuous function.

2. Verify the series in (30.4) converges absolutely on K and find Ak. Also do the same for (30.6). Hint:
You know that for |z| < 1, 1

1−z =
∑∞
k=0 z

k. Differentiate both sides as many times as needed to obtain
a formula for Ak. Then apply the Weierstrass M test and the ratio test.

3. In Theorem 30.2 we had a compact set, K contained in an open set U and we used the fact that

dist
(
K,UC

)
≡ inf

{
|z − w| : w ∈ UC , z ∈ K

}
> 0.

Prove this.

4. For U = [0, 1] \ P for P the Cantor set, show that R \ U has uncountably many components. Hint:
Show that the component of R \U determined by p ∈ P, is just the single point, p and then show P is
uncountable.

5. In the proof of Lemma 30.4, verify that (30.10) and (30.11) are satisfied for the given choice of Kn.



The Hausdorff Maximal theorem

The purpose of this appendix is to prove the equivalence between the axiom of choice, the Hausdorff maximal
theorem, and the well-ordering principle. The Hausdorff maximal theorem and the well-ordering principle
are very useful but a little hard to believe; so, it may be surprising that they are equivalent to the axiom of
choice. First we give a proof that the axiom of choice implies the Hausdorff maximal theorem, a remarkable
theorem about partially ordered sets.

We say that a nonempty set is partially ordered if there exists a partial order, ≺, satisfying

x ≺ x

and

if x ≺ y and y ≺ z then x ≺ z.

An example of a partially ordered set is the set of all subsets of a given set and ≺≡⊆. Note that we can not
conclude that any two elements in a partially ordered set are related. In other words, just because x, y are
in the partially ordered set, it does not follow that either x ≺ y or y ≺ x. We call a subset of a partially
ordered set, C, a chain if x, y ∈ C implies that either x ≺ y or y ≺ x. If either x ≺ y or y ≺ x we say that x
and y are comparable. A chain is also called a totally ordered set. We say C is a maximal chain if whenever
C̃ is a chain containing C, it follows the two chains are equal. In other words C is a maximal chain if there
is no strictly larger chain.

Lemma A.1 Let F be a nonempty partially ordered set with partial order ≺. Then assuming the axiom of
choice, there exists a maximal chain in F .

Proof: Let X be the set of all chains from F . For C ∈ X , let

SC = {x ∈ F such that C∪{x} is a chain strictly larger than C}.

If SC = ∅ for any C, then C is maximal and we are done. Thus, assume SC 6= ∅ for all C ∈ X . Let f(C) ∈ SC .
(This is where the axiom of choice is being used.) Let

g(C) = C ∪ {f(C)}.

Thus g(C) ) C and g(C) \ C ={f(C)} = {a single element of F}. We call a subset T of X a tower if

∅ ∈ T ,

C ∈ T implies g(C) ∈ T ,

and if S ⊆ T is totally ordered with respect to set inclusion, then

∪S ∈ T .
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Here S is a chain with respect to set inclusion whose elements are chains.
Note that X is a tower. Let T0 be the intersection of all towers. Thus, T0 is a tower, the smallest tower.

We wish to show that any two sets in T0 are comparable in the sense of set inclusion so that T0 is actually a
chain. Let C0 be a set of T0 which is comparable to every set of T0. Such sets exist, ∅ being an example. Let

B ≡ {D ∈ T0 : D ) C0 and f (C0) /∈ D} .

The picture represents sets of B. As illustrated in the picture, D is a set of B when D is larger than C0
but fails to be comparable to g (C0) . Thus there would be more than one chain ascending from C0 if B 6= ∅,
rather like a tree growing upward in more than one direction from a fork in the trunk. We will show this
can’t take place for any such C0 by showing B = ∅.

C0 D
f(C0)·

This will be accomplished by showing T̃0 ≡ T0 \ B is a tower. Since T0 is the smallest tower, this will
require that T̃0 = T0 and so B = ∅.

Claim: T̃0 is a tower and so B = ∅.
Proof of the claim: It is clear that ∅ ∈ T̃0 because for ∅ to be contained in B it would be required to

properly contain C0 which is not possible. Suppose D ∈ T̃0. We need to verify g (D) ∈ T̃0.
Case 1: f (D) ∈ C0. If D ⊆ C0, then since both D and {f (D)} are contained in C0, it follows g (D) ⊆ C0

and so g (D) /∈ B. On the other hand, if D ) C0, then since D ∈ T̃0, we know f (C0) ∈ D and so g (D) also
contains f (C0) implying g (D) /∈ B. These are the only two cases to consider because we are given that C0
is comparable to every set of T0.

Case 2: f (D) /∈ C0. If D ( C0 then we can’t have f (D) /∈ C0 because if this were so, g (D ) would not
compare to C0.

D C0
f(C0)·
f(D)·

Hence if f (D) /∈ C0, then D ⊇ C0. If D = C0, then f (D) = f (C0) ∈ g (D) so g (D) /∈ B. Therefore, assume
D ) C0. Then, since D is in T̃0, f (C0) ∈ D and so f (C0) ∈ g (D) . Therefore, g (D) ∈ T̃0.

Now suppose S is a totally ordered subset of T̃0 with respect to set inclusion. Then if every element of
S is contained in C0, so is ∪S and so ∪S ∈ T̃0. If, on the other hand, some chain from S, C, contains C0
properly, then since C /∈ B, f (C0) ∈ C ⊆ ∪S showing that ∪S /∈ B also. This has proved T̃0 is a tower and
since T0 is the smallest tower, it follows T̃0 = T0. We have shown roughly that no splitting into more than
one ascending chain can occur at any C0 which is comparable to every set of T0. Next we will show that every
element of T0 has the property that it is comparable to all other elements of T0. We will do so by showing
that these elements which possess this property form a tower.

Define T1 to be the set of all elements of T0 which are comparable to every element of T0. (Recall the
elements of T0 are chains from the original partial order.)

Claim: T1 is a tower.
Proof of the claim: It is clear that ∅ ∈ T1 because ∅ is a subset of every set. Suppose C0 ∈ T1. We need

to verify that g (C0) ∈ T1. Let D ∈ T0 (Thus D ⊆ C0 or else D ) C0.)and consider g (C0) ≡ C0 ∪ {f (C0)} . If
D ⊆ C0, then D ⊆ g (C0) so g (C0) is comparable to D. If D ) C0, then D ⊇ g (C0) by what was just shown
(B = ∅). Hence g (C0) is comparable to D. Since D was arbitrary, it follows g (C0) is comparable to every
set of T0. Now suppose S is a chain of elements of T1 and let D be an element of T0. If every element in
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the chain, S is contained in D, then ∪S is also contained in D. On the other hand, if some set, C, from S
contains D properly, then ∪S also contains D. Thus ∪S ∈ T 1 since it is comparable to every D ∈ T0.

This shows T1 is a tower and proves therefore, that T0 = T1. Thus every set of T0 compares with every
other set of T0 showing T0 is a chain in addition to being a tower.

Now ∪T0, g (∪T0) ∈ T0. Hence, because g (∪T0) is an element of T0, and T0 is a chain of these, it follows
g (∪T0) ⊆ ∪T0. Thus

∪T0 ⊇ g (∪T0) ) ∪T0,

a contradiction. Hence there must exist a maximal chain after all. This proves the lemma.
If X is a nonempty set, we say ≤ is an order on X if

x ≤ x,

and if x, y ∈ X, then

either x ≤ y or y ≤ x

and

if x ≤ y and y ≤ z then x ≤ z.

We say that ≤ is a well order and say that (X,≤) is a well-ordered set if every nonempty subset of X has a
smallest element. More precisely, if S 6= ∅ and S ⊆ X then there exists an x ∈ S such that x ≤ y for all y
∈ S. A familiar example of a well-ordered set is the natural numbers.

Lemma A.2 The Hausdorff maximal principle implies every nonempty set can be well-ordered.

Proof: Let X be a nonempty set and let a ∈ X. Then {a} is a well-ordered subset of X. Let

F = {S ⊆ X : there exists a well order for S}.

Thus F 6= ∅. We will say that for S1, S2 ∈ F , S1 ≺ S2 if S1 ⊆ S2 and there exists a well order for S2,
≤2 such that

(S2,≤2) is well-ordered

and if

y ∈ S2 \ S1 then x ≤2 y for all x ∈ S1,

and if ≤1is the well order of S1 then the two orders are consistent on S1. Then we observe that ≺ is a partial
order on F . By the Hausdorff maximal principle, we let C be a maximal chain in F and let

X∞ ≡ ∪C.

We also define an order, ≤, on X∞ as follows. If x, y are elements of X∞, we pick S ∈ C such that x, y are
both in S. Then if ≤S is the order on S, we let x ≤ y if and only if x ≤S y. This definition is well defined
because of the definition of the order, ≺. Now let U be any nonempty subset of X∞. Then S ∩ U 6= ∅ for
some S ∈ C. Because of the definition of ≤, if y ∈ S2 \ S1, Si ∈ C, then x ≤ y for all x ∈ S1. Thus, if
y ∈ X∞ \ S then x ≤ y for all x ∈ S and so the smallest element of S ∩U exists and is the smallest element
in U . Therefore X∞ is well-ordered. Now suppose there exists z ∈ X \X∞. Define the following order, ≤1,
on X∞ ∪ {z}.

x ≤1 y if and only if x ≤ y whenever x, y ∈ X∞
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x ≤1 z whenever x ∈ X∞.

Then let

C̃ = {S ∈ C or X∞ ∪ {z}}.

Then C̃ is a strictly larger chain than C contradicting maximality of C. Thus X \X∞ = ∅ and this shows X
is well-ordered by ≤. This proves the lemma.

With these two lemmas we can now state the main result.

Theorem A.3 The following are equivalent.

The axiom of choice

The Hausdorff maximal principle

The well-ordering principle.

Proof: It only remains to prove that the well-ordering principle implies the axiom of choice. Let I be a
nonempty set and let Xi be a nonempty set for each i ∈ I. Let X = ∪{Xi : i ∈ I} and well order X. Let
f (i) be the smallest element of Xi. Then

f ∈
∏
i∈I

Xi.

A.1 Exercises

1. Zorn’s lemma states that in a nonempty partially ordered set, if every chain has an upper bound, there
exists a maximal element, x in the partially ordered set. When we say x is maximal, we mean that if
x ≺ y, it follows y = x. Show Zorn’s lemma is equivalent to the Hausdorff maximal theorem.

2. Let X be a vector space. We say Y ⊆ X is a Hamel basis if every element of X can be written in a
unique way as a finite linear combination of elements in Y . Show that every vector space has a Hamel
basis and that if Y, Y1 are two Hamel bases of X, then there exists a one to one and onto map from
Y to Y1.

3. ↑ Using the Baire category theorem of Chapter 14 show that any Hamel basis of a Banach space is
either finite or uncountable.

4. ↑ Consider the vector space of all polynomials defined on [0, 1] . Does there exist a norm, ||·|| defined on
these polynomials such that with this norm, the vector space of polynomials becomes a Banach space
(complete normed vector space)?
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